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An N-body Bose-Einstein system of particles with long-range attraction and hard-sphere repulsion 
between particles is considered. It is shown that if the constants of the interaction have values within a 
certain range it is possible to calculate the ground-state energy of the system as a function of 2/N, where Q 
is the volume of the box containing the system, in the limit V > »,2— ©, with N/Q=p fixed. The results 
show that the system can possess an N-body bound state, which has an equilibrium density and negative 
energy, and that the interactions can be saturating. Excited states are also considered. It is shown that 
low-lying excitations consist purely of phonons, whose velocity agrees with that computed from the macro- 
scopic compressibility, furnished by the ground-state energy. The formula for the general excited energy 
levels suggests that thermodynamically the system may have a “gas” phase and two “liquid” phases, the 
transition between the two “liquid” phases being the analog of the Bose-Einstein condensation of the ideal 
gas. Thermodynamic considerations are, however, not contained in this paper. 





I. INTRODUCTION 


HE present investigation concerns a system of a 

large number J of interacting Bose-Einstein 
particles, enclosed in a box of very large volume Q, 
which is externally fixed. Eventually we let V > ~, 
Q— ©, with the ratio V/Q fixed. The two-body inter- 
action contains a hard-sphere repulsion of diameter a, 
plus a long-range attraction. The attraction shall be so 
weak that it may not be sufficient to cause a two-body 
bound state, but strong enough to cause an .V-body 
bound state. That is, the V-body system may possess 
an equilibrium density, at which the total energy is 
negative. If this total energy is of the form NV f(N/Q), 
we say that the interaction is saturating. 

The possible existence of an N-body bound state 
makes the present problem qualitatively different from 
one in which the interactions are purely repulsive. It is 
physically clear where the difference lies. In the case of 
purely repulsive interactions, it is imperative that, by 
external means, we fix the volume 2 at some finite 
value, if we wish the system to have a nonzero energy 
in the ground state. For, if there were no containing 
box, the system would expand in space indefinitely, 


* This work is supported in part by funds provided by the U. S. 
Atomic Energy Commission, the Office of Naval Research, and 
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approaching an infinitely rarefied ideal gas. This is no 
longer true when there are attractive interactions which 
are capable of producing an V-body bound state with 
an equilibrium density po. If the volume ® is fixed at 
such a value that V/Q> po, the system would first tend 
to expand when @ is increased from this value, just as 
in the former case. However, when 22 is made to increase 
further, until V/Q= po, the presence of the box becomes 
immaterial (apart from the trivial limitation the box 
places on the center-of-mass motion of the system). 
Any further increase of 2 beyond this point leaves the 
energy and the density po of the system unaffected. We 
may illustrate the difference between the two cases 
discussed by the qualitative plot of energy per particle 
E/N as a function of 2/N in Fig. 1. At a point such as 
P on the diagram, the system exists in the same internal 
state as at O. The only difference is that at P the center 
of mass of the system has more space to move in. For a 
sufficiently large system (V — », 2—> ) the energy 
at P is the same as at O. It might also be noted in 
passing that at the point P, because of the center-of- 
mass motion of the entire system, the probability of 
finding any one particle at any position inside the box 
should be a constant throughout the box, apart from 
boundary effects, which become negligible as VN > ~, 
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Fic. 1. Qualitative behavior of the energy per particle of an 
N-body system as a function of available volume per particle, as 
expected on a physical basis. 


The foregoing discussion suggests that it is sufficient 
to calculate the energy of the system for V/Q2 po. In 
other words, we must approach the density po from the 
high-density side. The present calculation follows this 
suggestion, and is an extension of previous calculations 
concerning the \-body Bose-Einstein system with 
hard-sphere interactions.'~* It is recalled that these 
calculations are based on the smallness of the parameter 
(pa*)*, where p=.V/Q. In order to make use of similar 
methods for the present case, it is necessary that the 
additional attractive interactions are such as to make 
the equilibrium density po satisfy the condition 
(poa*)4<<1. It is not intuitively obvious whether it is at 
all possible to choose the parameters of the attractive 
interaction to satisfy this condition; that it is possible 
is the main result of this paper. 

The present paper represents an initial effort which 
aims to answer the following questions: 


(a) Is there a range of values of the parameters of a 
saturating potential, within which one can calculate 
the energy levels, in particular bound states, of the 
system in a well-defined scheme of approximations? 

(b) Does the system under consideration possess 
properties that are qualitatively similar to some of the 
properties of liquid helium, in particular, the property 
that there exist the thermodynamic phases: gas, liquid 
I, and liquid IT? 


The first question is answered in the affirmative by the 
following calculations. To answer the second question 
completely requires a knowledge of the thermodynamic 
properties of the system, which has not been included 
in this paper. The results of this paper, however, do 
indicate that the answer would also be yes. 

1K. Huang and C. N. Yang, Phys. Rev. 105, 767 (1957). 


2 Lee, Huang, and Yang, Phys. Rev. 106, 1135 (1957). 
*T. D. Lee and C. N. Yang, Phys. Rev. 112, 1419 (1958). 
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II. DEFINITION OF THE MODEL 
1. Two-Body Potential 


In our problem the two-body interaction between the 
particles of the system is represented by a central 
potential »(r), where r is the interparticle distance. It 
is infinite for r< a. For r><ait is negative, characterized 
by a range parameter 7» and a depth parameter v». We 
require that* 


(1) 


Since v9! is of the order of the average wave number of a 
particle inside the attractive well, condition (1) allows 
the representation of the hard-sphere part of the inter- 
action by a pseudopotential, as discussed in reference 1. 
We write, accordingly, 


vota<K1. 


) 
v(r) =82a6(r)—r+wi(r), (2) 


or 


where w(r) is the attractive part of the interaction and 
the meaning of the differential operator (0/0r)r has been 
explained in references 1 and 2. To simplify calculations 
we choose w(r) such that its Fourier transform is a step 
function: 


{ —8x(a+6) if |k| <ko 
wm far e'k-tw (7) = ; (3) 
| 0 if |k|>Zo. 


The number a+6 may be interpreted to be the zero- 
energy scattering length of the attractive part of the 
potential. This choice of the Fourier transform leads 
to the following potential in ordinary space: 


w(r)=—voL371(kor)/kor], vo=(320°/3)(at+b)k*, (4) 


where j; is a spherical Bessel function. The total po- 
tential is this plus a hard core of diameter a. A plot of 
it is given in Fig. 2. The range parameter may be defined 
as 


(5) 


At large distances the potential oscillates about zero, 
as a result of the sharp cutoff in momentum space. The 
oscillations are however quite small, and unlikely to 
produce spurious effects. 

In terms of ko, 6, and a, the requirement (1) may be 
re-expressed as follows: 


koa{ 1+ (b/a) ]<1. 


7p=4.5/Ro. 


(6) 


The potential binds a two-body system when the range 
is larger than a quarter wavelength of the relative 
motion in the lowest S state. This means that (ko/4.5) 
S401, or ko(a+b) = (1/542). 


2. N-Body Hamiltonian 


Let ay’, dy be, respectively, the usual creation and 
annihilation operators for plane wave states, with 


4 We choose units so that h=1, 2m=1, m being the mass of a 
particle. 
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commutator 
[ax,@p' ]=dxp. (7) 


As usual let d 
¥(r)=274 Dix eFax, (8) 


where the sum extends over all vectors k whose com- 
ponents are 27{2~! times an integer (positive, negative, 
or zero). The plane wave single-particle states therefore 
obey periodic boundary conditions with respect to the 
box of volume 2. The V-body Hamiltonian is 


A= far(vy) - (Vy) 


i 5 f dees Vi (ri)Wt(re)0(ria)W(ti)W(t2), (9) 


where r12= /|t1—f2|. In terms of a,’ and a,, we may 
write 


1 
H=> Paxtaxt— Do’ mY apputag—ntapag, (10) 
k 2Q2 x p.q 

where 


nm far e***( 8mad(r)+w(r) | 
{ 87a if \k > ko 


“ (11) 
l=teb 2 th 


<Ro. 


The summation over k in (10), indicated by a prime, 
includes a limiting process that takes into account the 
effects of the differential operator (0/dr)r in the pseudo- 
potential. It is defined in the following way: If f(k) is 
a matrix element arising from (10), then 


0 
D’ f(k)=lim —[r © e*** f(k) J. 
k r k 


r-0 9 


(12) 


Suppose that /(k) > Ak*+g(k) for k— ~, where 
g(k) vanishes more rapidly than k-*; then it follows 
from (12) that 


Dx’ f(k) =D [f(k)—AR?]. (13) 


For such f(k) the definition (12) is equivalent to a 
simple subtraction procedure. It is sufficient to consider 
those f(k) having the property postulated, for we shall 
not encounter any other case. We may therefore take 
(13) as the definition of the operation >’. 

The model having been defined, our task is to 
diagonalize (10), requiring that all states be eigenstates 
of >> ax'a, belonging to the eigenvalue .V, in the limit 


Now, 2-0, with N/Q=p fixed. (14) 


3. Orders of Magnitudes 


We summarize here the range of values of the 
parameters of the problem within which the calculation 
is to be carried out. The parameters occuring in the 
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Fic. 2. The two-body potential used in the present calculation. 


problem are four: 
da, b, Ro, p. 


We shall define orders of magnitudes of dimensionless 
combinations of these parameters by the following 
table: 
Order: 0 1 
1 (pa*)} 
Roa, ‘(pa*)) koa 
(b/a)/(koa) b/a 


Parameters: (15) 


Second- and higher-order quantities are given by 
products of powers of the lower-order quantities. It is 
therefore not necessary to list them explicitly. 

It may be instructive to re-express the assignment 
(15) in terms of the lengths of the problems. There are 
four independent lengths: 


a=scattering length of hard sphere, 


b= total scattering length at zero energy, (16) 
) 
r= range of attraction ~ky", 


r,=average interparticle distance ~p~!. 


To these one might add a fifth, which is not independent 
of the ones above, but convenient to introduce: 


r.= (ap)~'=correlation length of hard-sphere 

repulsion. (17) 
It is recalled that in reference 3, this length emerges 
as the approximate distance from a particle, beyond 
which the probability of finding another particle be- 
comes unaffected by the hard-sphere interaction. (i.e., 
in the case of pure hard-sphere interactions, the pair 
correlation function is essentially unity for distances 
larger than r,.) In terms of these lengths, the orders of 
magnitudes set down by (15) may be illustrated by the 
scale in Fig. 3, which is self-explanatory. 
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Fic. 3. Scale of lengths in the present problem. These lengths 
are defined in Eq. (16). 


The following calculations are carried out up to and 
including the first order, unless the first-order calcu- 
lation gives a vanishing result. In the latter case the 
calculation is carried out to the lowest nonvanishing 
order. 

The consistency of the assignment of orders of 
magnitude shall be demonstrated by calculation. The 
motivation for such an assignment is given in the next 
section. 

Ill. A SIMPLE CALCULATION 

This section is not logically necessary. It is here only 
for the sake of clarity, as it provides a physical moti- 
vation for the way the calculation is to be made, and it 
points out some of the difficulties that have to be over- 
come. Let us recall that for the case of purely hard- 
sphere interactions, the ground-state energy per 
particle is? 


Eo 128 pa’® } 
= (4rap) + (4rap) ( ) (hard spheres). (18) 
N 5 


i \ 7 


The first term is simply the diagonal matrix element of 
the interaction Hamiltonian, taken in the unperturbed 
ground state. The second term is the result of summing 
selected terms from every order of perturbation theory. 

Let us now perform the following calculation: Take 
as unperturbed states the eigenfunctions in the case of 
purely hard-sphere interactions. Treat the attraction 
as a perturbation and calculate the energy in first-order 
perturbation theory. The energy shift is thus 4p times 
the zero-energy scattering length of the attractive 
potential, i.e., —4r(a+6)p. Adding this to the un- 
perturbed energy, which is (18), we obtain 


(19) 


Eo 128 / pa*\} 
—= — (4rbp)+ (4rap)— (=) : 
N 15 


Tv 


If one makes a plot of this as a function of p~, one gets 
a curve shown in Fig. 4. The fine dotted lines represent, 
respectively, the two terms in (19), and their sum is the 
solid curve. There is a minimum at po, which has the 


(“) 5 b 
ri 64 : 


at which density the energy per particle is 


value given by 


(20) 


=< (4rr, 3 )pob. 
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Since the hard-sphere calculation is valid only if 
(pa*)i<<1, the formula (20) is valid only if b/a<1. If 
we require b/a~(pa*)*K1, then the calculation is 
consistent in the neighborhood of p= po. 

The portion of the curve for p<po must be discarded. 
Take the point P’, for example. It obviously does not 
represent the lowest state of the system, for point P 
has a lower energy, and does represent a state of the 
system. Namely, it zs the state O, except that it does 
not completely fill the box containing the system. This 
is possible because at O the curve of E/N has zero slope 
with respect to p. The state O can therefore exist without 
external pressure. We conclude that the energy per 
particle as a function of p™ follows the curve QOP in 
Fig. 4. An V-body bound state is formed at the point 
O. The equilibrium density is given by po of (20), and 
the binding energy per particle, €9 of (21). The inter- 
action saturates. 

Except for minor modifications, the results above are 
in fact correct, as a more exact calculation later shows. 

It is however instructive to ask: What is wrong with 
the foregoing consideration? Some criticisms are given 
below. They serve the purpose of pointing out some of 
the difficulties that have to be overcome in a better 
calculation: (a) One notes that (20) and (21) are 
independent of ko. This cannot be accurate because one 
should expect the binding energy to decrease when the 
range of the attraction is decreased. (b) If one wants 
to do better than the results (20) and (21), and go to 
the second order in perturbation theory, the result 
diverges. Furthermore, a summation of selected terms 
from every order of perturbation theory also fails, if 
one selects the same type of terms which in the hard- 
sphere calculation led to the order (pa*)!. 

The last-mentioned difficulty may be seen as follows. 
If we recall that the calculation which led to the (pa*)! 
term in (18) consists of diagonalizing the operator 


(k?+-82rap)aytay+4rap(ayta_,t+a,a_x), 


then it is immediately obvious that applying the same 
method to the attractive part of the interaction requires 
the diagonalization of 


(k?— 8rbp)aytay—A4mrbp(a,ta at t+a,a_ 2; 


where |k| <p. As long as 8rbp is finite, no matter how 
small, there exists a k such that k?—8mbp<0. For such 
a k the above operator can be shown to possess no real 
eigenvalue that belongs to a normalizable wave 
function. 

The foregoing discussion has served the purpose of 
illustrating the central idea behind the calculation that 
is to follow, and pointed out the difficulties of the 
problem. We shall show in the following sections that 
these difficulties can be overcome, and that the result 
of a better calculation turns out to be not materially 
different from what has been obtained here. 
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IV. SYSTEMATIC CALCULATIONS 
1. Reduction of the Hamiltonian 
The notation employed in the following is, whenever 
possible, the same as that of references 2 and 3. We 
consider an unperturbed state which is specified by the 
occupation numbers {mx} of the single-particle levels, 
with the requirements that 
(a) The level k=0 is occupied by &N particles 
(0<é<}), 
(b) No other level may be occupied by a finite 
fraction of all the particles. 


22) 


Since the total number of particles is V, we have 


~~ m= (1—-8)N. (23) 


k+0 


For brevity we shall call a level ‘macroscopically 
occupied,” if its occupation number is a finite fraction 
of all the particles. The unperturbed states which we 
consider have the property that no level other than 
k=0 may be macroscopically occupied. Obviously this 
terminology has meaning only in the limit V — ~. 

The unperturbed state {mx} is connected by matrix 
elements of the Hamiltonian (10) to other unperturbed 
states through repeated interactions. The most general 
state which is reachable from {m,} through repeated 
interactions has occupation numbers denoted by 
my+6,y. More explicitly the occupation numbers are 
listed in the following table: 


Occupation number 


Level 


0 w— ¥ a 


k+0 
k (k#0) my+6, 


(24) 


To excite 5, particles into the state k, the interaction 
has to be applied 6, times. It is shown in reference 2 
that the expectation value of >> 6, with respect to the 
perturbed state is of order V (pa*)! for the case of hard 
sphere interactions. It is therefore a small number 
compared to .V. In the present case it will be later 
shown that 
(SX 5x)~N (pa*)!, 


k>ko 
(25) 
( 8,)~N (pb), 


0<k<ko 


where the expectation values are taken with respect to 
the perturbed state. Assuming this fact now simplifies 
the classification of terms in the Hamiltonian. The 
collection of states of the type (24), satisfying (22), 
(23), spans a subspace S of the Hilbert space. The 
consistency of (25) with the calculation means that the 
interactions do not transform a state in S to one outside 
it. We shall first restrict the Hamiltonian to the sub- 
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Fic. 4. Ground-state energy per particle, as a function of 
available volume per particle. The upper dotted curve represents 
contributions from the hard-sphere interaction, and the lower 
dotted curve, from the attraction. The sum of these give the solid 
curve QOP’. The straight heavy dotted line OP, however, rep- 
resents states of the system at an energy lower than those on OP’. 
The state at P is the state O, not filling the whole volume. This 
is possible because in state O the system requires no external 
pressure to maintain its density po, since 0E/dp=0 at this point. 
The lowest state of the system is therefore represented by the 
curve QOP. 


space S, and later show the consistency of this 
restriction. 

Let m=§N—D dbx, and my=m,y+5, (obviously 
No= do'dy and my=a,'a,). The diagonal matrix element 
of the Hamiltonian (10) with respect to a state in S is 


Rat hvpN+nQ YS mer t3Q YS nenyrep, 
k~O k#¥p 
k,p #0 
which can be rewritten as follows: 
(diagonal matrix element) 


=C+ Dd (+ Epa tyu)tutVo'; 


k+0 


(26) 


where C and yy are numbers depending only on {mx}: 


C=—4rbpN+(1-8)p vem 


k+O 


—32" SY mymyrx-p, (27) 
Bee 

0 
V¥r=2" DY (vp-n—p) Mp, _ (28) 


p~0,k 


while Vo’ depends on the state in which the diagonal 
element is taken (it is therefore an operator) : 


Vo =32 2 p 5b pOKUp at 0 " >. 5x) ( z Upp). (29) 
p#+k k~O p~0 
pk +0 
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We now turn to the nondiagonal matrix elements of 
H in the subspace S. These matrix elements naturally 
fall into three classes, exactly as in reference 2: namely 
those that create or annihilate (i) two particles of k=0, 
(ii) one particle of k=0, and (iii) no particle of k=0. 
They are, respectively, proportional to éNV, (£N)!, and 
1. The interaction Hamiltonian is accordingly decom- 
posed into three terms, Vi+V2+ V3, in an obvious way: 


V\= iY : y ti Vx (Ay! A_y' dodo +yd_xAo'do'), (30) 


kro 


Vo=27 De’ 14 DO (dp_uhantapaot+ao'ay'axdp—x), (31) 
kxO) = p#0, kk 


, aif » ie 
Vg=3Q7 DY v4 Dos dp_u'dgyn' dda, 
ko 


(32) 


where the sum 5°; is a sum over p and q, subject to the 
condition p~0, k, and q#0, —k. 

In V,; there appears @oa and dy'ao' whose matrix 
elements in the subspace S are, respectively, 


[ (mo— 1) mo ]'=m9+O0(1/EN), 
[ (mo+2)(mo+1) }'=mo+O(1/EN). 


In V2 there appear ao and aot, whose matrix elements 
in the subspace S are, respectively, 


not, (not+1)!=mo!+O(1/EN). 


Therefore if in V; and V2 we replace all ao and ao! by 
no’, their matrix elements are not affected in the limit 
N — ~, except when ¢=0. But if &=0, V; and V2 both 
vanish anyway. Accordingly we prescribe the 
replacement 


dy, a No}. (33) 


This does not mean that the interaction no longer 
conserves the number of particles, because we make 
this replacement only when we are restricted to the 
subspace S. The number of particles of the system is 
necessarily constant and equal to , for this is a 
property explicitly imposed on all states in S by the 
relation (23) 


Flv) 





as ee 
16 
15 
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Fic. 5. Plot of the function F(y), which appears in Eq. (41). 
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It is convenient to further decompose V [with the 
replacement (33) ], in the following manner: 


Vi= 302" DY’ v4 (auta_y'+aya_x) 
k~O 


=}(pE—-Q7 DY 5p) Ye’ vn (auta_y'+0,0_x) = Vitvy, 
px0 k+0 
where 


Vi:=4rap(t—-N- my) D! (axta_at+axa_x) 


0<p<ko k>ko 


—4raQ"( YS ny) D’ (auta_x'+ax0_x) 


O0<p<ko k>ko 


—4Ambpt > (ax'a_x'+a,0_x), 


0<k<ko 


V;'=8rbpN“"( > bx) SS (auta_u'+aya_x) 


k¥0 0<k<ko 


—4mapN( ¥ 5x) Le’ (au'a_u'+axa_x). 


k>ko k>ko 


(34) 


(35) 
Let us introduce a new quantum number « for the 


unperturbed state, defined by 


No YO m=(1-8sz, 


0<k<ko 


(0g x¢ 1) (36) 
and define 

f(&,x)=&+ (1—&)x. (36’) 
The number «x is the fraction of excited particles [i.e., 
the fraction of (1—£)N] that occupies levels with 
O0<k<ko. It is to be noted that the number of mo- 
mentum states with O0<k<ko, denoted by N’(ko), is a 
small fraction of .V. In fact, 


(37) 


N’ (ko) ke | 
N  6m°p 6m? 


pa’ 


which, according to the classification of (15), is a small 
quantity of the first order. The unperturbed states 
with €<1 and x0 means that a finite fraction of all 
the particles are jammed into the small sphere k<hpo. 
However, this can still be consistent with the require- 
ment that no single level other than k=O is macro- 
scopically occupied. 
We now rewrite the Hamiltonian (10) as follows: 


H=C+ DY! [(R?+82apt+7«)nx 


k>ko 
+4arap f(,x)(axta_y'+axa_4)]+V, (38) 


where C, yx, {(&,”) are, respectively, defined by (27), 
(28), and (36), and 


V= > {(k?+-yx—S8arbpt—4ralQ™ 5’ (a,'a_,' 


0<k<ko p>ko 
+<dya_p) |nx—4mbpt(ay'a_x'+a,a_x)} 


+Vo'+Vi'+Vi2tV3, (39) 
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where Vo’, Vi’, V2, V3 are defined, respectively, by 
(29), (30), (31), and (32). The procedure of calculation 
is to regard the term V in (38) as a perturbation. Its 
contributions to the energy levels are of order higher 
than first order [as defined by (15) ]. It is therefore 
important only for quantities which have no first-order 
term. That this is true is shown in subsection 4 of this 
section. 


2. Properties Near Ground States 


By ground states we mean the state specified by 
§=1. This is the state which is obtained from the free- 
particle ground state by adiabatically “turning on” 
the interactions. The Hamiltonian (38) now reads 


H=—4AnbpN+ D! [(#2+8map) nx 


k>ko 


+4rap(ay'a_y'+aya_x) ]+V. (40) 
Neglecting V, we can immediately write down the 
lowest eigenvalue of the above, since the answer has 
already been given in reference 2. Call the lowest 
eigenvalue Eo. Then 

Eo 128 / pa’ \! 

— = —4nbp+ (41ap) (~) F(y), (41) 

N I \ 4 
where v=ko/(16map)', and 


15 
F(v) =—[4(1+2?)?—2(1+?)'+ $+ 2p]. 


2 


(42) 


Figure 5 shows a graph of F(v). The formula (41) for 
E/N differs from the result (19) of a more simple- 
minded calculation only by the presence of the factor 
F(v), which does not make any qualitative difference. 
As a function of p-!=2/N, Eo/N has the same shape 
as that shown in Fig. 4 if koa/r<b/a. Otherwise the 
curve is everywhere positive and the system does not 
bind. The conditions for binding is therefore )>0 and 
koa/x<b/a, which we assume. The minimum of the 
curve occurs at p=po, where po is now the root of the 
transcendental equation (with z= k,’/16map) : 


; sab 1 
(1+-277)§(1—92+27)-—2?=— -—, (43) 
16a koa 

which may be solved graphically. The result is not 
qualitatively different from that obtained by approxi- 
mating F(v) by the heavy dotted curve of Fig. 5, which 
means that for the range of parameters we are interested 
in (i.e., the case of binding) we may take 

F(v)=1. (44) 


We shall use this approximation, for it avoids clumsy 
graphical solutions. With (44) one obtains the same 
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results as (20) and (21): 
poa® a 5 b 
(waa: | 
E on 5 \* 49? b 
( = je 3a? a 


The more accurate results from (43) give slightly 
smaller values for po) and —£». Everything we have 
said about (19) may be said here again, in particular 
the statements that (a) the calculation is consistent in 
the neighborhood of p=po, and (b) the lowest energy is 
represented by the curve QOP of Fig. 4. For (b) to be 
true, it must be shown that for p> po no other state has 
a lower energy than £o(p), and that for p<po no state 
has a lower energy than /o(po). It will be shown in the 
next section that this is so, if ko>(bp)!, (as we have 
assumed), while for values of ko that are too small, 
this may not be so. 

From (40) we can also find the energies of very low- 
lying excites states. The excitation spectrum, which 
corresponds to the phonon spectrum in the hard-sphere 
calculation (2), is easily found to be [this is derived in 
(73) ] 

(k?+16rap)! if 


0 if 


\k| > ko 
|k| <ko, 


(46) 


(* 
E,—Eo= 


where the state corresponding to the eigenvalue Ey 
has a total momentum k. For |k| <ko, (46) implies 
that the excitation energy is of an order higher than 
that which has been calculated. To calculate it requires 
taking V into account in (40). This will be done in 
subsection 4 of this section. However, we can deduce 
what the answer must be in the limit {|k| 0, by 
noting that there must exist long-wavelength density 
fluctuations of the system (phonons), whose energy is 
kc where c is the sound velocity. Remembering that 
the mass of a particle is }, we have 


= (—20P/dp)', 


where P is the pressure of the system at absolute zero: 


0 Eo 
poli) 
Op\N 


Combining the above yields 


C 0 0? \ Ey 
aed, FE le )- 
4p Op Op’ 7 N 


(47) 


(48) 


’ 


and performing the indicated operations on (41) gives 
indeed a number of higher order: 


c= (169a’p)}, (49) 
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where 
a’ /a=16(pa*/r)'G(v) — (b/a), 


G(v)=4[(14+»")!+ (1+ *)-4], 


which is a positive-definite function. It is obvious from 
(48) and Fig. 4 that for p> po, c is real and positive. At 
p=po we have, using the approximate formula (45), 


c& (4pobd)!. 


What is not known through these considerations is 
whether at low k, sound waves are the only excitations. 
That such is the case will be shown by explicit higher- 
order calculation, which of course verifies (49). 

It is not hard, at this point, to guess that a higher- 
order calculation must yield for the excitation spectrum 
the following: 


k| > ko 
k| <ho. 


[ #(RE+ 16map)! if 


FE, —Eo= } 
| &(k2-+-162a'p)! if 
This enables us to find the pair correlation function 
D(r) of the system at absolute zero by using Feynman’s 
formula,® 


S(k) =k/(Ex— Es) (53) 


where S(k) is the Fourier transform of the pair cor- 
relation function. We obtain from (52) 


(A(A?+16map)~ if ik! > ko 
S(k) =; (54) 


S(k) 
lk(k2+16ma'p)-? if |k| <ho. 


A qualitative plot of S(k) is shown in Fig. 6. The 
behavior of D(r) at small distances is determined by 
the behavior of S(k) for large k. From (54) it is seen 
that at small distances D(r) is the same as that of the 
hard-sphere gas, discussed in reference 2, Namely: 


a 2 
D(r)—> (:-*) : 
r—0 r 


At large distances the behavior of D(r) is governed by 
the behavior of S(k) for small k, in which the attractive 
part of the interaction plays an important role. A 
qualitative sketch of D(r) is shown in Fig. 7. At r>r,, 
the correlation length of the hard-sphere interaction, 
the function rapidly approaches unity. At r>ro, the 
range of the attractive interaction, the function oscil- 
lates about a constant value, which by proper nor- 
malization may be made unity. It qualitatively 
possesses the form one expects of a system with short- 
range repulsive and long-range attractive interactions. 
The correctness of (54), being a guess at the present 
moment, will be proved later by higher-order 
calculations. 

5 R. P. Feynman, Phys. Rev. 94, 262 (1954). The justification 
for using Feynman’s formula is given in reference 2. 
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Fic. 6. Fourier transform of the pair correlation function at 
absolute zero. The number a’ is defined in (50). 


3. Excited States 


Neglecting V, we can again diagonalize the Hamil- 
tonian (38). For a given set of {m,} we are to calculate 
that eigenvalue of (38) which reduces to )°k?m, in the 
absence of interactions. We are therefore calculating 
the energy of that perturbed state which arises from 
the free-particle state specified by {my}, when the 
interactions are adiabatically “turned on.”’ The general 
answer can be immediately written down; but it is too 
complicated to be of interest, because the quantity yx, 
defined in (28), in general depends on the details of the 
set of integers {m,}. We shall first introduce a 
simplification. 

We shall not consider the most general set of occu- 
pation numbers {m,} satisfying the requirements (22); 
but we consider more restrictive sets. Namely, we 
impose these further restrictions on {m,}: 


(a) The occupation of levels k for 0<|k|<ko is 
essentially uniform. That is, 


m,~O6nr'p(1—£)x/ko® if O<|k| <ho. (55) 
(b) The occupation number my, for |k| > ko, considered 
as a function of k, changes by a negligible amount 


when |k| changes by ho. 


The motivation of this restriction is (37), which shows 
that the sphere of radius ko contains a very small 
number of levels, compared to .V. States not satisfying 
these restrictions may be expected to be of little im- 
portance, for the thermodynamic properties of the 
system to the accuracy of the present calculation, 
because they describe spatial correlation effects over 
distances longer than the range of the attraction. With 
these restrictions, both yx and C become greatly 
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Fic. 7. Qualitative sketch of the pair correlation function at 
absolute zero. The lengths ro, r- are defined in (16). 
simplified, as shown in the Appendix: 
Cc b b 
——4Arbp+4rap(1—£)7} | 14+- }(1—2x)?--], 
N a a 


: (56) 
|k| > ko 


|k| <ho. 


| Srap(1—é)x if 
«= 
a if 


They depend on the occupation numbers {m,} only 
through the two parameters £ and x, which are defined 
by (23) and (36). 

With (56) and the neglect of V, the Hamiltonian is 


C+ DY’ {(+82apf(é,x) |x 
k>ko 
+-4arap f(E,x) (ax'a_x'+a,a_x)}. 


The eigenvalue corresponding to the free-particle state 
{mx} is 

E{m} fe 128 / pa®\ 3 , 
-—— = —Anbp+4map) g(,x)+ (= F(v) 

N | is\ x 


1 
xLs(éa) | +— E M+ 16rapf 2) om 


+(contribution from V), (57) 


where F'(v) is defined in (42), f(,x) in (36), and 


b b 
sea) (1-04 (142) ase] (58) 
3 a 


a 


The formula (57) formally reduces to that given in 
reference 3 for the hard-sphere gas, if we put ko=0, 
x=0, and b=—a. 

In (57) the contribution from V can be calculated 


~~ 


only for states very near the ground state (1). The 
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answer, derived in the next section, is 


(contribution from V)=N 3° k?(k?+-162pa’) my 


0<k<ko 


(for £1), (59) 
where a’ is defined in (50). For general £, the calculation 
becomes too difficult. It is sufficient for the present 


purpose to take the zero-order answer: 


(contribution from V)=N- SO k?my 
0<k<ko 


=3(1—£)xky?. (60) 
The last expression results from the assumptions (55). 
This formula is in conformity with (59), since 
16mpa’<Kk,?. 

For given values of &, «, we have the inequality 


N“E( my} > €.2(p), (61) 


where 


128 / pa®\} 
c.o(0)= dnp rap} (68) + : (=) F(v) 
1 


5\9r 


xLf(éx) }} | + hol ko’ + 16rap f(é,x) }(1—£)(1—) 
+§(1—&)xke?. (62) 


When £=1, denote it by e:(p). The function €:(p) is 
independent of x. In fact €:(p)= E/N. For fixed &, x, 
the quantity €:,2(p) as a function of p is an envelope of 
all energy levels belonging to given values of &«. In 
order to investigate whether any {m,} can be smaller 
than £o, it is sufficient to ask whether e;,,(p) can be 
smaller than €;(p). 
Let us first look at some limiting cases: 


For &=1 (no particle excited) : 


b 128/pa*\! 
a(p) rap — 4 (=) ro| 
a 18\-r 


For £=0, x=0 (all N particles excited to levels above hp) 
€0,0(p) =4mrap[ 1— (b/a) |+keP4rap+he?. 


For £=0, x=1 (all V particles excited to levels below 


ky) : 
128 $y 4 
€0,1(p) = —8rbp+ (42ap) —(~) F(v)+2ho?. 
5 


us 


The function ¢€; has a minimum at pp given by (45). 
The function €o,9 is a monotonically increasing function 
of p, which is everywhere greater than €;. The function 
€o,1 has a minimum at p> po; but it is everywhere much 
larger than e, if ko?/(ap)'~1 as we assume, for then 


ki? ke? a 
= >1. (63) 
bp apb 
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Fic. 8. Qualitative plot of some perturbed energy levels of the 
system, as a function of available volume per particle. The quantum 
numbers £, x refer to the unperturbed state from which the per- 
turbed state arises, as the interaction is adiabatically turned on. 
§ is the fraction of particles in the level k=O. x is the fraction of 
excited particles in the levels k, with 0<|k| <p. 


For 1 (very few particles excited), let £=1—A. 
It is easily verified, keeping (63) in mind, that 


ko(ko? + 16map)!(1—x)+ 2h o?x 


b 64/pa*\3 
soft (7) Tle 
a 5X\¢r 


For 0<£<1 the formulas become more complicated, 
but these conclusions are maintained. We illustrate the 
qualitative behavior of the energy levels of the system 
by the graph of Fig. 8. 


€¢,2(p) — 41(p) = 


4. Higher-Order Calculations 


We now come to an important part of the calcu- 
lation, important not because the results here will 
alter any of the formulas used previously; but because 
they show that the opposite is true. The main result of 
this section is a verification of the formulas (25), (52), 
and (54). 

The following calculation is to be carried out: Take 
into account the term V in the Hamiltonian (38), and 
calculate the corrections to energy levels in the neigh- 
borhood of the ground state (i.e., for 1). V is defined 
by (39). In terms of free-particle states, every term of 
V describes a scattering between two particles. If the 
momentum transfer in the scattering is greater than 
ky the matrix element is of order a; and if less than ko, 
of order b. Let us for convenience denote by a capital 
boldface Latin letter K a momentum of magnitude 
greater than ko, and by a lower case boldface Greek 
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letter 2 a momentum of magnitude greater than 0 but 
less than ko: 
K ° | K | > Ro, 


64 
2: O<|2| <ho. io) 


A matrix element of V may be specified by giving all 
four of the initial and final momenta involved in the 
scattering process described. The sum of these momenta 
must be zero. If we use the conditions (25), it is straight- 
forward to show that to calculate the energies to the 
next order, it is sufficient to take into account the 
following types of matrix elements: 


(1) Ki, Ko, Ks, 0, 
(2) Ky, Ko, Ks, K,, 
(3) Ky, Ke, a, 0, 
(4) Ki, Ko, a1, de, 
(5) Ar, Xe, 0, 0. 


All other give contributions to a still higher order, by 
virtue of b/a<1 or koaK1. Among the matrix elements 
described by (65), types 1 and 2 contribute to the 
ground-state energy, and to the excitation spectrum 
for k>ko. In both cases their treatment is, except for 
trivial modifications, identical with the higher-order 
corrections to the hard-sphere Bose gas, as discussed in 
reference 2. It is shown there that they give rise to 
corrections in higher powers of (pa*)!, and hence can be 
neglected. We shall not repeat these discussions here. 

It is sufficient, therefore, to consider matrix elements 
of the types 3, 4, and 5 of (65). They may be charac- 
terized by the fact that they all describe scattering 
processes in which two momenta are smaller than ko, 
and two greater. They cannot be treated in ordinary 
perturbation theory by calculating to any finite order; 
but one must again in essence perform infinite sums, 
just as in the calculations of the previous sections. 

If we retain in V only those matrix elements of types 
3, 4, and 5 of (65), it is easily shown that we may 
neglect Vo’ and Vj’ altogether, while V2, V3; may be 
replaced, respectively, by 


V2=8ral"N! >’ > [6(P+K—aA)aptax'ay 
K PA 
+6(P—K—d)aptaxa, ]+H.C., (66) 


and 


V;=4ral » Tal 3 (axta_x'a)a_,+axKa_xay'a_)"). (67) 
K A 


In the above, the convention (64) is adhered to. The 


6 functions in V2 are Kronecker symbols. The Hamil- 
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tonian to be diagonalized is now 


H=—4nbpN+D,'[(K?+8map) nx 
K 


+4mrap(ax'a_x'+axa_x) ]+20{[°—8mbp 
r 


—4raQ™ " (ax'a_n'+axa_x) }m 
K 


—4rbp(ayta_y+aya)}+ 02+ V3. (68) 


We had earlier diagonalized H, when V was com- 
pletely neglected. Let us transform H into that repre- 
sentation. It is simplest to express this transformation 
as a linear transformation® of ax. With the substitution 

a t 
ax= (1—ax)~*[bx—axb_x' J, (69) 
ax'= (1—ax)~*[bx'—axb_x |, 
where 
ax = (2yx)[1— (1—4yx*)*], 


yx =4nap(K*?+8rap)"', 


(70) 


we thus transform to the new operators bx, 6x', which 


again satisfy the commutation rules 
(bx, bp! ]=dxp. 


The transformation is therefore a canonical one, pro- 
vided ax <1, which is obviously true. We shall refer to 
this new representation as the b-representation. In 
this representation 


H= Evt+> K(K?+ 167ap) betbk+ Vo+ V; 
K 


(71) 


+30 {D?—8rbp—4raQ™ ¥ (axta_x+axa_x) |my 
x K 


—4mbp(ay'a_y'+a,a_y)}, (72) 


where £o is defined in (41) and one must identify: 
bx'bk=mx. Formula (72) is strictly correct only if all 
mx=0 (i.e., £=1). But we can still use it in the neigh- 
borhood of €=1. In particular the excitation spectrum 
can be obtained from (72) with errors of order V~'. It 
immediately gives K(K?+16map)! for the energy of a 
phonon of momentum larger than ko. The corrections 
to this spectrum are of higher order in (pa*)! and have 
been neglected from the beginning. V2 and V3 coii- 
tribute to the excitation spectrum only for momenta 
below ko. This contribution we calculate, because it 
represents the lowest nonvanishing order. 

We must now transform V2 and V3, given by (66) 
and (67), into the b-representation. This transformation 
affects only ax and ax’. The operators ay, ay", since 
they commute with the former, may be looked upon as 
c-numbers during this transformation. In the 6- 
representation V2. has no diagonal matrix elements. It 
will be diagonalized by second-order perturbation 
theory. V; has diagonal matrix elements and that is 


6N. N. Bogoliubov, J. Phys. U.S.S.R. 2, 23 (1947). 
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all we shall retain. It is easily shown that further 
diagonalization of V2 and V3 in the b-representation 
yields only higher order terms that should be neglected. 
A state | mx) of the system in the b-representation is 
specified by the occupation numbers b6xtbk=mx of 
independent phonons whose energy is 
wx=K (K?+16rap)'. (73) 

We have, by virtue of (71), 
bx'bx| mx)= 


bx'|mx)= 


mx| mx), 
(mx+1)'|mx-+1), 
bx|mx)=mx!|mx— 1). 


(74) 


We are interested in the energy contributions of V 
and V; in the state |0) (ie., all mx=0). We have for 
the contribution of V; 


4rra 
= 
Q 


where we let @ stand for ax. The contribution of V2 is, 
apart from a term of the form (const).V (ap) (Roa)*LRo/ 
(pa)* ], which we drop, the following: 


| (m| V2\0) $ 8ra\? | 1+a’ 1 
ee --(™) E||- = |ovta 
m E o-E om Q r K (1+a)? 
fe 
K 


where w stands for wx. Substituting (75) and (76) into 
(72), we obtain 


(0! V; ) ty gaaees ~— le ata yt+taya r), (75) 


K 1—a?J > 


(1+a)? 


1 
= l(a tl +aya_ ); (76) 


(0 H| 0) = Eo+d{ (2+ 8rapX — Sarbp)ay'ay 
ny 


+ (4rapX —4mrbp) (ayta_y'+aya_y)}, (77) 


4rrap 1—a\? 1 
X=-—-—-)’ ~'(— ) = _ 
N 1+a/7 w 


After taking into account the subtraction precedure 
required by >’, as explained by (13), and performing 
some elementary integrals, we find 
X = 16(pa*/w)'3[ (1+ v?)!+ (14+ 7)-4], 

v= Ro (167ap)}. 


where 


(78) 


Now (0|H|0) still has to be diagonalized with respect 
to ay, at. This task is trivial, since the mathematical 
problem is identical with that solved by the trans- 
formations (69). We obtain immediately 


(0| H|0)=Fo+>. (2+ 162a'p)!m,, (79) 
x 


apart from a correction to /o of the form (const).V (ap) 
X (koa)*[ko/ (pa))], which we drop. In (79), a’ is exactly 
that given by (50). This verifies the formula (52), and 
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the sound velocity (49) computed from the compressi- 
bility of the system. Furthermore, this derivation shows 
that for small % there are no other excitations. If one is 
familiar with the results of reference 2 the following 
statements are now obvious: 

1. The conditions (25) are correct. 

2. The wave function of the system is the same as 
that for the hard-sphere gas, except that in all Fourier 
components with k<ky» we replace a by a’. This justifies 
the formulas (54). 

Perhaps, to make statement 2 more explicit, we 
should write down the ground-state wave function 
of the system. Let the ground-state wave function Vo 
be expanded in terms of free-particle wave functions. 
The only free-particle wave functions ® that enter into 
this expansion are those in which particles are excited 
in pairs of total momentum zero. That is, if J, is the 
occupation number of the level k, then /,=/_x: 


Vo= > > *? [Cu (ky) Cin(ky) - , + }P(1,,L2,° : 2B (80) 


li=0 le=0 


and up to a normalization constant, 


{ (ax)’ if |k|>ko 
Ch)=| 


(81) 
(a,’)' if |k| <ko 
where ax is defined by (70), and ax’ is formally the 
same as (70) except that a’ replaces a everywhere. The 
wave function for a state with one phonon is, up to a 
normalization constant, 
N 
Vi= » eK iW, 


j=1 


(82) 


which is the form of the wave function that leads to 
Feynman’s formula (53). 


V. DISCUSSIONS 


The mathematical method employed in the present 
investigation is similar to those used in reference 2. 
The discussions there concerning the validity of the 
mathematical methods and the application to liquid 
He‘ also apply to the present case. In this section we 
discuss only those questions which are particular to the 
present model. 

By showing the consistency of the conditions (25), 
the calculations in the last section verify the con- 
sistency of the assumption that if a level is macro- 
scopically occupied, this fact is not changed by the 
interactions. This assumption leads to an expansion 
of the energy in powers of (pa*)!. It may be formulated 
physically by saying that a macroscopically occupied 
level represents a “sea” of inexhaustible particles, 
which have complete order in momentum space. This 
order is not destroyed by the interactions. But con- 
sistency does not necessarily guarantee correctness. 
The correctness of this assumption has not been proved, 
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either in the case of the hard-sphere Bose gas or in the 
present model. While in the former case one may on 
physical grounds believe it to be correct, one might 
not accept it so readily in the present case. An argument 
in favor of its correctness in the present case, even if 
only a physical one, is called for. 

The mathematical expression of the assumption 
mentioned above is the exclusion from our consideration 
states of the system outside the subspace S spanned by 
states defined by (22). This exclusion is motivated by 
the fact that it takes of the order of V interactions to 
take a state in S outside of it. As V approaches infinity 
the probability for this to happen is very small. The 
calculation, under this assumption, shows that the 
smallness of this probability is measured by (pa*)}, 
However, by this assumption we have obviously failed 
to obtain, from direct calculation, states like that 
represented by point P of Fig. 4. Rather, at that 
density we obtain the state P’, and the existence of P 
is deduced by an argument. We would like to give 
physical explanations as to 

(i) why we failed to obtain the state P by direct 
calculation, 
why we can still believe the results for p> po, and 
what meaning can be attached to the state P’. 


(ii) 

(iii) 
The notation above refers to Fig. 4. 

In answer to (i), it is obvious why we failed to obtain 
P directly. The state P, as the discussion earlier shows, 
is a state in which the system does not occupy the whole 
volume @. It is therefore possible for the system there 
to break up into ‘wo or more macroscopic clusters of 
particles, each having their own surfaces. Now the 
unperturbed free-particle state uniformly fills the 
entire volume. In order to break it up into clusters, 
each containing of the order of .\V particles, it is clearly 
necessary for the interaction to act of the order of V 
times. Since we have “‘shut off” such channels of inter- 
action, our failure is not surprising. As long as we 
restrict ourselves to subspace S, we should not be able 
to calculate these clustering states, even if we could 
solve the restricted problem exactly. 

If we believe in the validity of conclusions indicated 
by theories of condensation, we would believe that 
these macroscopic clusters come into existence abruptly 
at p=po, and therefore they are ignorable for all densi- 
ties p> po. A knowledge of the system for densities p> po 
is, according to this view, sufficient to determine the 
energy for all lower densities. The states outside of the 
subspace S that we have excluded, if taken into account, 
would of course give us more information. They would 
also yield the combinatorial information of how the 
system may break up into clusters of varying sizes. But 
in the latter we are not interested. This answers (ii). 

What significance can we attach to the states like P’ 
of Fig. 4, which is obtained by analytic continuation of 
the function E(p) to p<po? It seems plausible that they 
represent true states of the system if the channels 
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leading to the formation of macroscopic clusters were 
artifically “shut off”; but that they must be unstable 
when these channels are “open.” In the absence of 
surface effects, these states would decay into cluster 
states in the order of a collision time of the system; but 
with surface effects, they could be metastable. This is 
the answer to (iii). 

Let us now turn to another physical discussion, 
concerning what might be expected of the thermo- 
dynamic properties of the present model. It is to be 
emphasized that the value of the following discussion 
is purely heuristic. 

Let us first recall the thermodynamic properties of 
the hard-sphere Bose gas, as discussed by reference 3. 
It is there shown that even in the presence of inter- 
particle interaction, the Bose-Einstein condensation 
remains. The system may exist in two phases, the gas 
phase and the degenerate phase. In the latter phase the 
important states of the system are those in which &>0, 
that is, those in which a “‘sea”’ of particles exist, whereas 
in the gas phase only the set of states with =O is 
important. The transition from the gas to the degenerate 
phase is a transition from states that have no mo- 
mentum-space order, to ones that have. It is clearly the 
analog of the Bose-Einstein condensation of the ideal 
gas. 

In the present model, there are states possessing a 
“sea” of particles (>0, «=0). This “sea” represents a 
complete order in momentum space, and has a direct 
counterpart in the hard-sphere case. There are also 
states that possess no order in momentum space, 
namely those labeled by £=0, x=0. However, we have 
a new parameter x, which is a macroscopic parameter. 
The states for which «>0, &¥1 represent states in which 
a finite fraction of the particles are partially ordered in 
momentum space, their momenta differing from one 
another by not more than 2k. This means that in 
ordinary space they should have a correlation over 
distances of the order of ro, the range of the attractive 
potential. It is plausible that the states with «>0, &¥1 
form new phases, which might be called “liquid” 
phases, the difference between these new phases being 
£=0, or §¥0. They might be called respectively an 
“ordinary liquid” and a ‘degenerate liquid.” The 
transition between them, if it exists, would be the 
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analog of the Bose-Einstein condensation of the ideal 
gas. In addition to these, of course, we would still have 
the gas phase, in which the states £=0, x=0 are 
important. 

It is probable that the above discussion is over- 
simplying; but it might be qualitatively correct. The 
present model therefore offers hope that the qualitative 
thermodynamic properties of liquid He‘, in particular 
the existence of liquids I and II, might be reproducible 
in a relatively simple way. 
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APPENDIX 


We shall briefly indicate how the simplified forms for 
C and ¥x, given by (27) and (28), are arrived at. The 
exact formula for yx, given in (28), may be rewritten 
as follows 


b 8rb 
v= Srap(t—2) (1+ )e- 
a 


> mpi. (Al) 


Q. 0<p<ko 


The sum >> mp; in the last term, as a function of k, is 
bounded between V(1—£)x and zero. If we use the 
assumptions (55) about {my}, it is easily seen that this 
sum becomes equal to the negligible value (Qko*/6x?)m, 
for |k| > 2k, and is equal to V (1—£)« for k=0. Between 
k=0 and |k| =2hp it is between these values. Since the 
assumption about {m,} is only a qualitative one, it is 
in the spirit of this assumption to take the sum }> mp; 
to be a step function: 


|k| <ko 
\k| > ho. 


N(i—é)x_ if 
~ mone | 0 if 


0<p<ko 


Substituting this into (A1) yields the expression given 
in (56) for yx. 

To evaluate C, we neglect terms of the form }> m2 
as compared to (>> m,)*. This is in accordance with the 
basic assumption that no level other than k=O is 
macroscopically occupied. Having made this neglect, 
we make use of (A2) to obtain the formula (56) for C. 
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It is shown that the moment of inertia of a noninteracting many-body fermion system moving under 
periodic boundary conditions has the classical or rigid value when calculated on the “cranking” model of 
Inglis. By investigating the analogous “pushing” case for the inertial mass we show that the rigid moment 
can be associated with rigid rotation in spite of apparent surface currents. The effect of particle-particle 
forces is investigated in the lowest order of perturbation theory. The terms corresponding to a level shift 
or effective mass are just compensated by other terms and there is no change in the moment of inertia. The 
possible general validity of these results and their consequence is discussed. 


I. INTRODUCTION 


HE experimental determination of the moment of 
inertia of large nuclei’ has in the past few years 
excited a variety of theoretical attempts to account for 
the magnitude of the moment.’ It was first suggested 
by Teller and Wheeler’ that the identity of the nuclear 
particles would tend to prevent rotation in states with 
small rotational quantum number. This would lead to 
large rotational excitation energies and hence to small 
effective moments of inertia. An alternative version of 
this view was given by Bohr and Mottelson* who 
argued that shell structure and particle indistinguish- 
ability would lead to irrotational flow. On this view one 
expects that 
I= Grigiay (1) 
where Jr;igia is the moment of inertia for rigid rotation 
and 8 is a distortion parameter measuring the de- 
parture from sphericity. Predictions based on Eq. (1) 
give much too small moments of inertia, showing that 
the picture of irrotational flow is incorrect. 

Inglis® put forward an alternative approach based on 
the very reasonable ‘‘cranking”’ model, in which the 
nucleus is constrained to rotate in an external field 
with fixed angular momentum and its rotational energy 
then determined. Inglis found there markable result 
that for particles moving independently in a harmonic 
oscillator potential one obtains the irrotational flow 
value for a nonspherical nucleus with closed-shell 
occupation numbers, but that if only one or more 
particles are added in the unfilled shell, one obtains the 
rigid moment.® It has been suggested that any large 

* Supported in part by the National Science Foundation. 

1 See Alder, Bohr, Huus, Mottelson, and Winter, Revs. Modern 
Phys. 28, 432 (1956). : : 

? A full list of references is given in the recent review articles: 
F. Villars, Annual Review of Nuclear Science (Annual Reviews, 
Inc., Palo Alto, 1957), Vol. 7, p. 185; S. A. Moszkowski, Ency 
clopedia of Physics (Springer-Verlag, Berlin, 1957), Vol. 39. 

3E. Teller and J. A. Wheeler, Phys. Rev. 53, 778 (1938). 

4A. Bohr, Rotational States of Atomic Nuclei, Doctoral thesis 
(Ejnar Munksgaard Forlag. Copenhagen, 1954) ; A. Bohr and B. R. 
Mottelson, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 27, 
No. 16 (1954). . 4 

5D. R. Inglis, Phys. Rev. 96, 1059 (1954); 103, 1786 (1956). 

6 This result was also obtained by Bohr and Mottelson [A. Bohr 
and B. R. Mottelson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 30, No. 1 (1955). 
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independent-particle system should yield the rigid 
moment of inertia on the “cranking” model, inde- 
pendent of the potential form.® In Sec. II we show that 
this is the case for free fermions in a periodic box, but 
we know of no general proof. 

Many attempts have been made to determine the 
effects of interactions on the rigid moment. In particular 
Blin-Stoyle’ has suggested that the change in nuclear 
level density due to interactions may replace the 
nucleon mass, M, by an effective mass, M*, thereby 
decreasing the moment of inertia to roughly 0.64 ;igia, 
in better agreement with experiment. The procedure 
leads, however, to a similar reduction in the trans- 
lational or inertial mass of the nucleus—hardly in 
agreement with experiment. Recently Belyaev® and 
Migdal® have considered interaction effects associated 
with the abnormal level structure in a Fermi gas with 
weak attractive interactions, the anomaly being similar 
to the change in electron level density in a super- 
conductor." 

We wish in this paper to consider interaction effects 
and in particular to determine the effects of changes in 
level density. In the interest of clarity we shall discuss 
in parallel the “cranking” and ‘“‘pushing” models to 
insure that our methods give the correct results for the 
translation case. In Sec. I we obtain the rigid moment 
for a free Fermi gas. We also discuss the physical inter- 
pretation of the motion and show that in both rotation 
and translation the motion is indeed rigid. In Sec. III 
the effects on the moment of inertia of a large system of 
an interaction in lowest perturbation order are inves- 
tigated. It is shown that those terms corresponding to 
a level shift—that is, to an effective mass—are just 
compensated by other terms so that there is no change 
in the moment of inertia. 


II. ROTATION AND TRANSLATION IN THE 
NONINTERACTING SYSTEM 


We first consider the problem without interactions. 
The calculation is elementary and gives useful insight 


7R. J. Blin-Stoyle, Nuclear Phys. 2, 169 (1956-57). 

*V. 1. Belyaev, Nuclear Phys. (to be published). 

° A. B. Migdal (private communication). 

‘0 Bardeen, Cooper and Schrieffer, Phys. Rev. 108, 1175 (1957). 
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into the wave function of the rotating or translating 
system. 

In the case of rotation we choose as unperturbed wave 
functions plane waves, periodic in a cubic box of side L. 
The “cranking” model instructs us to find the energy 
required to ‘‘crank” the boundary on which the wave 
function is periodic. For rotation about the z axis with 
angular frequency w, the Hamiltonian in the rotating 
coordinate system becomes® 


H=H)—olL.,, (2) 


where L, is the operator for the angular momentum 
about the z axis. The moment of inertia of the system 
in the state “0” is 

) | Wo| Le |Wn)|? 


j=— 4 ease ote ir sre (3) 


A single-particle plane wave state in the box, labeled 
by the positive or negative integers /,m,n is 
. 1 2ri 
|lmn) = 5 exP —(lx+-my+nz) |. (4) 
£ I 


The energy of such a state is 
(1/2M) (2rh/L)?(P+m?+ n°). 
The matrix elements of ZL, then are 


(Imn| L,|l'm'n’) 


ht m 
=6n, |" i iD a Ue Pa On v) 


stl—] 


l 


m'—m 


( a haat 2 r( 1 —Om, ~} (6) 


Substituting into Eq. (3) and using the symmetry of 
the m,/ sums, we have for the moment of inertia 


9 


m 


The sums in Eq. (7) are greatly simplified if we note 
that the major contribution comes from /’ very close 
to /. Due to the exclusion principle this can occur only 
when |/| and |/’| are close to the maximum value of 
|Z! , which is 

A= (F?—m?—n?)!, (8) 


F being the magnitude of (?-+m?+-n?)! at the Fermi 
surface. For a large system A will be large, so we may 
write 

|P?—J"| =2A|/—I'|, (9) 


and also introduce the new summation variable 


g=l'—l. (10) 


Making use of the symmetry of contributions from 
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negative and positive /, we find for Eq. (7) 


2M L? m « A 1 


j=——_ 5 — — 


3 3 


(11) 


mn A q=l l=A—q q 


The sum over / and g can now be reduced to a zeta 
function, 
© A 1 wo 1 x 


yy —=L-=-. (12) 


q=1 l=A—q q’ q=1 ¢ 6 


The remaining sums in Eq. (11) may be done as in- 
tegrals. The result is 


(13) 


where .V is the total number of particles. Thus com- 
bining Eqs. (11), (12), and (13), we find 


j=MN(L’*/6), (14) 


which is the rigid moment or classical value. It is 
interesting to note that the same result can be obtained 
if the exclusion principle is ignored in the intermediate 
states, since the symmetry of the sums in / and /’ is 
such as to cancel all terms in which the excited state 
lies within the Fermi sea. A similar circumstance occurs 
in the work of Inglis for the harmonic oscillator.® 

The fact that the moment of inertia turns out to 
have the rigid value is a little surprising, as Inglis has 
already emphasized, since in his calculation and again 
in ours, the rotational energy appears to be carried 
entirely by particles moving in a few states very near the 
Fermi surface. It is to be emphasized, however, that 
because the particles are identical every particle par- 
ticipates in these few states and a rigid rotation of the 
system can be completely equivalent to motion in which 
only a small fraction of the particles appear to be 
changing their state. 

To clarify better the significance of the apparent 
surface flow in the rotation, we next carry out an 
evaluation of the translational, inertial mass using a 
method exactly paralleling the rotational calculation." 
For this we use the “pushing” model, which gives for 
the inertial mass 

| Wo! PelPn)|? 
M=—2> —, 
n Ev —E, 


(15) 


where P, is the linear momentum operator. Equation 
(15) can be evaluated formally using the relation 
between P, and the commutator of z with H,” but we 


1 This analog has also been considered by Inglis [D. R. Inglis, 
Nuclear Phys. 8, 125 (1958) ]. 

12.4 similar formal approach is lacking in the rotational case 
since there is no operator whose commutator with H is L,. It 
might be possible to find an operator whose commutator with H 
is approximately L, but care must be taken that this operator be 
proper. For example, the angular coordinate conjugate to L, is 
not a proper operator since it is not periodic in itself. 
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carry out a direct evaluation since the comparison with 
the “cranking” model is illuminating. 

As basic wave functions for the “pushing” case we 
cannot use plane waves since these are eigenfunctions 
of P,. An appropriate choice is standing waves in a 
box of side L. The matrix element of P, between single- 
particle states in the box is 

2 hi 
(mnl| P.|m'n'l’) =m, mn, n’————[ 1 — (— 1)“. (16) 
((?—F)L 
The energy of a single particle state is 


9 9 


-(m?+-n?+1?). 


ai 4 


En, a c= 


Substituting into Eq. (15) we find 


16M _ (i')*[i—(-1)"" 
m=— > ——_____.. (18) 
row (?—F)* 
The principal contribution to the sums comes from / 
and /’ close to the maximum value of / which is 


A= (F?’—m?—n’)!. (19) 


Thus we again write 


}’?— P= 2A (l'—1) = 2Ag. (20) 


Equation (18) now becomes 


8M © A 1 
mas F - 


ya m,n q(odd)=1 l=A—gq q® 


(21) 


The sum over g and / again gives a zeta function, 
~ | 


q(odd)=1 g” 


oe | 
ris ; = 
iy g 


wo 
} Ji (22) 
q(odd)=1 1 

and the sums over m and n give the number of particles, 
N. Thus we obtain the expected result 
M=NM. (23) 


We see again that the translation energy comes from 


| (Wo! L.|Wn)|? 
AB=—I4t=oil “ : + 


n,m 


Wo! Ly | Vn \ Wn | v | ¥m)— Ho] 2] ¥o)5m, a Wm | L, |¥o) 
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small values of g [see Eq. (21)] or from states very 
near the- Fermi surface. In this case, however, it is clear 
that this description is simply an alternative way of 
describing the full, rigid mass translation. The trans- 
lation of the Fermion system is represented in mo- 
mentum space by a simple displacement of the entire 
Fermi sphere; clearly this may be achieved by moving 
all the states, or by taking a few from one side of the 
sphere and putting them over on the other. 

The perturbation approach corresponds to the second 
of these equivalent descriptions. The wave function for 
translation of a system with velocity v is the internal 
state multiplied by plane wave for center-of-mass 
motion exp(—iMv>o;2,/h). Using the formal com- 
mutator method mentioned above, it can be shown that 
the perturbation series for the wave function in the 
“pushing” model gives just the series expansion in 
powers of the velocity of this center-of-mass plane wave, 
and hence corresponds to rigid translation in spite of 
the apparent surface flow. 


III. ROTATION IN THE INTERACTING SYSTEM 


In this section we shall prove that the rigid moment 
of inertia obtained in the previous section is not altered 
by an interparticle interaction to first order in the 
interaction strength. The proof is straightforward if 
tedious but unfortunately we have found no way of 
making it more elegant or of. generalizing it to higher 
orders, if indeed this is possible. First order is sufficient, 
however, to show that the result holds even if the level 
density of the system is altered by the interaction, i.e., 
if an effective mass M* must be used to characterize 
the energy levels." 

We now include in the Hamiltonian, Eq. (2), a per- 
turbation 

v=} > o(|r:—1;|). 
2 


(24) 


The matrix elements of v for a large system do not 
strictly conserve total momentum; we can, however, 
to first order in the size of the system, neglect the 
matrix elements nondiagonal in the total momentum. 
To first order in the interaction, the shift in energy of 
the system due to rotation may be written 


(Eo— E,,) (Ev— Em) 


(Wo| Ls | Vn) Wn | Lz|Wm)(Ym | v| Po) 


n,m 


(Eo- E,) (Eo— Em) 


The first term gives just the rigid moment, as we have seen, and thus we may write"! 


$—Grigia= —2 


nvm 


a (Eo— E,) (Eo Em) 
19K, A. Brueckner, Phys. Rev. 97, 1353 (1955). 


(Wo| Le|¥n)( Wn] 2| Ym) — ol 2] Wo)5m, n) Wm | Le | Po) , 


(o| Le|Wn)Wn | L lm) (Wm|2| Yo) 
(Ey— En) (Eo— Em) 


nem 


44 Using the formal commutation relations, one can easily show that Eq. (26) gives zero in the “‘pushing”’ case. 
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The matrix elements may be simplified since for a given term in 2, 212 say, only the angular momentum operators 
for the pair 1 and 2 give nonvanishing contributions. There are three distinct terms then, and we write 


for Eq. (26) 


I— Srigia= Ai t+ A2+Asz, 


where 





(Wo| Le(1) Wn) ((Wn| 212] Yn) — Wo] P12| ¥o)) Hn | Le(1) | Yo) 
(Ee~E.Be~ El) j 
(Wo LA1)| Yn) Wn | Vi2 lWm) (Wm | L{2)| Yo) 





<r e 


2 n¥xm 


(Eo— En) (Eo— Em) 





A3= —2 


2 nm 


—(Wm| 012 | Po). (27) 


(Eo— E,) (Eo— Em) 


These three terms may also be expressed diagramatically as shown in Fig. 1. 
To evaluate Eq. (27) we use the matrix elements of L, between single-particle states as given in Eq. (6). The 
matrix elements of v3. between particle states are conveniently expressed in terms of the vectors 


2rh 
— (L,,m1,m1), 
£ 


and similarly for p. and p,’. The result is 


pi’ aod (L,',m,m1), 


wh 
(28) 


4 





i mM, 2 1 
-a-—— © = () 
wh? lyminily’ lemene 1-1 (l?—1,")? 


m, 2 


[(pi' p22 | P:’ P2)— (Pip2| 2! Pip) |, 


(p1’ pe! 0| pipe’) 


* : x es a —., 
mh? limjnily’ lemenele’ (1,—-l,’) (l2—12") (1,2—1,'?) (1.2—1,'*) 


M?L4 mM me 


I 1 (p1’ Po’ || pipe) 
‘ 2 b eo / ( ig = ad =) aT aT 
wh? tmynily’ lemenale’ (Jy—1)') (la—de') NI2—L? 12 — 27 12 +-12—-1,2—- 1,” 


—A3;=— 


Each matrix element of » represents the correctly anti- 
symmetrized combination, direct term minus exchange 
term. 

We first calculate A;. We see that as in the noninter- 
acting case the important contributions to the /; and /,’ 
sum come from excitations very near the Fermi surface, 
where 

1? —1?= 2gA,= 2¢(F?—m;?—n;?)}, (30) 
The difference of the potential matrix elements is zero 
to lowest order in g and thus we write 


(pi’p2| | pr’P2)— (pipe! ?| Pipe) | a ~n=A1 
~q(d dl;)(pi 2|0| Pipe) | 2 =A1. (31) 
Proceeding now as in Sec. II, and combining the con- 
tributions from positive and negative values of /; and 
1;’, we find 


ML‘ m,°( d 
—- 1 2 ale 


Qh? mini Ay? t dl; lemene 


| pip») 


y=Aq 


D 


Al 
xb 


4y=0 g=Ai—ly41 q° 


The sum over g and /, gives 1?/6. The sum over /2, me, 


and m2 in the Fermi sea gives the single-particle poten- 
tial, i.e., 
V(pi)= DX (pipe|2! pipe). (33) 


lomen2 


Since V(p;) is a function only of the magnitude of pi, 


Ly Lo 


ly 


Ay 42 A; 


Fic. 1. Diagrams representing corrections to moment of inertia, 
corresponding to the definitions of Eq. (27). Lines with upward 
and downward arrows represent particles and holes in the Fermi 
sea. A diagram similar to A, but with the interaction with the hole 
line has not been included. It corresponds to the second term in 
A, as given in Eq. (27). 
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the derivative may be expressed as 


2arh dV 
La” |, MT) ala) 
di, dp Pp=PF 


where we have used the fact that at 7; =A,, the momen- 
tum vector lies at the Fermi surface, p:= pr. Since 
(dV /dp)p=pr is constant, it may be taken out of the 
sum and we are left with 
M*L" 1 dV my" 
Ai= er ae (35) 
3 pp dpr mini 


The sum over m, and , gives 3.V, the total number of 
particles. Thus we obtain for A, the result 


M dV 
pr dpr 


where J,igia is the rigid moment of inertia, Eq. (14). 

The contribution A; has the form of a change in the 
energy denominator of Eq. (3), and hence it should be 
the first-order effective-mass term. this we 
combine J,igia and Aj, giving 


M dV 
Srgart i= Srga( 1 ), 
pr dpr 


Treating the correction as a small perturbation, we can 
also write this as 


M dv 
sngut debra / (14 hae ). 
pr dpr 


Now using the definition of the effective mass," 


A= —_ (36) 


GS rigia, 


To see 


(37) 


(38) 


1 1 1dV 


“ (39) 
M* 


+ 5 
M pr dpe 


we find 


Grigiat Ai1=(M*/M) Srigia. (40) 


We next evaluate A» and A;. A; 
using the identity 


1 1 1 
beh? bP+1,?/71e+12—-h"—-1,” 
1 


(1,2—1y'2) (e215!) 


may be simplified 


(41) 


We also impose total momentum conservation in the 
matrix elements of v, which leads to the conditions 


L,’—-lL=1l!—l, 
i,’ —1,=1,—1,! 


in As, 
in As. (42) 


Again the momenta /;, J; and Js, J.’ must lie close to 
their values at the Fermi surface. Using this simplifying 


K. A. BRUECKNER 


feature, we find 
m\M> 
2m*h? mini,mane AyAo 
XL (Pips! 2! pipe)+(pi— pe! 2| pi— 


Ay Ay—l)+1 Ae 


1 
xe 2 » 


q=1 le=Ae—¢tl qs 


P2) J: =p2=PF 


(43) 


where once again the symmetry of the contributions 
from positive and negative / has been taken into 
account. The vector — p» is the vector p2 with only its 
/ component reversed. This reversal arises from the 
conditions of Eq. (42) which relate /;’, J; and 12’, 1, 
with opposite sign for A, and A;. The sum over J), Lo, 
and g again gives ?/6. The remaining sums must be 
done so that the vector p lies on the positive-/ hemi- 
sphere of the Fermi surface. The sums are thus most 
conveniently done as surface integrals, making the 
coordinate transformation 

m,=F cos6;, m= F cos6o, 

n,=F sin6; cos¢;, ne=F sind. cosde, 

dm,dn,= F? sin; sing;dQ). 

The two terms from A: and A; may now be combined 
and the dQ integral extended over the entire Fermi 
sphere. The dQ, integral may similarly be extended if 
we divide by two, since its contribution is symmetric. 
The result is 


M2L4F4 
Ao+A3;= —-—— fia uf dQ» cos6; CosAs 
249h? 


4n 
xX (pi 

To evaluate this integral, we use the fact that at the 
Fermi surface, (pip2!v|pip2) can only depend on the 
angle between p, and ps, and we make the spherical 
harmonic decomposition 

(Pip2|?| PiP2)= 221 00(p1,p2) 
Using the relation 


COS6}o= 


2|0|PiP2)pi=p2=pr. (44) 


P,(cos6j2). (45) 


CSO; COSA2+ COSd12 SiN; Sins, (46) 


the integral for As+ A; gives 
2M?L* 
A,+4;= ——— F'n (pr, pr). (47) 
27h? 
The result may be cast into a convenient form if we 
use the fact that prp=(2xhF/L) and the definitions of 
v, and J,igia. The result is 


i 3 1 
Ao+A3=— srl po( — ) an f d(cos@;2) 
Qrh 1 


X(pip2|2! pipe)| p1=p2=pr COSOi2. (48) 
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In the Appendix it is shown that 


L 3 1 
upr(—) an f d(cos@j2) 
2h ae | 


X (pipe! 0! pipe) p1=72=pr COSO12 


M/dVv 
(2), 
pr\dpi/ m=pr 


so that A.+ A; exactly cancels Aj. 

This result shows that the interaction effects ap- 
pearing through A; [Eq. (36) ] as an effective-mass 
correction are to first order in the particle-particle 
interaction cancelled by A, and A;. These terms may 
be interpreted as giving the alteration of the matrix 
elements of L. due to the interactions. 


IV. DISCUSSION 


We have seen in Sec. II that a noninteracting Fermi 
gas of many particles in a box with periodic boundaries 
has the rigid moment on the ‘‘cranking” model, and 
that this may be interpreted as coming from a rigid 
rotation of the system in spite of apparent surface flow. 
We feel that this result must hold for any large non- 
interacting system, independent of the boundary con- 
ditions, but unfortunately we know of no general proof. 
It has been suggested® that this result follows simply 
from van Leeuwen’s theorem on the vanishing of the 
magnetic susceptibility of a dynamical system, or in 
particular from the absence of diamagnetism for elec- 
trons.'> However, these results hold only for Boltzmann 
distributions, and are explicitly violated in the quantum 
case. Further, it is possible that even with classical 
statistics the presence of collisions, plus some constraint 
like fixed angular momentum, will invalidate the general 
theorem. Lastly, although the analogy between the 
rotating nuclear system and the magnetic one is sug- 
gestive, the exact correspondence is somewhat obscure 
and thus we consider the matter of general proof as 
still open. 

The status of the proof in the presence of collisions, 
or interactions, is even less satisfactory. Here we have 
been able to show that in the large Fermi gas with 
periodic boundaries, the interactions cause no shift in 
the moment in first order. In this case the problem 
exists both of the effect of the boundary conditions on 
the result and of investigating the higher orders in the 
interaction strength. Whereas the boundaries probably 
have no effect, it does not seem obvious what one should 
expect from the higher orders in the interaction. Unfor- 
tunately our method does not lend itself simply to 
extension to even the next order. 

Even without generalization, the result of Sec. IIT 
is interesting since it shows that no simple change in 


“ec 


19 J. H. Van Vleck, Theory of Electric and Magnetic Suscepti- 
bilities (Oxford University Press, Oxford, 1932), pp. 94-104. 
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level structure that has a first-order part, like the 
effective mass, can change the moment of inertia. The 
apparent change from the effective mass is just cancelled 
by terms which may be thought of as changes in the 
angular momentum operator as a result of the inter- 
action. One might then ask how to account for the 
experimentally observed departures from the rigid 
moment in finite nuclei. For small values of the defor- 
mation these departures are quite large and are prob- 
ably to be associated with failure of the adiabatic 
approximation and hence to failure of the “cranking” 
model. It is, of course, possible that for known defor- 
mations the ‘‘cranking”’ model is never valid, but we 
shall assume it is for large deformations. If we assume 
the validity of the ‘‘cranking” model, the departures 
from the rigid moment may be thought of as having 
two sources. The first source is finite-size effects which 
may both change the value of the noninteracting 
moment and change the effect of the interactions. The 
second source is effects independent of the nuclear size 
such as we have investigated here. Although there is 
cancellation of the interaction effects in first order, and 
it has been conjectured'® that this cancellation persists 
to all finite orders of perturbation theory, the moment 
of inertia may still be affected if perturbation theory 
for the interaction does not converge, leading to 
anomalous level changes of the type considered by 
Migdal® and Belyaev.*® 


APPENDIX 


We wish to prove Eq. (49). To do this, first consider 
the single-particle potential defined by Eq. (33). Going 
to an integral over po, and changing variable to 


S= (pi— p2)/ 2, (A1) 


iE, 3 
vin)=( ) sf dsv(s),  (A2) 
rh pi —2s| < pr 


where we have written for simplicity 


we find 


0(s)=(pip2|? Pipe). (A3) 


The angular integral in Eq. (A2) is easily done, giving 


he a) (pF—P1) 
vip)=( ) 16|2 | 
2rh ‘ 
}(pF+p1) pr—p 2 Ao? 
4 f vs)dsl OE sitet )| (A4) 
H 4pis 


(pF—-Pp1) 


s*dsv(s) 


The derivative of V(p;) at pi= pe is then 


dV L \3 PF 25°— pr? 
= ( ) sr f so(s)ds( ). (AS) 
dpr Qrh 0 pr 


\. Bohr and A. B. Migdal (private communication). 
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Next consider the expression 


1 
f d(« 086;2) (pipe v| PiP2) P1=Pp2=pF COSA jo. 
—1 
This we evaluate by introducing the variable 


s= | pi— p2| /2, 


so that at pi=po= pr, 
4sds= — pr*d(cos6j2), 
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and 
COSO12= (pr?— 2s") / pr’. 


Equation (A6) now becomes 


4 PF 2— 752 
— f sds v(s) (* —). 
pr’ +o pr 


Combining Eqs. (A10) and (A5), we obtain the desired 
result. 


(A10) 
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Proposed Direct Test of the Uncertainty Principle 


P. R. RyAson 
California Research Corporation, Richmond, California 
(Received May 15, 1957: revised manuscript received April 28, 1959) 


The behavior of single particles is a central issue in the interpretation of the quantum theory. Yet, the 
observation of single particles under well-controlled conditions has been difficult. Field-ion and field-emission 
microscopy permit the ready observation of single particles. It is proposed to test the relation AEAt~h by 
the pulsed-field desorption of single particles from the tip of a field-emission microscope. The conditions for 


such an experiment are briefly discussed. 


NE of the most frequently cited illustrations of the 

uncertainty principle is the simultaneous meas- 
urement of position and momentum of an electron by 
scattering a photon from it. There are no methods 
presently available to measure the position and mo- 
mentum of a single electron in separate experiments 
which are sufficiently precise to evaluate the errors in 
these quantities measured simultaneously. Similarly, 
determinations of the wavelength and position of a 
single photon are measurements not presently feasible. 
The wavelength measurement in particular can prob- 
ably never be sufficiently accurate. The most accurate 
measurements of wavelength involve interference phe- 
nomena, not observable with a single photon. Suffice to 
say, the observation of single particles under well-con- 
trolled conditions is very difficult. Yet, the behavior of 
single particles under assumed well-controlled condi- 
tions is precisely the central issue in the interpretation 
of the quantum theory.' The “Gedanken” experiments 
proposed do not constitute tests in that they cannot be 
performed experimentally and more often than not 
multiparticle results are used to derive the uncertain- 
ties in various quantities. For example, the analysis of 
the photon-electron experiment uses an expression for 
the uncertainty in position which assumes an interfer- 
ence pattern. Such cannot occur for a single photon. 
This note proposes an experiment which permits a 
close approximation to the ideal one-particle experiment. 


1D. Bohm, Casuality and Chance in Modern Physics (D. Van 
Nostrand Company, Inc., Princeton, New Jersey, 1957). 


Miiller has described the field desorption? of adsorbed 
atoms from fine tungsten tips in a field-ion microscope. 
It is possible to pulse the desorption field and remove 
adatoms. The proposed experiment would test the 
relation AEAt~h by the pulsed-field desorption of 
adatoms on a metal tip at very low temperatures. The 
adatom must be adsorbed as an ion, e.g., barium on 
tungsten. In brief, the experiment would involve evapo- 
rating a few atoms onto the tip of the field-ion micro- 
scope, demonstrating their presence by either field-ion 
microscopy* ° or pulsed-field emission microscopy,® and 
then field-desorbing these adatoms in a short pulse, and 
examining the tip again. The desorption field would be 
a single pulse, initially of long duration to determine 
the desorption energy Qo. For the test of the uncer- 
tainty principle, the pulse width would be reduced to 
10-” second. The applied potential would have to be 
known to 1 part in 10°. One of the possible modes of 
operation is indicated schematically in Fig. 1. In this 
experiment, the applied potential has been reduced 
slightly, resulting in a small potential barrier AE.x,. If 
the maximum uncertainty in the time of desorption is 
10-" second, then the particle should fluctuate in energy 
at least by an amount AE=6.3X10~ ev. The applied 
potential is adjusted until AE.x, is equal to this value. 
If the uncertainty principle holds, the particle should 


<. W. Miiller, Phys. Rev. 102, 618 (1956). 
c. W. Miiller, J. Appl. Phys. 27, 474 (1956). 


W. Miiller and K. Bahadur, Phys. Rev. 102, 624 (1956). 
. W. Miiller, J. Appl. Phys. 28, 1 (1957). 
W. P. Dyke and J. P. Barbour, J. Appl. Phys. 27, 356 (1956). 
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come off the tip at least once in ten trials. The tip would 
be examined after each pulse to determine the presence 
or absence of the particle. If the particle never comes 
off the tip, the uncertainty principle is violated, what- 
ever the mechanism of the removal of the particle. A 
second mode of operation is to increase the applied 
potential by an amount corresponding to AE.x». If the 
particle is always removed by the micromicrosecond 
pulse, then the uncertainty principle is again violated. 

There are numerous experimental difficulties. Not 
the least of these is the requirement the tip be main- 
tained at 0.4°K for the desorption measurements. The 
location of the adatoms would have to be reproducible 
from one trial to the next, and preferably all should be 
on the same crystalline plane. The perfection of the 
surface could be assured by field ion microscopy. Kilo- 
volt pulses of 10~” second duration are not now avail- 
able but are technically possible.’ Observation of the 
adatoms would have to be carried on under circum- 
stances which do not disturb them. This might require 
image amplifiers for the field-ion microscopy. 

The experiment approaches the ideal one-particle 
experiment. The behavior of a single particle is of im- 
portance as regards the philosophic position of the 
“Copenhagen School” who have an agnostic outlook 
on the ultimate properties of a single particle. Yet it is 
not entirely clear if this is justified, or if in an actual 
single-particle event, the absence of perturbing par- 
ticles implies determinate behavior or behavior different 

7 The author wishes to thank Quentin Kerns and C. Norman 


Winningstad of the University of California Radiation Laboratory 
for a helpful discussion concerning pulses of short time duration. 
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Fic. 1. Energy-distance relationships for an absorbed 
ion in the presence of a desorbing field. 


from that predicted by the uncertainty principle. In 
other words, the applicability of the quantum theory 
to single particles must be determined experimentally 
if this question is to be resolved. Thus, in actual 
single- or perhaps even many-particle events, perhaps 
a different mathematical description is required. If this 
is the case, then modification of theories of the ele- 
mentary particles would be required. The proposed 
experiment is presently technologically feasible. Its 
practicality can only be determined by a decision as to 
the importance of the actual behavior of single particles. 
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Self-Consistent Field Approach to the Many-Electron Problem* 


H. Eurenreicu, General Electric Research Laboratory, Schenectady, New York 
AND 


M. H. Couen, Institute for the Study of Metals, University of Chicago, Chicago, Illinois 
(Received March 30, 1959) 


The self-consistent field method in which a many-electron system is described by a time-dependent 
interaction of a single electron with a self-consistent electromagnetic field is shown to be equivalent for 
many purposes to the treatment given by Sawada and Brout. Starting with the correct many-electron 
Hamiltonian, it is found, when the approximations characteristic of the Sawada-Brout scheme are made, 
that the equation of motion for the pair creation operators is the same as that for the one-particle density 
matrix in the self-consistent field framework. These approximations are seen to correspond to (1) factoriza- 
tion of the two-particle density matrix, and (2) linearization with respect to off-diagonal components of 
the one-particle density matrix. The complex, frequency-dependent dielectric constant is obtained straight- 
forwardly from the self-consistent field approach both for a free-electron gas and a real solid. It is found to 
be the same as that obtained by Noziéres and Pines in the random phase approximation. The resulting 


plasma dispersion relation for the solid in the limit of long wavelengths is discussed. 


HE electromagnetic properties of crystals have 

long been studied by considering the time- 
dependent interaction of a single particle with a self- 
consistent electromagnetic field.'! This procedure seems 
plausible for studying the response of electrons to any 
external perturbation, and Bardeen,? Wolff,’ Lindhard,' 
Frélich and Pelzer,® Ferrell,® and others’ have used 
this or a closely related approach with considerable 
success in discussing such phenomena as the electron- 
phonon interaction, the frequency and wave-number 
dependence of the dielectric constant, plasma oscilla- 
tions, and characteristic energy losses in solids. These, 
and similar phenomena, have also been studied on the 
basis of more sophisticated treatments of the many- 
body problem*-" with largely identical results. The 


*An account of this work has been presented at the 1959 
March meeting of the American Physical Society [Bull. Am. 
Phys. Soc. Ser. II, 4, 129 (1959) ]. 

1E.g., F. Seitz, Modern Theory of Solids (McGraw-Hill Book 
Company, New York, 1940), Chap. 17 (optical properties) ; 
G. E. H. Reuter and E. H. Sondheimer, Proc. Roy. Soc. (London) 
A195, 336 (1948) (anomalous skin effect). 

2 J. Bardeen, Phys. Rev. 52, 688 (1937). 

§P. Wolff, Phys. Rev. 92, 18 (1953). 

‘J. Lindhard, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 28, 8 (1954). 

°H. Fréhlich and H. Pelzer, Proc. Phys. Soc. (London) A68, 
525 (1955). 

*R. A. Ferrell, Phys. Rev. 107, 450 (1957). 

7R. H. Ritchie, Phys. Rev. 106, 874 (1957); H. Ehrenreich 
and M. H. Cohen, Bull. Am. Phys. Soc. Ser. II, 3, 271 (1958) ; H. 
Ehrenreich, J. Phys. Chem. Solids 8, 130 (1959). Since the present 
paper was submitted for publication, a manuscript by J. Goldstone 
and K. Gottfried which takes a similar point of view was called to 
our attention. We should like to thank Drs. Goldstone and Gott- 
fried for sending us a copy of their work in advance of publication. 

8D. Pines, in Solid State Physics edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1955), Vol. 1. 

®*M. Gell-Mann and K. A. Brueckner, Phys. Rev. 106, 364 
(1957). 

10K. Sawada, Phys. Rev. 106, 372 (1957) ; Sawada, Brueckner, 
Fukuda, and Brout, Phys. Rev. 108, 507 (1957). 

1 R. Brout, Phys. Rev. 108, 515 (1957). 

2 J. Hubbard, Proc. Roy. Soc. (London) A240, 539 (1957); 
A243, 336 (1958). 

13P, Nozitres and D. Pines, Phys. Rev. 109, 741, 762, 1062 


explicit relationship of the self-consistent field approach 
(e.g., Lindhard‘) to the many-body approach (e.g., 
Sawada and Brout!®!!) has not been stated. It is the 
purpose of this note to examine this relationship and 
to show that for many problems the two approaches 
may be regarded as rigorously equivalent. We do so 
by showing that the approximations introduced by 
Sawada and Brout are in fact sufficient to deduce the 
equation of the self-consistent field approach. 


1. SELF-CONSISTENT FIELD, OR SCF, METHOD 


We begin with a convenient formulation of the SCF 
method. We consider the single-particle Liouville 
equation 

th(dp/dt)=(H,o], (1) 


as describing the response of any particle of the system 
to the self-consistent potential V (x,t), where p is the 
operator represented by the single-particle density 
matrix. The single-particle Hamiltonian in (1) is 


H=Hjo+ V (x,0), (2) 


where Ho= p?/2m is the Hamiltonian of a free electron 
satisfying Schrédinger’s equation Ho|k)=E,|k), and 
|k)=Q-te**-*, Q being the volume of the system. We 
expand the operator p in the form p=p+p"’. The 
unperturbed (Dirac or von Neumann) density matrix 
has the property p |k)=fo(Ex)|k), where fo(Ex) is the 
distribution function. Use of the von Neumann density 
matrix permits us to treat systems at finite temper- 
atures. We now Fourier-analyze V (x,f) in the form 


V (x,t) = Dig V(q' tent "*, (3) 


and linearize Eq. (1) by neglecting products of the 
type Vp’. This approximation is equivalent to first- 
order self-consistent perturbation theory. Taking 


(1958), Nuovo cimento 9, 470 (1958) ; Phys. Rev. 111, 442 (1958), 
and work to be published. 


786 





SELF-CONSISTENT 


matrix elements between states k and k+q, we thus 
obtain 
ih(d/dt)(k| p™ | k+q) 
= (k| [Hoo ]| k+-q)+(k|[V,o ]|k+q) 
= (Ex— Ex+q)(k|p |k+q) 
+[fo(Ex+q) —fo( Ex) ]V (q,4), (4) 
where (k|V|k+q)=V(q,/). The potential V consists 
of an external potential Vo plus the screening potential 
V,, which is related to the induced change in electron 
density, 
n= Tr{d(x-—x)p"’} 
=f") 
by Poisson’s equation: 


VV «= —4re'n. (6) 


e7ia* Die (k’ |p |k’+-q), (5) 


Here 6(x,—x) is the charge density operator, x, being 
the position operator and x referring to a specific 
point in space. We thus find 


Ve(qst) = Lie (k’| pp |k’+q), (7) 


where v,=47e*/g’?Q. By substituting the above expres- 
sion giving V, for V in Eq. (4) we obtain the Loiuville- 
Poisson equation determining (k!|p“’|k+q) in the 
absence of an external perturbation: 


ih(d/dt)(k| p |k+q) 
= (Ex— Exyq)(k| po |k+q) 
+f fo(Ex+q) —fo(Ex)] Die (k’|p |k’+q). (8) 


We have derived Eq. (8) in order to provide an 
explicit basis for comparison of the SCF method with 
the Sawada-Brout scheme. In solving problems by the 
SCF method, however, one can usually avoid the 
explicit expression of V, in terms of p“ within the 
equation of motion by making an Ansa/z concerning 
the time dependence of V (q,/). To illustrate this point, 
we calculate the frequency and wave-number depend- 
ence of the longitudinal dielectric constant €(w,g). We 
imagine that the external potential Vo(q,/) acts on the 
system with time dependence e*e'*‘, where 
corresponds to an adiabatic turning on of the perturba- 
tion. This potential polarizes the system. It follows 
from the definition of the dielectric constant and the 
Fourier analysis prescribed by Eq. (3) that 


P(q,t) = (4r)“'Le(w,g) — 1] &(q,0). (9a) 


The polarization P(q,/) is related to the induced change 
in electron density by V-P=en or 


a0 


—igP(q,t)=en(q,t), (9b) 
and the electric field &(q,/) is given by 

(9c) 
Equation (4) is readily solved for (k|p"’|k+q) by 
assuming that (k|p"’|k+q) and V,(g,/) have the same 


e&(q,t) = —igV (q,f). 


R= 
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time dependence as Vo(q,t). The induced change in 
electron density (q,t) may then be calculated from (5) 
and ¢(w,g) deduced from the field equations (9a, b, c). 
We find 
fo( Extra) —Sol# x) 
€(w,g)=1—lim % 2. — Soares (10) 
k Eyig—E sheila 


This result was first obtained by Lindhard* with the 
SCF method and later by Noziéres and Pines" using a 
many-particle approach based on the random-phase 
approximation for a Fermi gas at zero temperature. 


2. PROOF OF EQUIVALENCE 


In this section, we show that the approximations 
required to obtain (1) or (8) from the many-electron 
Hamiltonian are just those characteristic of the 
Sawada-Brout scheme. It proves useful to consider the 
total second-quantized Hamiltonian in the coordinate 
representation: 


-(— -) fv x) V°y(x)dx 
2m 


+ - f = ow weanonn (11) 


The operator (x) = >> axe"*** develops in time accord- 
ing to 


ih(d/dt)y(x) =[y,35C], (12) 


where dx,@,' are, respectively, annihilation and creation 
operators referring to the state & and satisfy the usual 
commutation rules for Fermi particles. Performing the 
commutation indicated in (12), we find the Schrédinger- 
like equation 

th(d/dt)W (x) = Hop (x) (x), (13) 


with 


h? e 
Hop(x) = — (— ve + f ay y,y)— 
2m |\a~y 


x) + Vop(x). 


The density matrix operators pop(x,x’) and pop(k,k’) 
in the x and k representations, respectively, are defined 
by 


= Ho( (14) 


x’) (x) 
> es pop (k,k’) exp[i(k-x—k’+x’)], 


and satisfy the equations of motion 


Pop (X,X’) ~~ 


(15) 


th (0 It) pop (X,X’) ae Hop (X) pop (X,X’) 
— Pop (x,x’) Hop ( ys 


)Pop (k, k-+-q) = (Ex — Excyq) pop (k, k+q) 
+ Dora’ Vy'L Pop (k’, k’+q’) 
X pop (k+q’, k+q) 
—pop(k, k+q—q’)p.,(k’, k’+q’) |. 


(16) 


ih(d/dt) 


(17) 
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In Eq. (16), Hop(x) operates only on x, and H,,(x’) 
operates only on x’. Equations (16) and (17) are exact. 

We observe that the right-hand member of Eq. (16) 
is just the commutator of H,.,(x) and p,(x,x’) in a 
mixed representation. In complete operator form, (16) 
becomes 


ihpop=[HopsPop ]- (18) 


Equation (18) is just the formal analog of Eq. (1) in 
second quantization. For a single system in the state 
W at time ¢, we have 


p= (V pop), (19) 


for the value of p at time ¢. For an ensemble of systems, 
(19) is replaced by its ensemble average. We denote 
either average by (pop). Without loss of generality we 
may average (18) and obtain 


th pop w= (LH op Pop _|) wv. 
On the other hand, (1) is evidently 
th pop) wv - [ (Hop) w<Pop)wv_], 


because V,=(Vo))« and therefore H= (H»)a according 
to (2) and (14). Thus the approximation required for 
obtaining (1) from (18) is the replacement of the 
expectation value of a product of density matrices by 
the product of the expectation values, e.g., 


(20) 


(21) 


(Pop (¥,¥) Pop (X,X’) hn — (Pop (Y,¥) (Pop (X,X’) dw. (22) 


The approximation in (22) will be designated as 
“Hartree factorization.” In order to arrive at the 
equation corresponding to (1) which contains exchange, 
we would have to replace the right side of (22) by the 
appropriately antisymmetrized combination (Hartree- 
Fock factorization). 

In deriving Eqs. (4) and (8) the further approxima- 
tion of linearization has been made. Without lineariza- 
tion, Eq. (8) would have been the factorized form of 
Eq. (17): 
ih(d/dt)(k\ p|k+q) 

= (Ex— Exiq)(k| | k+q) 

+ Doug ty’ (k’ |p| k’+-q’)(k+q’ |p| k+q) 
—(k|p|k+q—q’)(k’|p|k’+q’)], (23) 


, 


where 


(k| p|k+q)= (po) (k, K+) )w. (24) 


By neglecting all terms q’q in (23), which corresponds 
to the random phase approximation*® (RPA), we find 


ih(0/dt)(k| p|k+q)= (Ex — Exyq)(k| p|k+q) 
+2,[(k+q|p|k+q) 
—(k| p|k) ] Dow (k’|p|k’+q). (25) 


Equations (25) and (8) are seen to be almost identical. 
The correspondence with the formulation of the SCF 
method given in Sec. 1 is established completely by 
identifying (k!p|k) in (25) with fo(E,) in (8) and 


AND 
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(k|p|k+q) with (k|p“|k+q). The RPA is therefore 
seen to be equivalent to treatment of the off diagonal 
elements of p as perturbations with respect to the 
diagonal components. 

Sawada and Brout have derived an approximate 
equation of motion of the electron-hole pair creation 
operator d@x4q'dx=pop(k, k+q). The approximations 
they employ are (1) the RPA and (2) the replacement 
of diagonal components p.»(k,k) by their expectation 
values for the free-electron gas. The resulting equation 


for pop(k, k+q), 


th (0/81) poy (k, k+q) 
= (Ex— Ex+q)Pop(k, k+q)+2,[ fo(Exy q) —fo(Ex) ] 
X Die pop(k’, k’+q), (26) 


has the same form as Eq. (25) for (K|p|k+q) which 
corresponds to Eq. (8) in the SCF method. Thus the 
SCF equation is simply the average of the Sawada-Brout 
equation. Both schemes involve the RPA as well as a 
form of factorization. The extra generality of the 
scheme of Sawada and Brout resulting from their 
partial averaging is unnecessary for calculating proper- 
ties of the system associated with one-electron operators 
only. Such a one-electron operator O has the form 
Oop = tr{Ooppop} in second quantization. Its expectation 
value (Oop)w= (V,OopV) =tr{Op} involves only (pop)ay 
=p. The same value of (O.p)a, clearly obtains whether 
we solve the SCF equation for p or use the Sawada- 
Brout scheme. Therefore, the simplicity and ease of 
interpretation of the SCF method commend it for such 
problems as the calculation of the dielectric constant 
(Sec. 1) and the response of the system to a general 
external perturbation. 

The SCF method does not yield by itself results 
depending on two-electron operators such as those 
entering the correlation energy. The more general 
Sawada-Brout equation (26), however, can be used in 
such problems. Nevertheless, the SCF calculation of 
the dielectric constant can be used in conjunction with 
an elegant formula due to Noziéres and Pines which 
exactly relates the correlation energy of the electron 
gas to its dielectric constant. Noziéres and Pines 
obtain in this way the result of Sawada” and Hubbard! 
for the correlation energy. 

A normal-mode analysis of the SCF equation, (8) 
or (25), can be performed following the procedure 
used by Brout"™ in connection with the Sawada-Brout 
equation, (26). The formal similarity of the two 
equations ensures that the condition for the existence 
of plasma oscillations and the corresponding dispersion 
relation is the same in both cases, namely the vanishing 
of the dielectric constant of Eq. (10). This normal 
mode analysis also affords a rigorous justification of 
the Ansalz for the time dependence of V, used in 
obtaining (10). 

Particular advantages of the present formulation of 
the SCF method are (1) the Liouville equation reduces 
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in the classical limit to the ordinary Boltzmann equa- 
tion used in transport theory and (2) the method 
applies to systems at finite temperatures. These 
features are not shared by formulations using the 
Hartree equation as the point of departure.’* As a 
direct consequence of the normal-mode analysis already 
mentioned, one finds that at finite temperature the 
imaginary part of the dielectric constant does not 
vanish. Thus plasma oscillations do not exist as 
independent excitations of the system at finite temper- 
ature, and the plasma resonance is broadened. Further, 
the method is readily generalized to real crystals, as 
described in the next section. 


3. APPLICATIONS TO REAL SOLIDS 


To illustrate the simplicity and utility of the SCF 
method, we calculate the dielectric constant for a real 
solid and examine the plasma dispersion relation for 
plasma oscillations characterized by g=0. We make the 
simplifying assumption that the core states of the atoms 
composing the solid are sufficiently tightly bound and 
the valence or conduction bands are sufficiently broad 
that local field corrections and hence umklapp processes 
may be neglected. The results obtained in elementary 
fashion by the SCF method agree with those previously 
obtained by Adams,'! Wolff,’ Noziéres and Pines," 
and others. 

The generalization of the SCF method as presented 
in Sec. 1 is obtained by replacing the Hamiltonian Ho by 
that for an electron in the unperturbed periodic lattice 
and the wave functions |k) by |k/)=Q-4uyi(x)e*"*. 
Here (x) is the spatially periodic part of the wave 
function corresponding to wave vector k and band /. 
In terms of the integral 


(k/|k+4q, Iysoet fi ae o(adde, (27) 
0 
which extends over the unit cell, we find the generaliza- 
tions of Eqs. (4), (5), and (8) to be, respectively, 
ih(a At) (ki| p@ ‘k+q, l’) 
= (Exi— Exyq,v) (kl | p™ |k+q, /’) 
+[fo(Exiq.v) —fo(Exi) JV (9,0) (kl | k+-q, 7’), 
n="! Yet Drv (k+q, l’| kd) 
X (k/|p? |k+4,/’), 


and 


ih(d/dt)(kl| R| k+-q, 1’) 
= (Exi— Exyq.v)(kl| R| k+q, /’) 
+0, | (ki|k-+4, 2’) |°C fo(Exs-a,v) —fo(Exa) ] 
Xe Yan (k’n| R|k’+4, n’), 
where 


(ki) R| k-+4, U’)= (k++, U’| k/)(k/|/p™ | k+q, /’). 


=. N. Adams, Phys. Rev. 85, 41 (1952). 
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The longitudinal frequency and wave-number de- 

pendent dielectric constant again is obtained straight- 

forwardly from the relationship V-P=en. We find 


e(w,g)=1—limv, > | (ki|k+q,/’)|? 


k,l,l’ 


a0 


fo( Eta.) — fo(Exi) 


Extra -= Exi- hwtiha 


The Liouville-Poisson equation (30) and the expression 
for the dielectric constant (32) differ from that for 
the free electron case in that » is replaced by 
v,| (k|k+-q, /’) |? and the summation over wave number 
is replaced by one extending over the band indices 
as well. 

It is interesting to exhibit explicit expressions for the 
real and imaginary parts, €:(w,g) and €2(w,q), of the 
dielectric constant, which are easily given in the limit 
qg— 0. Perturbation theory in this limit yields 
| (k/| k+q, 1’) ?=du+ (1 —dw)(q mw)? | Py*|?, (33) 
where 


Py =v," f Uyy* p*Uy idx, 


0 
p* being the momentum operator associated with the 
direction of propagation of the wave q, and hw,,; 
= Eyy — Ey,. After expanding other quantities depend- 
ing on g about g=0, we find to lowest order 


€1(w,0) =1-—(e ‘tthw)? Zz i ak fol ky jE Ok,? 
l 


+m-(e/r)? -’ & J dk 
ul’ 


X fol Exndfrr(wrP2—w)", (34) 


€2(c,0) = (€?/q?r) f aR fo( Fxi) 
l 


X [6( Fxg et Exi—hw) —5( ky er Exithw) | 
+r 1(e/mw)?* » Bi i} PRL fol Ei) — fof Exv) | 
tg 


x Py) 76( Ext = Exi— hw). 


(35) 


Here & denotes that principal parts of the corresponding 
integrals are to be taken and the prime on the summa- 
tions that terms /=/’ are to be excluded. Further the 
oscillator strength 


fur®=(2/hoy im) | Prt |? 


has been introduced. 





790 H. EHRENREICH 

We note that the terms in e€; and e€2 consist of intra- 
band and interband contributions. In e€2 the first term, 
corresponding to one-electron intraband excitations, 
has not been approximated in order to exhibit its close 
relationship to the free electron case. The second term 
is associated with interband optical absorption. This 
is not surprising since for g=0 the transverse dielectric 
constant, which describes the interaction of the solid 
with electromagnetic waves, can be shown to equal the 
longitudinal dielectric constant which is associated 
with collective motion of the electrons. This leads to 
the result first pointed out by Wolff* and by Frohlich 
and Pelzer’ that the plasma frequency of infinite 
wavelength and the damping of these oscillations in 
the solid may be deduced from optical data. Further 
it is seen that even for g very small, with the exception 
of semiconductors or semimetals, €2 does not vanish 
for solids having any reasonable structure of the 
conduction bands so that plasma oscillations are always 
damped and cannot strictly exist as normal modes of 
the system. The plasma frequency in the limit of 
small g is obtained from €,(w,0) =0. 

In the case of insulators, for which all bands /< L are 
filled and those for which />Z are empty, the second 
term of Eq. (34) vanishes. Because of the relationship 
fvi*=—fw*, the double sum in the third term of (34) 
may be written in the following two alternative forms: 
(i) Si<zvsz and (ii) <1. The first form immedi- 
ately leads to the theorem that the plasma frequency 
of an insulator cannot fall inside the band gap. The 
second form permits the deduction of the plasma 
frequency in the limiting case that w<w,,, where hwy is 
the energy difference between the valence and core 
bands, and that w>w,, for all bands /’ that contribute 
appreciably to the f-sum rule 


Di fve"=1— (m/h) PE x. /dk,?. 


In that case the plasma frequency is given by 
wp? =4arn,e*/e-m where n, is the density of valence 
electrons, €, is the dielectric constant due to the core, 
and m is the free electron mass. We note also that the 
condition w>>wy, insures that €2 is small so that the 
plasma oscillations are only weakly damped. 

For a “free-electron” metal with spherical surfaces 
of constant energy and a single partly occupied con- 
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duction band J, the second term of (34) becomes 
—4rn,e?/w’m* where m* is the isotropic effective mass 
of the conduction band and m; is the electron density 
in the band. The third term gives rise to a shift of the 
plasma frequency due to the presence of interband 
transitions. In the limit that this term is small, the 
shift agrees with that calculated by Adams." The 
shift may be neglected in the limit that wy, for all 
bands /’ contributing appreciably to the f-sum rule. 
This is properly true only in semiconductors and 
possibly semimetals. On the other hand, in the case of 
a metal having a number of close-lying valence bands 
v in addition to the conduction band /, well separated 
from the core states, for which w,>wy» for all bands /’ 
contributing appreciably to the f-sum rule, we find 
again that w,?=4an,,e?/e.m. Here n,, is the density of 
valence plus conduction electrons. This shows that the 
plasma frequency is the same for metals and insulators 
provided that the plasma frequency is sufficiently large. 

Finally, in the case of simple intrinsic semiconductors 
or semimetals, where the plasma frequency is sufficiently 
small, the interband term in Eq. (34) gives rise to a 
real dielectric constant « due to the filled core and 
almost completely filled valence band. Collective 
motions can therefore exist as independent normal 
modes. Here, however, we have the simultaneous 
presence of an electron and a hole plasma. As first 
pointed out by Pines,!® the normal modes of these 
interacting plasmas correspond to “optical” and 
“acoustical” vibrations just as in the case of lattice 
vibrations of a solid containing two atoms per unit 
cell. From Eq. (34) it is immediately seen that the 
optical mode frequency for infinite wavelength is 
Wp? = (4arne?/e)(m,*-!+m,*"), where m,* and m,* are 
the effective masses associated, respectively, with the 
conduction and valence band. The acoustic frequencies 
vanish at infinite wavelengths and are obtained only if 
the intraband terms in Eq. (32) are expanded to a 
higher order in g. If this is done, the results agree with 
those of Noziéres and Pines." 
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Recently there has been renewed interest in adiabatic invariants of simply-periodic classical systems 
subject to perturbation by slow variation of parameters. In several interesting cases it has been shown that 
if the system varies slowly from one steady state to a different steady state, the appropriate adiabatic 
invariant is constant to an arbitrarily high order in a slowness parameter. 

It is shown here how these and similar results may be derived by systematic use of a technique of per- 
turbation theory of classical Hamiltonian systems. The method is essentially iteration of the transformation 


to action and angle variables. 





I. INTRODUCTION 


ECENTLY there has been renewed interest in the 
subject of adiabatic invariants of periodic classical 
systems perturbed by slow variation of parameters. In 
two interesting cases, Kruskal! and Lenard? have shown 
that if the system varies slowly from one steady state 
to a different steady state, the appropriate adiabatic 
invariant is constant, not only to first order, but to all 
orders in a parameter measuring the slowness of vari- 
ation. Kruskal considered a charged particle in a 
slowly-varying magnetic field. The adiabatic invariant 
in this case is the magnetic moment of the current 
loop described by the particle in one cyclotron gyration. 
Lenard considered a slowly-varying periodic system 
with one degree of freedom. The adiabatic invariant 
here is the familiar action integral. The special case of 
Lenard’s result, in which the system is the harmonic 
oscillator, was considered previously by Kulsrud* and 
by Hertweck and Schliiter.4 In what follows we wish to 
point out how these and similar results can be derived by 
a perturbation method suggested by Chandrasekhar’s 
treatment of the harmonic oscillator.® 


II. PERIODIC SYSTEMS WITH ONE 
DEGREE OF FREEDOM 


We consider a system having one degree of freedom, 
varying slowly with time, so that the Hamiltonian may 
be written 

H=H(q,p,¢), 


where ¢ is small. We suppose that the lines H= constant 
(t being fixed) in the g-p plane are closed curves nested 
one inside the other, so that they can be distorted into 
a family of concentric circles by a continuous distortion 
of the g-p plane. We suppose that H/ and its derivatives 
of all orders with respect to g, p, ef are continuous. 
* Part of the work reported on here was done at New York 
University with the support of the U. S. Atomic Energy Com- 
mission. 

1M. Kruskal, Atomic Energy Commission Report NYO-7903 
(PM-S-33) (unpublished). 

2 A. Lenard, Ann. Phys. (N. Y.) 6, 261-276 (1959). 

3R. M. Kulsrud, Phys. Rev. 106, 205 (1957). 

+ F. Hertweck and A. Schliiter, Z. Naturforsch. 12A, 844 (1957). 

5S. Chandrasekhar, in The Plasma in a Magnetic Field, edited 
by R. Landshoff (Stanford, 1958). 


To obtain an asymptotic solution of the equations of 
motion by perturbation theory we proceed as follows: 
We determine an area-preserving and (sense-preserving) 
mapping of the g-p plane into a q’-p’ plane such that 
the curves H=constant in the g-p plane are mapped 
into concentric circles in the q’-p’ plane with centers at 
the origin. This mapping may be constructed as follows: 
Let J(q,p,e) be the area of the H=constant curve 
through qg, p. Let r, @ be the polar coordinates, in the 
q’, P’ plane, of the image of the point q, p. Then 


r=[J/x }}, 


f dS/\VH| 


= 2x —— 


gis \VH 


The integrals here are line integrals on the H=constant 
curve; dS is the element of arc length, and VH is the 
gradient of H. To remove an element of arbitrariness 
in 6, we specify that the ray from the center of the 
H-curves in the g, p plane toward positive g maps into 
the positive g’-axis. Of course J and 6/27 are the usual 
action and angle variables. Now, using the fact that 
the Jacobian of g’, p’ with respect to qg, p is unity, it is 
easily shown that 
q'dp'+ pdq 
is a complete differential (¢ being fixed), and so we can 
find a function F(q,p’,¢t) such that 
q’=90F/dp', p=dF/dq. 
We set the integration constant by specifying ¥=0 for 


q’=0, p’=0. We note that H depends on q’, p’ only via 
(q’)?-+(p’), ie., H is of the form 


H=H if (q')?+(p’)’, et]. 
Now we define a canonical transformation as follows: 
q'=0F /dp’, p=dF/dq, 
H'=H+0F/dt=H+c0F/0(e), 
and we see that H’ has the form 


H' =H (q')?+(p')*, ¢]+eHi(q',p'se!). 
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The level lines of H’ in the q’-p’ plane are now nearly 
circles. We can make them circles by an area-preserving 
mapping that is nearly the identity mapping—given by 


0 
q” =—[q'p"+eF'(q, p”; el) ], 
Op 


0 
p’ _ e Lg p!+eF'(q, p”; el) |, 
Og 
where we make F’=0 at g’’=0, p’’=0. Using q'p"+«F’ 
q , £q 
as generating function, we perform a canonical trans- 
formation, and obtain 


H"” =H (q")?+(p")?, 4] 
+eH,[ (q")?+(p")?, t]+eHo. 


This procedure can be repeated ad libitum. We obtain, 
for any given N, variables g¥, p¥ and a Hamiltonian H* 
which is a function of e and (¢’)?+(p”)? plus terms of 
order e*. Using Hamilton’s equations of motion, 


dp’ /dt= —dH*/dq", 
dg /dt= 0H /dp*, 


we see that 


d 
[(p*)*+(q*)?]=O(e%). 
dt 


Hence J”, given by 
JIN=a[(p%)?+(q")?], 


is invariant to any desired order in e. 

From the construction, it is clear that if at any time 
the derivatives, of all orders, of H with respect to ef are 
zero, then qg’, p% are identical with q’, p’, and J* is 
identical with J. Thus we have the following result 
(which was proved in another manner by Lenard): 
Suppose that at «¢-=0 and at e¢=1 the derivatives, of 
all orders, of H with respect to e are zero. Consider a 
motion defined by initial conditions 


q=qo, p=po for 
where go, Po are independent of €. Let q, pi be the values 
of g, p at e¢=1. (Then qi, p: are functions of ¢.) Then 
we have 


e=0, 


J (q1,p1,1 )= J (qo,p0,0) +0(e% 1) 


for any integer V, however large. 

For the sake of mathematical rigor, sufficient assump- 
tions should be made about the function H so that we 
can be sure the mapping of g, p into gq’, p’ and also the 
inverse mapping are continuously differentiable any 
number of times. 


III. THE CHARGED PARTICLE IN A SLOWLY VARYING 
ELECTROMAGNETIC FIELD 


To apply the perturbation-theory approach to the 
motion of a charged particle in a slowly-varying electro- 


GARDNER 


magnetic field, some preliminary preparations are 
required. We assume E, B are slowly-varying functions 
of the space coordinates «; and the time /, that E-B is 
small, and that B is bounded away from zero. We 
express these conditions by assuming that the vector 
and scalar potentials have the form 


1 
A=-A’(ex;,el), 


€ 


1 
o=-¢' (exi,€l), 


€ 
and 


E-B=O(e). 


The Hamiltonian H is (for simplicity we assume 
e=1, m=1) 
1 2 
pi- 4’) 
€ 


(where we denote the momentum conjugate to x; by 
the symbol j;). We can find geometric parameters a, 8, 
functions of ex;, ef, so that 


| 3 
A=-s+45 
€ i=l 


B= (1/e)VaXVB. 
Therefore with the proper gauge,® we can write 
Aj’ = (1/6€)a(dB8/dx;). 
We define a parameter S, a function of ex;, ef, by saying 
that S/e is the arc length along a line of force. We now 
define coordinates and momenta g;, p; and their associ- 
ated Hamiltonian H by 
gi= OF / dpi, 
Di= oF, ‘OX, 
H=H+0F /0at, 
where the generating function is 
S B a 
F (x;; pi) =—pot—pit—ps— pips. 
€ . € 


We obtain 
1 06 1 0a 
po- se —at x ——i, 


€ OX; € OX; 


1 10S 
pi—-A/= 


€ € OX; 
a= epi tes, 
B=eqiteps, (1) 
i €Q2. 
We note that po, gs, ps are essentially components of 


velocity, and are thus O(1), and eg, €p1, €g: are essen- 
tially geometric coordinates, and are thus O(1). 


® The use of the parameters a and 8 was suggested by Professor 
H. Grad of New York University. 
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The Hamiltonian H can now be written down. We 
have 


1 1 08 1 1 1 
u=|¢+- = cop) |+ |-(VS)p2——(VB)qs 
€ € Ol 2 | t € 


1 [i L735 1 da 
+-—(Aa) ps | +-(—) pt —P3 . 
€ | edt € dt 


The coefficients here are understood to be evaluated in 
terms of q’s, p’s by use of the relations (1). It is appro- 
priate to expand in powers of q3, ps, since the terms 
€q3, €p; in (1) are of higher order than the terms ey, €q1. 
If we carry out this expansion, we see that H has the 
form 


1 
H=-H_\+Hot+e«Hi+:::, (2) 


€ 


where //_; is a function of €q1, €p1, €g2, e but 
(3) 


[this follows from the assumption E-B=O(e) and the 
relation E= —dA/0t—¥¢@ ]; and where Ho, H,, etc., are 
functions of €91, €p1, €g2, et and also of ps, gs, ps. Note 
that since ¢’, 08/dt depend on a, 8, which in turn con- 
tain terms €q3, eps, the first term in H above contributes 
terms to Ho. 


a 0g 
H_,=9¢'+-—, 
€ dl 


9 


1 2raS (EXB) 0? 
Hom 0+ pet |—+——-ws|p.-— |, 
2 al B? B? 


€ 
where the vector y, is given by 
vs vB Va B EXxB 


Vi=—p2—— qa} —ps— pr—- —, 
: € 4 € i € P BB EF 


ve 1 B EXBy (¥VSXVa) 
Oar rd 
€ e\ BB B 


Va 1 B EXBy (¥vSXv¥~) 
Fe AP dl Sa 
€ ’\ BB B 


Here it is understood that the coefficients are to be 
evaluated in terms of the g’s and p’s by setting 

a= epi, 

B=eq, 

S= €q2. 
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The Hamiltonian function is constant on closed 
curves (ellipses) in the q33 plane if all other variables 
are fixed; and is a slowly-varying function of time and 
also is a slowly-varying function of the additional 
variables go, qi, pi. These circumstances permit a per- 
turbation-theory treatment modeled on the method of 
the first part of the paper. The first step, as before, is to 
find an area-preserving mapping of the qs, p3 plane into 
a qs, ps’ plane which takes the curves Ho=constant 
into circles. Let us exhibit the dependence of H» on the 
various variables as follows: 


Ho=Ho(€q1,€f15 €2,P2} 93,Ps; €t). 
Then we can find a function F, where 
F=qipr +qopo' + (€qrepy 5 €gayp2' 5 ays; €t), 

such that if we determine q;’, ps’ by solving 

qs = OF /dp3’, 

p3= OF /0q;, 
we find that the curves in the q;’-p3’ plane given by 

Ho(€q1,€p1' ; €g2,p2’ ; d3,P3; €t) =constant 


are concentric circles with center q3’=0, ps’=0. 
Now we perform a canonical transformation as 
follows: 
gi = OF /dp,, 
pi= OF /0qi, 
H’=H+0F/dt= H+ dF /0(et). 


We then obtain 
eqi= eq: +0(e), 
p= cpr’ +0(€), 
€q2= €g2' + O(€), 
p2= pr’ + O(€), 
and it follows [making use of (3) ] that H’ has the form 
H'= (1/e)H_1t+Ho'+eHy'+..., 


and now H,’ depends on q;’, p;’ only via the combination 
(qs’)?+ (p3’)?. 

The procedure can now be repeated ; by an appropri- 
ate infinitesimal canonical transformation we can bring 
it about that H” depends on q;", p3’’ only via (qs’’)? 
+ (p3’’)? except for terms of order e’, and so forth. 

In this way we can construct an asymptotic integral 
of the equations of motion, which is constant to any 
desired order in e. Using (5) and (7) which show 
explicitly how Ho depends on q; and 3, and referring to 
the definition of the invariant as an area, we see that, 
to lowest order, the invariant » we construct is 

7p,” e707 v," 
u~ Se eecaren =—. (8) 
[(Va)?(48)?—(Va-V8)*]}! (VaxVvs) B 
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If E and B are constant in space and time, we can 
choose a, 8, and S to be rectangular coordinates; and 
it is seen that the perturbation process terminates 
with H’; and so in this case 


p=v,? B 


exactly. This observation furnishes a proof of the 
theorem of Kruskal, which can be stated as follows: 

If before the time «=O and after the time e/=1, it 
happens that E, B are constant vectors (independent of 
space coordinates and of time), then the value of 2,?/B 
at ¢=1 differs from its value at ¢=0 by a quantity 
which is O(e’), however large V may be. 

It can be seen from the above developments that in 
H™ we may neglect terms of order e* and replace 
(ps\%)?+ (gs)? in what remains by its initial value 
and thereby commit errors which are small of any 
desired order in ¢, if V is large enough. We then have a 
Hamiltonian of a system with /wo degrees of freedom. 
This can be interpreted as the Hamiltonian describing 
the motion of the guiding center’ of the particle. If the 
guiding-center motion is approximately periodic in the 
g2-P2 plane, it can happen that a second adiabatic 
invariant can be defined. By an application of perturba- 
tion theory to this system it can be proved, under 
appropriate sufficient conditions, that the second adi- 
abatic invariant is also constant to all orders. Such a 
second adiabatic invariant has been considered for the 
case of the particle in a double-mirror field, adiabatically 
trapped on a line of force between two maxima of B.* 
Where a second adiabatic invariant exists, by perturba- 
tion theory we can reduce the system to one having 
one degree of freedom. 

To indicate how this second adiabatic invariant may 


7H. Alfvén, Cosmical Electrodynamics (Clarendon Press, Oxford, 
1950), Chap. IT. 

® Chew, Goldberger, and Low, Proc. Roy. Soc. (London) A236, 
112 (1956). 
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be treated according to the methods of the present 
paper, let us assume that (1) time variations are 
extremely slow—so that we may suppose that E, B 
depend on et, and (2) the component of E perpendicular 
to B (as well as the component parallel to B) is O(e). 
Then the guiding-center Hamiltonian is 

1 ¢’ op 
u--| pe+uB+2| be = |+000. 


€ (et 


Here use has been made of (8). The coefficients are 
evaluated at 
B=eqi, S=e€ge. 


q= €pi, 


The above Hamiltonian depends more slowly on ¢ and 
on g: and p; than it does on g2 and po. If a, B, and ¢ are 
fixed, we see that the Hamiltonian would describe the 
one-dimensional motion of a particle of unit mass in a 
force field with potential 


dS 
mB— f Ey.- me 
€ 


If this potential rises enough as S increases or decreases, 
that is, as one goes either way along a line of force 
(fixing a, 8 determines a line of force) at a fixed time, 
the particle is trapped. The level lines of H in the gop2 
plane will then be nested closed curves. The perturba- 
tion treatment we have described may then be used to 
construct an integral J given by a series 
T=Ihted)telot+. oes 
which is constant to all orders in €; and to lowest order 
we have 
lo= F podq2, 

where the path of integration is a curve H=constant in 
the g2p2 plane, where a, 8, ¢ are given fixed values. 
This is the second adiabatic invariant as usually defined. 
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The complex dielectric constant of a superconductor and the Meissner effect are derived in a manner which 
is gauge invariant, from the theory of superconductivity due to Bardeen, Cooper, and Schrieffer. The col- 
lective excitations are important in maintaining gauge invariance; the longitudinal collective excitations 
ensure that a static vector potential produces no longitudinal current and the transverse collective excitations 
contribute to the Meissner current an amount which depends on the angular properties of the two-body 
interaction. This contribution is estimated to be small. An earlier calculation of ultrasonic absorption in 
superconductors is justified. The whole investigation is based upon the generalized random-phase approxima- 
tion introduced by Anderson and applies whether or not the Coulomb interaction between the electrons is 
taken into account. The equations of motion are linearized in such a way that the exchange terms are 
automatically screened if the Coulomb interaction is, in fact, taken into account. The region of applicability 
of most of the results is limited by the approximations to temperatures at or near absolute zero. 





1. INTRODUCTION 


ANY properties of a superconductor, notably the 
thermodynamic properties, can be understood in 
terms of independent quasi-particle excitations of the 
system. However, the force between one electron and 
another which brings about the superconducting transi- 
tion also ensures that the system possess certain col- 
lective excitations. These collective excitations are 
essential for a complete understanding of certain 
properties of the superconducting system, particularly 
its interaction with external electric and magnetic fields. 
In this paper we wish to stress the collective aspects of 
the theory of superconductivity of Bardeen, Cooper, 
and Schrieffer! The main contributions of the present 
paper are a completely gauge-covariant calculation of 
the Meissner effect and of the complex dielectric con- 
stant of a superconductor at absolute zero. These calcu- 
lations take into account both the longitudinal and 
transverse collective excitations of the system. 

Using the random-phase approximation, Anderson? 
and Bogoliubov, Tolmachov, and Shirkov’ studied the 
existence and frequencies of the longitudinal collective 
excitations. They have found that the plasma frequency 
and the collective coordinates are practically unchanged 
in the transition to the superconducting state, in the 
long-wavelength limit. They have pointed out the 
existence of transverse and more complicated oscilla- 
tions and BTS have attempted to calculate their fre- 
quencies. Anderson has shown that when the longitu- 
dinal collective modes are taken into account then, at 
least to order (€o/fw)?, the longitudinal sum rules are 
satisfied. 

* This work was supported in part by the Office of Ordnance 
Research, U. S. Army. 

+ Present address: Nuclear Physics Research Laboratory, Uni- 
versity of Liverpool, England. 

1 Bardeen, Cooper, and Schrieffer, Phys. Rev. 108, 1175 (1957). 
This paper is referred to as BCS. 

2P. W. Anderson, Phys. Rev. 114, 1002 (1959). 

5 Bogoliubov, Tolmachov, and Shirkov, A New Method in the 
Theory of Superconductivity (Academy of Sciences of USSR Press, 


Moscow, 1958, translated by Consultants Bureau, Inc., New 
York, 1959), Chaps. IV and VII. This book is referred to as BTS. 


Already in a normal metal the collective aspects of the 
interacting electron system are important. As is well 
known, if an external charge interacts with the electrons 
of the metal, all the electrons are perturbed in such a 
way that each electron is acted upon by the field of the 
external charge together with the perturbed fields of all 
the other electrons. The result is that every electron is 
perturbed by a screened field. (The screened field can be 
calculated by a self-consistent Hartree method‘ or 
equivalently by a canonical transformation.**) If the 
external charge density is a wave of long wavelength the 
screening is practically complete. 

Another way of looking at the screening is to note that 
a part of the charge density of the electrons is a plasmon 
variable and that a low-frequency external field will not 
excite the plasmon states. We should like to develop this 
viewpoint using some of the ideas of Lipkin.’ The system 
of electrons possesses longitudinal collective modes of 
wave vector k with coordinates Q;, conjugate momenta 
P,, and frequency w;. In the long-wavelength limit, Q, is 
(4re?)! © =; exp(ik-x,/2)(K-pj/nk) exp(ik-x,;/2) and Py 
is 1(4me*/k*)! ¥° ; exp(ik-x;), where the x; are the co- 
ordinates of the electrons and p; are their momenta. 
There will be other operators, functions of x; and pj, 
which, added to Px, Qx, will form a complete set. What 
these other variables are we leave aside for the moment. 
Now if an external field (say that associated with an 
incoming phonon) of wave vector k, frequency 2, and 
amplitude r;, acts on the system, there is an extra 
interaction term in the Hamiltonian, 

M 2rip_x exp(iQt)+c.c., p_r= oi exp(—ik-x;,), 
where M2 is the strength of the interaction. The com- 
ponent of the charge density p_, can be expanded in 
terms of P;, Qx, and the other variables of the complete 


4 J. Bardeen, Phys. Rev. 52, 688 (1937). 

5S. Nakajima, Proceedings of the International Conference on 
Theoretical Physics, Kyoto and Tokyo, September, 1953 (Science 
Council of Japan, Tokyo, 1954). 

6 J. Bardeen and D. Pines, Phys. Rev. 99, 1140 (1955). 

7H. J. Lipkin, Phys. Rev. Letters 2, 159 (1959). 
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set; it then has the structure 


p-r=anPit+p_x,s, 
where 
— thay=([p_x,0x L, = —h(4re*/k?) i 
and p_x,, is the residual screened charge density which 
vanishes in the long-wavelength limit. (p_x,. is of order 
g.’ relative to P,, where g, is the electron-plasmon 
coupling constant.) The first term of p_, can lead to real 
transitions only if energies fw, are involved. In general, 
however, w,>Q, so that the only part of p_; that can 
cause real transitions is p_x,,, that is, the screened part. 
One can eliminate the collective part of p_, from the 
Hamiltonian by performing a canonical transformation 
with the unitary operator 


exp[ir,e'?'M a.0_1/h—c.c. ]; 
as k — 0 this approaches 


exp[ir,e! >; exp(—}ik-x,) 
X pi exp(—}ik-x,)-k/nk?—c.c. ] 


which is of the form found by Pines and Schrieffer* and 
can be interpreted as giving rise to a “dipolar backflow.” 
The backflow is calculated in more detail at the end 
of Sec. 4. 

In a metal the screening and collective coordinates are 
also affected by the extra phonon interaction between 
electrons which leads to the superconducting state. 
However, the contribution to the screening comes from 
all electrons within the Fermi sphere, whereas in the 
superconducting transition only those electrons within a 
small energy range kT, of the Fermi surface are involved. 
Thus it is to be expected that in the superconducting 
state the screening will be practically the same as in the 
normal state. This is confirmed by the calculations of 
Anderson and BTS and by that of Sec. IV which is also 
based upon the generalized random phase approxi- 
mation. 

One problem that requires the introduction (explicit 
or implicit) of the collective modes for its solution is that 
of the Meissner effect. BCS have calculated by pertur- 
bation theory the current density produced by a static 
transverse vector potential. They made no attempt to 
derive the current density produced by a static longi- 
tudina! vector potential although it was earlier pointed 
out by Bardeen’ that it would be necessary to take 
account of the longitudinal collective modes to do this. 
Astatic longitudinal vector potential contributes neither 
to the electric field nor to the magnetic field; it should, 
therefore, have no physical effects and should not give 
rise to a current. Because the BCS method, if applied 
without modification to the longitudinal vector po- 
tential, would give a nonzero (not even small) current, 
doubt has been cast on their calculation of the trans- 


8D. Pines and J. R. Schrieffer, Nuovo cimento 10, 496 (1958). 
9 J. Bardeen, Nuovo cimento 5, 1766 (1957). 
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verse current.’ Anderson’s verification" of the sum rules 
shows that the longitudinal current density is of order 
(€o/Mw)?, but as he does not introduce the wave- 
functions explicitly his proof is not a test of the method 
of BCS for calculating the transverse current. 

Pines and Schrieffer,® by exploiting the smallness of 
the electron-plasmon coupling constant, g, have shown 
that the longitudinal current density is small. Their 
proof introduces the wave functions for the collective 
states and depends on the fact that the collective 
coordinates are practically unchanged in the supercon- 
ducting transition. As we have seen, in the normal state 
the long-wavelength components of charge and longi- 
tudinal paramagnetic current densities are just col- 
lective coordinates (P; and Q;, respectively) to order g’ 
and this is still true in the superconducting state. As 
Pines and Schrieffer show, the collective part of the 
longitudinal paramagnetic current density just cancels 
the diamagnetic current density and the total longi- 
tudinal current density is at the most of order g‘. An 
objection” has been raised against the argument of 
Pines and Schrieffer on the grounds that they use the 
controversial subsidiary condition of Bohm and Pines,” 
but in the way we have put the argument the subsidiary 
condition does not arise. In Sec. VI of this paper the 
corrections to the collective coordinates are taken into 
account and from the equations of motion obtained by 
Anderson within the generalized random-phase ap- 
proximation, the transverse and longitudinal currents 
are calculated simultaneously. Because the longitudinal 
current is found to be zero it is believed that the 
calculation of the transverse current is to be trusted. 

Because of the properties of the interaction which 
leads to the superconducting transition there exist, in a 
superconductor, transverse collective modes. (The effect 
of these excitations on the Meissner current has already 
been reported in a preliminary letter.'*) In the presence 
of a static transverse vector potential they do not con- 
tribute to the current in the London limit (where the 
penetration depth is much greater than the coherence 
distance) ; only the single-particle excitations have to be 
considered and the calculation is exactly that of BCS. In 
the Pippard limit (where the penetration depth is much 
less than coherence distance) there is a contribution from 
the transverse modes and this depends on the angular 
properties of the two-particle interaction. We have as- 
sumed a simple angular dependence for the interaction 
to estimate the order of magnitude of the correction and 
we conclude that it is, in fact, small. 

A simple model for a superconductor that is com- 
monly used?-*.!* is a gas of Fermi particles which do not 
interact with each other through the Coulomb inter- 
action, but only through the phonons. For this model the 


10 G. Wentzel, Phys. Rev. Letters 2, 33 (1959). 

uP, W. Anderson, Phys. Rev. 110, 827 (1958). 

” TD. Bohm and D. Pines, Phys. Rev. 92, 609 (1953). 
‘8G, Rickayzen, Phys. Rev. Letters 2, 90 (1959). 
4G. Wentzel, Phys. Rev. 111, 1488 (1958). 

18 G. Rickayzen, Phys. Rev. 111, 817 (1958). 
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long-wavelength longitudinal excitations are not charge 
or current density fluctuations and it is not so easy to 
see their part in the Meissner effect and the screening. 
The method given below applies to both this case and a 
model which is more realistic and the results are formally 
the same. Of course if the parameters involved in the 
two models were calculated from first principles they 
would be different. If the treatment of Bogoliubov is 
used and the Meissner effect calculated according to the 
method used previously by the author,® we believe that 
to obtain the correct result for the effect of the longi- 
tudinal vector potential, it is necessary to sum an 
infinite set of graphs. This same set of graphs should 
lead to a correction to the transverse current of the kind 
calculated in Sec. VI. 

If one wishes to compute quantities of order g’, for 
example the screening of a time-dependent external 
field, then the single-particle excitations of the system 
must be examined more closely and one must calculate 
p—x,s- In the first calculations of the interaction of a 
time-dependent longitudinal external field with the 
superconducting electrons'!® it was assumed that one 
can use the normal form for the interaction with the 
same screening as in the normal state. For instance, it 
was implicitly assumed in BCS that the interaction be- 
tween an acoustic wave and the superconducting elec- 
trons is of the form 


Lo (4re?/M*)r_ ge pef(Q)+c.c., (1.1) 


where r_g exp(i2) is the charge fluctuation associated 
with the acoustic wave and /(Q) is the same screening 
factor as in the normal state. However, if the theory is 
gauge invariant one should be able to describe the 
interaction by either a vector potential or a scalar 
potential. Thus an equally good choice for the inter- 
action would appear to be 


> e(4re?/0?)r_ge-**(Q-5(0) ]f(0) /Q+c.c., 


which is also the interaction in the normal state. If this 
interaction is actually used, then a result for the 
attenuation is obtained very different from that of BCS. 
This discrepancy arises because the equivalence of 
Eqs. (1.1) and (1.2) depends on the equation for the 
conservation of charge, 


(1.2) 


(En—Em)(n| p!m)=h(n| Q-j|m), 


and this equation is not satisfied by the wave functions 
of BCS [not even to within (€9//w)? |. There is no general 
principle to show which result is correct. Therefore in 
order to ensure that the result be independent of gauge, 
it is necessary that the screening be calculated from 
improved wave functions, in a way that is gauge in- 
variant. This calculation is performed in Sec. III, and it 
is concluded that for cases of practical importance 
(n|pq|m) can be replaced by (”|p@|m)scsf(Q) so that 


16 Bardeen, Tewordt, and Rickayzen, Phys. Rev. 113, 982 
(1959). 
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one can use the scalar potential screened as in the nor- 
mal state. The interaction with a vector potential has to 
be modified so as to produce agreement. 

The basis of this paper is the set of linear equations of 
motion determined by Anderson’; he used the generalized 
random-phase approximation and neglected the ex- 
change terms. We solve these equations in Sec. III and 
obtain wave functions for which the equation governing 
the conservation of charge is satisfied. We then find a 
simple approximation to the matrix elements. In Sec. IV 
we add the effect of an external time-dependent charge 
fluctuation to the equations of motion and from the 
solution determine the generalized dielectric constant 
which depends on the frequency and wave vector of the 
external field. A form for the interaction with the 
external field is given, which can be used with the wave 
functions of BCS. From this interaction it is shown in 
Sec. V that corrections to the calculation of ultrasonic 
attenuation by BCS are negligible. It is also shown that 
the exact wave functions incorporate a backflow around 
an external charge. In Sec. VI, the effect of an external 
static vector potential is added to the equations of 
motion and from the solution the Meissner effect is 
calculated in an arbitrary gauge. 

As the results of this paper are based upon the 
generalized random-phase approximation (RPA), their 
region of applicability is limited. The essence of the 
RPA is that products of a pair of single-particle 
operators are treated as bosons. The approximation 
takes account of the transition of a pair of quasi- 
particles out of the Fermi sea or into it but neglects the 
scattering of a particle outside the sea. This approxima- 
tion should be valid as long as the number of single- 
particle excitations outside the sea is small, a condition 
which restricts the discussion to the region of tempera- 
ture near absolute zero. The result for the real part of the 
dielectric constant is as accurate as all but the most 
recent calculations of the dielectric constant of a free- 
electron gas. If we were to include the exchange terms 
we should even obtain Hubbard’s result!” but we shall 
not enlarge on this here. 

One defect of the present analysis is that the two-body 
interaction is arbitrarily chosen so that the Hamiltonian 
is gauge invariant and still leads to a superconducting 
transition. (The two-body interaction used by BCS is 
such that their Hamiltonian is not strictly gauge in- 
variant.) Most of the results are not sensitive to the 
potential used and can be applied directly to the model 
of BCS. The physical principles underlying the mathe- 
matics are generally so clear that it is easy to see how 
the results can be applied. Those corrections which are 
sensitive to the form of the interaction cannot be 
trusted quantitatively except perhaps so far as the order 
of magnitude. In any case our model provides an 
example against which calculations of the electromag- 
netic properties of superconductors can be tested. To 


17 J, Hubbard, Proc. Roy. Soc. (London) A240, 539 (1957). 
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improve upon our method it would be necessary to go 
back to the original gauge-covariant Hamiltonian from 
which the electron-phonon interaction has not been 
eliminated. 

An unsatisfactory feature of Anderson’s approach is 
the assumption that in the terms of the equations of 
motion that lead to the superconductlng transition, the 
two-body interactions are screened. This point has been 
discussed by Anderson, who suggests that these equa- 
tions are the second step in a self-consistent calculation. 
It is clear from the work of BCS and BTS that the two- 
body interaction in this term is in fact screened, but it 
would be more satisfactory to have a justification of 
Anderson’s equations of motion which is basic. In 
Appendix A we attempt to provide this justification. We 
are led to a system of nonlinear equations which can be 
approximated by Anderson’s equations in just the way 
he suggests. Although we do not take into account the 
exchange terms, it is possible to do this by the method of 
Appendix A and to obtain a set of linear equations with 
the exchange terms properly screened. 


2. NOTATION 


In this section the notation to be used is summarized. 
The operators which create electrons in the states of 
momentum k and spin @ are denoted by cx,.. The Bloch 
energies of the electrons in the normal state are e€;, 
measured from the Fermi level, er. In general €; will be 
assumed to be (h?k?/2m)— er. The velocity at the Fermi 
surface is 1. We define 


pr? =Cerer*cet, pr2=c_u1*c_z_es, 


be2=c_p_oucet, be°=cerer*c_ns*. 


The operators };, px corresponding to Q=0 are always 
taken as c-numbers, their expectation values in the BCS 
ground state, 

be=(C_xscnt)o= 0, *, 

pe= (Cut *Cet)o= Pe= Mk. 
The wave functions are normalized to unit volume. The 
Hamiltonian is 

H=Hx+Hy+He, 

where 


— i 
Hx=L €xCk,6*Ck, 0, 
kyo 


Hy=} > a v( KK’) cp 6 *C_44 gr Cheatin’, 


k,k’,q@o,o’ 


Hc= »™ . 2re? | k—k’ | Be eg ae qoCka’+ 


k,k’,qo,o" 


For the theory to be gauge invariant, »(k,k’) is taken to 
be a function of (k—k’) only, v(k—k’). The direct 
interaction is denoted by 


Vv(Q)=4re?Q*+-0(Q), 
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and the interaction which leads to the superconducting 
transition is denoted by 


V (k,k’) = [v(k,k’) + 42re?| k—k’ |? ]X (screening factor). 


The potential V(k,k’) is predominantly negative when 
k and k’ are near the Fermi surface. If the method of 
Appendix A is followed, the screening factor is zero for 
|k—k’| <Qmnax and unity otherwise. The wave number 
Qmax is the cutoff of Sawada ef al.!8 

The energy gap parameter, analogous to € of BCS, is 
Ix where 


Tk=—XL V(KjK)b.= —D: V(K,k)O,*. 


Near the Fermi surface it is a constant which we shall 
denote by ¢€o. The energy of a single quasi-particle 
excitation is 


Ex= (e?+Ii’)!. 


The energy of a pair of particles with momenta —k and 
k+Q is 
v4.(Q)=Ext+Exza. 


The coherence distance is £>=fv/re. The ground state 
is such that 
by, >= b,*= UjV;_> 0, 


Ny.=2,2, 
where 
17> +1 a, €,/ Ex). 


u?=}(1+e/Ex), 
We shall use the operators, 
Yko= Walt — ViC—KA*, 
Ver=UpC_ngtrecer*, 
the four coherence factors, 

1(k,Q) = utes qt riri+e, 
m(k,Q) = udp et ritli+a; 
n(Kk,Q) = utes g—ViVe+Q, 

P(K,Q) = wire, g—Pettes Q, 

and the three collective variables 
p(Q)=Lii(on?+Ax®) 
=DLiilm(k,Q) (yi e0%ve1* +7 K+ er7ve0) 
+n(k,Q) (yer*ve+ a1 +7e+00"YK0) J, 
Bx(Q)=Li V(K,k) (b.2+6,%) 
=D V(KkK)Lm(k,Q) (yer Q0*7e1* +784 017K0) 
—m(k,Q) (vi+Q0*YK0+Ye1*¥e+01) |, 
Ax(Q)=Li V(KK) (b.°— 6,9) 
=— De V(KK)(U(K,Q) (v4 00% 7e1*— e+ erVe0) 


+ p(k,Q) (Ye+Q0*YK0—Ve1*¥K+@1) ]- 


18 Sawada, Brueckner, Fukuda, and Brout, Phys. Rev. 108, 507 
(1957). 
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3. SOLUTION OF THE EQUATIONS OF MOTION 


In this section we are concerned with the solution of 
the equations of motion derived from the Hamiltonian 
H, and establishing the equation of conservation of 
charge, 


(En— Eo) (Wnp(Q)¥o)=2(Vn,Q-j(Q)Vo). (3.1) 


Having obtained matrix elements for which the equation 
of conservation holds, we find approximate expressions 
for them which are valid in the usual physical situations 
for which they are required. 

The equations of motion that are the basis for this 
work are the linear equations derived by Anderson. 
They were obtained from the full equations of motion 
for pe®, px®, b.®, b.%, by replacing those products of 
pairs of operators which have nonzero expectation values 
in the ground state by those expectation values, i.e., 
Cho *Ckoy C-n4Cet are replaced by the c-numbers m,, b;, 
respectively. All remaining terms containing the product 
of four operators are neglected. In those terms in which 
b, appears the potential is screened. Anderson gave 
reasons for this screening but since this procedure is not 
in the spirit of his approximations we provide a justifica- 
tion for his equations in Appendix A. The resultant 
linearized equations of motion are 


[H,px? |= (ex,e—ex)px?’— V v(Q)p(Q) (nx4e—nk) 


—Txpabx?+T xbxe+bx Di Vb.? 
— br, Q ih Vb,2, 


(3.2a) 


CH, px? |= (ex—ex+@)px&+V v(Q)p(Q) (mx4e—nk) 
— Tbk? +T xy abx®t+bxye dn VOY 
—bk Di Vd,2, 
[H,bx? |= —(extex, Qbx?— V n(Q)p(Q) 
X (bk +bx+Q) —T hx? —T + QpK® 
—(1—nx—nxye)d ke VOx2, 
CH,bx?]=(extexse)bx?+V v(Q)p(Q) 
X (be +bx+9e) +] x epx? +l pr’ 
+(1—nx—nx+9) de Vb,2. 


(3.2b) 


(3.2c) 


(3.2d) 


As the mathematical detail may obscure the essentially 
simple steps involved, it will be useful to outline the 
procedure beforehand. We first find those linear com- 
binations u.*(Q), u.(Q), of the operators p, p, b, 5, 
which are the normalized normal modes of the equations 
of motion (3.2), and then we define the ground state Vo 
of the problem by 

ur(Q)¥o=0, 


where the y;.(Q) are the destruction operators. Then the 
unscreened charge density and current density are 
written in terms of the normal modes, and the matrix 
elements 


(Wour*(Q),o(Q)¥o), (Voux*(Q),Q-3(Q)¥o) 
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are calculated. It is shown explicitly that Eq. (3.1) 
governing the conservation of charge is satisfied. As 
already pointed out, Eq. (3.1) implies that the calcula- 
tion of transition probabilities is independent of gauge. 
In the succeeding sections the effects of external 
electromagnetic fields are added to the equations of 
motion. These produce changes in the operators, u.(Q), 
from which the complex dielectric constant and the 
Meissner effect can be calculated. 

It is actually easier to work with the operators y; of 
Bogoliubov® and Valatin.” In terms of these operators 
it is found (after considerable algebraic manipulation) 
that 


CA yye+q0°ve1* |= (Ext Expo) Ver qo*ver* 
+V p(Q)m(k,Q)p(Q)+2n(k,Q) 
X B(Q)—31(k,Q)Ax(Q), 
CA yye+erveo |= — (Exit Enze)vererveo 
—V v(Q)m(k,Q)o(Q) —3n(k,Q) 
X BQ) —31(k,Q)Ax(Q), 


CH yy. + Q0*vxo | = ( Ey rr Ex) r+ Q0*Y Ko, 


(3.3a) 


(3.3b) 


CA year * e+ al= aan (Egy qm Ex)yei*Ve+@1- 


Evidently, half of the normal modes are given by the 
operators Yi+Q0°Yk0, Yei*Yk+@1, Which have eigenvalues 
(Ex,q—E,) and (E.—Fx+@), respectively. These are 
just the modes called unphysical by Anderson. Since all 
the physical states V satisfy 


Yk+-Q0° KO = ve Ve+ qi’ =0, 


these operators may be taken to be zero throughout the 
remainder of this section. 

In the absence of the collective coordinates p(Q), 
Ax(Q), Bx(Q), the other normal modes are 74+ @0*7«1* 
and yx erY«0 Which oscillate with frequencies (E.+ Ex;@) 
and — (£,.+Fx;@), respectively. In the presence of the 
collective coordinates there will be modes with fre- 
quencies + (F;,+E;;@) and also collective modes with 
frequencies outside the range of the + (F.+Fx+@). We 
shall let 4:(Q) denote any collective coordinates. We 
shall use u.(Q)* to denote a mode of frequency 
(Ei. +EFx3@) and p_.(—Q) to denote the mode of fre- 
quency — (E;.+ Ex;@). The operator ux*(Q) adds energy 
to the system and is, therefore, a creation operator; 
ux(—Q) subtracts energy from the system and is, there- 
fore, a destruction operator which must satisfy uwWo=0. 
The notation is consistent because the equations of 
motion are invariant under time reversal. The products 
Vk+Q0°Vk1*, Yer ere, and the collective variables p(Q), 
A,(Q), B,(Q), can be expanded in terms of the w’s and 


19 N. N. Bogoliubov, Nuovo cimento 7, 794 (1958). 
%” J. G. Valatin, Nuovo cimento 7, 843 (1958). 
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written as 
Ye+Q0°Ve1* = De ai( kk’ ,Q)u,-*(Q) 
+3 ao(k,k’,Q)y_x(—Q) 
+>: ai:(k,Q)u,(Q), 
Vee QrYno= Dk’ i(k, k’,Q)u,-*(Q) 
+> x Bo(k,k’,Q)u_x-(—Q) 
+3 8i(k,Q)u(Q), 
e(Q) =e Merwe *(Q) 
+terms in w_,'(—Q) and uj, 
Ax(Q)=Dow Levue'*(Q) 
+terms in p_,(—Q) and yj, 
B(Q) =e Newue*(Q) 


+terms in w_x(—Q) and p,. 


(3.4a) 


(3.4b) 


If these expressions are substituted into the equations of 
motion, the a’s and #’s must be chosen so that the 
coefficients of all the u.*(Q) are separately zero. Hence 


—[n(Q) — ve-(Q) Jar(k,k’,Q) =... +31(K,Q) Lin, 
[vn.(Q)+%-(Q) 81 (k,k’,Q) = —4, : etalk Q)Lix, 


where 


P= V pm(k,Q)My-+3n(k,Q)N yx. 


A set of orthogonal solutions of the equations are given 
by 
Pye +31(K,Q) Lin: s 
ay (k,k’,Q) = ya fe meneame canoes 7 (3.5a) 
Vir — Ve+1E 
Py —31(K,Q) Lax: ri 
8,(k,k’,Q) = — ——_——, (3.5b) 


VEH VE? 


In the Appendix it is shown that these solutions are 
normalized. From the definitions of p, 4, and B and 
Eqs. (3.3) for y*y* and yy it is found that 


My =X m(k,Q)[ ai (k,k’,Q)+81(k,k’,Q) J, 


Line = > V (kik )1(k’’,Q) 
x fai(k” k’,Q ) —B,(k"’,k’,Q )], 


New =Doev V(kk’)n(k",Q) 
X [ai (k’’.k’,Q)+6,(k”k’,Q) }. 


When the a’s and @’s, as given by Eqs. (3.5), are 
substituted in these equations we have a set of three 
linear simultaneous integral equations for the functions 
My, Lux, Nix. The situation is not as bad as it seems, 
for in most cases of interest My is much greater than 
Lux and Nyx, and it is necessary to solve only a simple 
algebraic equation. 

It is at once apparent from the definition of M, and 
the fact that the operators are normalized, that 


(V on, *(Q),p(Q)¥o)= M, (Q x 


(3.6a) 


(3.6b) 


(3.6c) 
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In the normal state M,(Q) is the function [; (we) }7 of 
Brout.” For the continuity equation it is necessary to 
calculate 


(Youx*(Q), Q-5(Q)¥o), 


§(Q)= (h/2m)> .(2K+Q) (pn — pe®). 
[Note that 


where 


j(r) => 9 3(Q) exp(iQ-r) ]. 


Now 
hQ-3(Q) =X (expe— ex) (on? — pe®) 
=D (ens q— ex) [U(K,Q) (vir Qo*vKo— Yer *V e+ @1) 


— p(k,Q) (ves. Q0*%Ve1* —Vi+Qr7K0) J- 
Hence 


h(Vour*(Q), Q-7(Q)Wo) 

= — Der (ex4q— ex’) p(k’,Q) Lai (k’,k,Q) —81(k’,k,Q) J. 
We now use the identity 
— p(k,Q) (€.,9—«) 


= v;,(Q)m(k,Q)— (74 4+Ji4.¢@)1(k,Q) (3.7) 


to obtain 
h(Vou.*(Q), 0-7(Q)%) 


D,424(Q) 
Br re mers 


2 
VEO VRE 


=> re(Q)m(k’,Q)] 
- 


“|-E re testh’,0) 
r 


- X [ar (k’,k,Q) —81(k’,k,Q) }. 
Now 


vur(Q)2m(k’,Q)1(k’,Q) Les 
ee 
ied a 


v,2m(k’ ,Q)1( k’,.Q) Lik 


=~ — > m(k’,Q)(k',Q) Lin, 
a kr 


Vir — Ve 
and from Eq. (3.6b) 
Ye m(k’,Q)(k',Q) Lik 
= Deer ne (Maer tte 4 Qter4Q) V (kK) k"Q) 
x Lar (k’’,k,Q) —6,(k”’|k,Q) } 
= = Deer (ee +e glk”, Q) 
[er (k’”’,k,Q) — 81 (k’”,k,Q) J. 


Therefore 


h(Vour*(Q), Q-7(Q)Wy) 


QP pe VK 1(k’,Q) Levnvy 
an 


=v,(Q)> mk, O)] 50-4 
re Verve? WP — YK? 


=4(Q)E m(k’,Q) er (k’k,Q)+8,(k’k,Q)) 
= v.(Q)Mi(Q), 


*1 R. Brout, Phys. Rev. 108, 515 (1957). 





THEORY OF SUPERCONDUCTIVITY 


and 


h(W¥our*(Q), Q-7(Q)Wo) 
= v,(Q) (Voun(Q)*,p(Q)¥o), (3.1) 


and the wave functions are such that our results will be 
gauge invariant. 

Now that the matrix elements satisfy the equation of 
continuity, it is possible to approximate them in a 
consistent manner. We shall compute M,. In general the 
states k and k+Q are close to the Fermi surface, much 
closer than fw, the average spread in energy allowed by 
V (k,k’), which in turn is much less than the Fermi 
energy. This means that 4;(Q), B.(Q), Lin, Nix are 
all approximately independent of k and that the states 
k’, k’+Q in the integrals involving L and N will lie 
within an energy ww of the Fermi surface. As the 
interaction with a longitudinal field is being calculated, 
all these variables will be independent of angle, too. In 
this case the set of three integral equations reduces to a 
set of three linear algebraic equations which are 


2% 


M,.(Q)=m(k,Q) +E. m(k’,Q)®,, 
k’ Vier VE 
viLr 
+ >> m(k’,Q)1(k’,Q)———_,, 
Kk Vir — VE 
2%, 
1x(Q)=Vi(k,Q)+E VI(k’,Q) ex ——— 
k’ Veo VE 
ver Lx 


9 
Vig VR 


+> VP(k’,Q) 


Qvy 


> 


ee 


N,(Q) = Vn(k,Q)+. Vn(k’,Q)*,, 
i 


+ 3° Vn(k’,Q)/(k’,Q) 
Py 


9 
VEO VER 


Normally M;.(Q) is required to obtain the probability of 
absorption of a wave of energy v.(Q), for which 
hvyQ>», (e.g., acoustic wave). Since the formalism 
above applies only for absorption when the system is 
initially in the ground state, the condition »,>2¢€9 must 
hold. Therefore #v90>>2eo. In this case it is easy to show 
that to order (v;/hr90)? and (€o/hw)?, L, and N;, can be 
neglected. Then 


9 


9 
5 ilies VE 


m?(k’,Q) vy: 
i ') 


M,(Q)=m(k,Q) f (2 Vr(Q)d 


= (0) p(Q) | k, k+Q)ncx / 


_ (kK! Q) rx 
(2rOE peers +1), 
rv 


Ver — Ve 


To the same order of accuracy the denominator of this 
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expression can be replaced by its value in the normal 
state. This shows that to calculate the probability of 
absorption of the system at the absolute zero of temper- 
ature one can use the interaction term in the 
Hamiltonian, 


Hi= & Vo(Q)ree'® cx, .*cx-@, e+ complex conj., 
k.Q 


where, if we choose rg to be the external charge fluctua- 
tion screened as in the normal state, we need consider 
only the single-particle wave functions of BCS. In the 
next section we approach the problem from a slightly 
different point of view and see how to generalize this 
result so that it applies at all temperatures and takes 
into account the corrections to the screening from the 
superconducting transition. 


4. DIELECTRIC CONSTANT OF 
A SUPERCONDUCTOR 


The procedure developed by Noziéres and Pines” for 
the normal metal is adopted; a time-dependent longi- 
tudinal external field (unscreened) is allowed to act on 
the system and the polarization it induces is calculated 
and related to the complex dielectric constant. Let us 
suppose there is an oscillating test charge of wave vector 
Q and frequency 2 acting on the system. Its charge 
density is 


rg expl —i(Qi—Q-r) ]+c.c. 


The interaction of this test charge with the system adds 
the term H, to the Hamiltonian where 


= V n(Q)[o(— Q)r ge . iMtt cic. Jer. 


[In this section the contribution of the phonons to 
V n(Q) is neglected so that V p(Q) is just the Coulomb 
interaction. The term neglected is only of the order of 
the electron mass divided by the mass of an ion. ] The 
infinitesimally small quantity 7 is introduced to ensure 
that the test charge is switched on adiabatically; in the 
mathematics, 7 indicates which contour to choose for 
the integrals that arise. 

The interaction H, leads to extra terms in the equa- 
tions of motion so that these equations become 


CA yy e+ 0° e1* ]= ve(Q)e+.00*1K1* + V pm(k,Q) 

X Lo(Q) +r ge i8*"!-+-c.c. J+ 3n(k,Q) 
< B,(Q)—41(k,Q)A,(Q), (41a) 

—ve(Q)yi+erve0— V pm(k,Q) 

X [o(Q) +r ge '**"'+-¢.c. ]—}n(k,Q) 
x B.(Q) —31(k,Q)A.(Q),  (4.1b) 


LHyy: ' Qo*Yo | = (Mey eo Ex) t Qo*Y x0, 


[Hyy: } arv«o | = 


LHyy 1° k4 Ql |= (E.— Eneqyyvnr*Y e+ Ql: 


2% P. Noziéres and D. Pines, Nuovo cimento 9, 470 (1958). 
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As shown by Noziéres and Pines,” only the part of 
(p(Q)) that varies as exp(—i@t) is required. Then 
[e(Q,2)-'—1] is the ratio of this to rg exp(—i2t). Now 
the effect of the extra terms in the equations of motion is 
to change the normal coordinates by adding c-numbers, 
and since p(Q) is linear in the old normal coordinates it 
too is increased only by a c-number. The expectation 
value of p(Q) in the ground state will be just this c- 
number. Hence it is necessary to solve the equations of 
motion treating the operators as c-numbers, remember- 
ing that the commutators on the left-hand sides are to 
be replaced by time derivatives. Thus as it is necessary 
to treat only the part of the test charge that varies as 


e~ t+nt we find 


e(Q) => LV n(o(Q) +r ge 28+") (k,Q) 
k 
+3n(k,Q)B,(Q) Jm(k,Q) 


1 1 
a 
—hQ—in—v.(Q) —hQ—int+y,(Q) 
—} > 1(k,Q)A,(O)m(k,Q) 
k 


1 1 
x| +~—~—| 
—hQ-—in-—v, —hQ—int+y;, 
Bx(Q)=S LV n(o(Q) +r e~®*)m(k,Q) 
k 


+3n(k,Q) B,(Q) ]V (K,k)n(k,Q) 


1 1 
: a, 
—hQ-—in-—v»y, —hQ—int+y, 
—} ¥ 1(k,Q)A,(Q)V (K,k)n(k,Q) 
k 


1 1 
feos: 4 
—hQ-—in—vy, —hQ—int+y, 
Ax(Q)= —S LV n(o(Q)+ree-*)m(k,Q) 
k 


+4n(k,Q)B,(Q) l(k,Q) V (K,k) 


1 1 
, (rsenager orm 
—hQ—in-—vy, —hQ—int+y, 
+3 ¥. 1(k,Q)A,(Q)V (K,k)/(k,Q) 
k 


1 1 
x = | (4.2c) 
—hQ-in-—v, —hQ—int+y, 


From these three integral equations, p(Q) and hence the 
complex dielectric constant can be determined. It is not 
difficult to show that the imaginary part of the dielectric 
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constant leads to a result for the absorption which is in 
agreement with that calculated from the matrix ele- 
ments of the previous section. 

It is apparent from the structure of the equations of 
motion (4.1) that if one wishes to calculate the proba- 
bility of a transition caused by an external charge 
fluctuation p(Q)e~*®* (QKQ) one can take as the 
interaction term in the Hamiltonian 


H'=V p(p(Q)+r ee") p0p(—Q) 
+3 >, B.(Q)(b.-°+6.-2) ; 
—3 >, Ar(Q) (0-2-5), 


where p(Q), B,(Q), and A,(Q) are the solutions of 
Eqs. (4.2) and are c-numbers. p, B, and A are all 
proportional to rge~‘’* and the constants of propor- 
tionality need be determined once for all interactions. 
The result (4.3) has been proved only for transitions 
into and out of the ground state. We guess that it is 
correct for all transitions and that p(Q) is hardly altered 
by a change of temperature. For temperatures kT<eo, 
A(Q) and B(Q) will also be unchanged. For many 
problems A(Q) and B(Q) can be neglected; for these 
problems the interaction is H; even up to 7,. As an 
example of the use of Eq. (4.3), we shall show in Sec. V 
that the corrections to ultrasonic attenuation as calcu- 
lated by BCS are of order (u/v9), where u is the phase 
velocity of the sound wave. Notice that if the corrections 
are important then, because the terms involving A and 
B are not single-particle operators, the interaction 
cannot be described as a screened charge acting on each 
excitation. 

As a check on the formula for e(Q,Q) we shall investi- 
gate its behavior as 2— «. According to Noziéres and 
Pines” we should obtain 


(4.3) 


(4.4) 


€(0,2)—1— —w,?/Y 
If we write 
Ax(Q)=V v(Q)ax(Q)[p(Q)+r ae"), 
By(Q)= V v(Q)8.(Q)[o(Q) +r ge~*"], 
then 
—p(Q) 
p(Q)-+ree~i®* 


e—1= 


=—Von Dj} [2m(k,Q)+n(k,Q)8.(Q)] 


k 


m(k,Q)», 1(k,Q)m(k,Q)a.(Q)hO 
* i —— ee. SS _ a 


ho? — Vie hoe— ye id 
—(Vp/2*)> {[2m(k,Q)+n(k,Q)8..(Q) Jv: 
+1(k,Q)a(k,Q)hQ}m(k,Q). 


As Q—> « both # and a are proportional to Q-!, There- 
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fore 8 can be neglected and 
ax(Q)= (1/hO?)>> >. V(K,k)2m(k,Q)1(k,Q)Q 
= — (2/hQ) (Ix+I x+¢). 
Therefore 


e—1=—[Vp(Q)/W?2?]>. m(k,Q) 
X [2m(k,Q).(Q) — 27. +74 @)1(k,Q) J 


=[2V p(Q)/h?Q? JS. m(k,Q) p(k,Q) (€x+.0— ex) 
=[2V p(Q)/W?Q2 TD (412044 9g? — 04244) (€x4. Q— Ex) 
=[2V n(Q)/W?Q? JX. (v4.9? 7) (exra— €x) 

= —[4V0(Q)/W? TX 0,2(H?Q?/2m) 

= —[V p(Q)/22](Q?/m)N 


= — (w,?/0’). 


Had we neglected a@ we should have found that (e—1) 
behaves like Q-*. The proof of Eq. (4.4) is implicitly a 
proof of the sum rules 


Dx vx (Q)M.2(Q) = N#HO?/2m. 


Notice that as Q tends to zero the energy v;(Q) remains 
finite but the matrix element M;(Q) is proportional to 
Q. In the normal metal it is the matrix element that 
remains finite while the energy is proportional to Q?. 
One can see from this discussion that ¢(Q,Q) is signifi- 
cantly different from its value in the normal metal only 
if AL~NhwQS €o. 

Before leaving the subject of the dielectric constant 
we shall consider the connection of this work with the 
ideas of backflow.* An external charge fluctuation r ge~ ‘*! 
causes a charge fluctuation p(Q) in the superconducting 
system. Therefore there is a current flow given by the 
density 29Qp(Q)O~. If an external point charge moving 
with velocity V interacts with the system the external 
charge density is 


5(r—V?) = ya Q expLiQ . (r— Vi) |, 
and the induced current flow is 


i(r) => e(Q-V)Qp(Q)O exp[1Q - (r— V2) ]/rq exp(— i220) 


(4.5) 


1 
-£(0-Y0(———— 
2 ) e(Q,Q-V) 


=—-V(V-¥)> e(1/e—1)0~? exp[1Q- (r— V4) ]. 


=| Je expliQ: (r—V2) ] 


When Q—0, ¢€(Q,Q-V)"'-— 0. Therefore, at large 
distances from the moving charge the flow is just that 
due to a dipole of strength® (—V/4z) as it is in the 
normal metal. If V&vo or V>>v, the flow everywhere is 


*3 This backflow is analogous to the backflow around a foreign 
atom in liquid helium. The strength is the same, see R. P. Feynman 
and M. Cohen, Phys. Rev. 102, 1189 (1956). 


OF SUPERCONDUCTIVITY 


803 


as in the normal metal. However, if V~v» then the flow 
in the superconductor is different from that in the 
normal metal at distances less than the coherence 
distance from the external charge. 


5. ULTRASONIC ABSORPTION 


The interaction (4.3) will be used to show that the 
correction to the ultrasonic absorption calculated by 
BCS is (at least at the lowest temperatures) of order 
(u/v9)*, where u is the velocity of sound in the metal. 
Near absolute zero, kT <eo(T), AQKhyOQKey for the 
acoustic waves of interest. If the integrands of Eqs. (4.2) 
are expanded in powers of (Q/vQ) and (fvpQ/eo), it is 
found that 


A=- (40 Mf 7) V pL re *+-p(Q) Jeo2(heeQ)* 
=agV pL ree '®'+p(Q) ]=aeV nree iMte-1 


ie $V pLree “#2t+ 9(Q) JhooQ ‘€0 
=BaV pL ree '*'+p(Q) ]=BeV pre i**e". 


The correction to p(Q) is of order (Q/hvQ)? and 
(hveQ/eo)?. As only the order of magnitude of the 
correction is being estimated, these corrections to p(Q) 
can be ignored. (BCS have already ignored corrections 
of this order of magnitude.) Hence, the absorption is 
proportional to 


fora Ex.— Exy ethQe)( fis e— fx) {Ln(k,Q)+B8qm(k,Q) 
+aep(k,Q) }?+[2(k,Q)+8 em(k,Q) —agp(k,Q) }*} 


= 2fae 6(E.- FE, } athQe) (fics o— fi) 


& 4e(hvQ) 16/hwQ\? 5 Qe 
x| ft emo ( )+ “| 
rs? 25\ E 4 (hoQ)? FE 
The first term in the curly brackets gives the result of 
BCS. The corrections are evidently no bigger than terms 
already neglected. Since the term involving p(Q) is the 
only important one, this result will be valid for tempera- 
tures up to T.. 


6. MEISSNER EFFECT 


We shall calculate the current within the supercon- 
ductor due to an external static magnetic field. The 
connection between this current and the existence of a 
Meissner effect and the calculation of the penetration 
depth has been discussed sufficiently elsewhere™ for it 
to be omitted here. If the static magnetic field is 
described by the vector potential a(Q) exp(iQ-r), the 
extra perturbing term in the Hamiltonian is 4, given 

J. Bardeen, Handbuch der Physik (Springer-Verlag, Berlin, 


1956), Vol. 19. This review article contains further references on 
this topic. 
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by 
Hy, =—a@a ar a(Q)- (2k+Q) (p,¢ - pi.”)* 


= —a dx a(Q)- (2k+Q)(1(K,Q) (Ve4 e0*¥20— Ver *V e401) 
— p(k,Q) (v4.00 ¥11* —Ve+ervi0)]*, (6.1) 


a=eh/2mce. 


A straightforward way of calculating the paramagnetic 
part of the current to first order in a(Q) would be to use 
first-order perturbation theory and obtain 


ayy (0 Jnorlmkn| Hl0) 


jp(Q) 


ct, 


» “0 un 


where the states |) are the states u*|0) of Sec. III. To 
obtain the result explicitly (i.e., without invoking sum 
rules) it would be necessary to obtain all the solutions 
u*. In order to avoid the excessive computation involved 
we use the following quicker method which involves no 
extra assumptions. 

The equations of motion when H, is added to the 
Hamiltonian are 


LA ye+00*7u1* ] 
= vi(Q) 7: 4.Q0*ve1*+ V v(Q)p(Q)m(k,Q) 
+}n(k,Q) B.(Q) —31(k,Q) A x(Q) 
+ap(k,Q)a(Q)-(2k+Q),  (6.2a) 
LA ver erveo] 
— Vk (Q)ye+-@17K0— V v(Q)p(Q)m(k,Q) 
—}n(k,Q)B,(Q) —31(k,Q) A. (Q) 
+ap(k,Q)a(Q)-(2k+Q). 
[These and the following equations still apply if the 
Coulomb term is omitted. We then have to omit the 
Coulomb contributions to Vp(Q) and V (k’,k).] As in 
Sec. IV, we look only for the steady-state solution of 
these equations. Because the external field is static the 
left-hand side of the equations is zero. Subtracting the 
two equations, one quickly finds 


p(Q)=B.(Q)=0. 


From the sum of the two equations 


(6.2b) 


- v.(Q) (Yes Q0 VK — Ves ar Ko) 
= —1(k,Q)A,(Q)+2ap(k,Q)a- (2k+Q). 


It follows from this equation and the definition of A «(Q), 
Ax(Q) a —>: V (K,k)/(k,Q) (y, } gon * —Ve-QrY Ko); 
that 


Ax(Q)=— Xi V(K,k)[1(k,Q) 4 .(Q) 


—2ap(k,Q)a- (2k+Q) ]y,.-1(k,Q). (6.3) 


The paramagnetic part of the current density j(Q) is 


given by 


(2m/eh)j »(Q) 
=D(2k+Q) (04% — pe’) 
=).(2k+Q)[—1(k,Q)A.(Q) 
+2ap(k,Q)a- (2k+-Q) ]p(k,Q) yi. 7. 
The second term on the right is the one that is calculated 
from the BCS wave functions alone. As the result is 
linear in a(Q), one can calculate the effects of longi- 


tudinal and transverse fields separately. This we proceed 
to do. 


(6.4) 


(1) Longitudinal Field 


As pointed out in the Introduction, a longitudinal 
static vector potential cannot give rise to any current. 
It will now be shown that the effect of including the 
collective term A,(Q) is to ensure that this result is 
satisfied. If a(Q) is a longitudinal potential, one can 
write 


a(Q)=Q(#?/2m)9g(Q). 
Then the solution of the integral equation for 4, (Q) is 
A,(Q)=2(Iit+Tis q)ad(Q). (6.5) 


This can be checked directly. If the formula (6.5) is 
substituted into the right-hand side of Eq. (6.3), that 
side becomes [ when Eq. (3.7) is used } 


—2ag F ¢ V (Kk) [1(k,O) (Tet+Tu10) 
— (€x4.q— €x) p(k,Q) (k,Q)y.7 
= —2agd Le V(K,k)m(k,Q)/(k,Q) 
=2ad(Ik+Ix+@) 
=Ax(Q). 


Therefore the two sides of Eq. (6.3) are equal. If one 
substitutes for A,(Q) in the current density it is found 
that 


(2m/eh)j »(Q) = + 2a >. (2K+Q)[(€x4.Q—€x) p(k,Q) 
peri (Tetley @)l(k,Q) |p(k,Q)y.- 


= —2ap Y.(2k+-Q)m(k,Q) p(k,Q) 
= — Jad +. (2K4+Q) (my2045 g?— 042 n4 Q?) 
= —2ag  (2k+Q) (0,5.¢?—047) 
=2ag2 + (2k+Q)o,2 
=2apgQN 
= (4m/h*)aN a(Q), 
jp(Q) = (ne?/me)a(Q). 


Hence the paramagnetic current density just cancels the 
diamagnetic current density, the total longitudinal 
current being zero. 
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(2) Transverse Field 


If ais transverse and V(K,k) is independent of angle, 
then 


a: doe V(K,k) (2k+Q)/(k,Q)p(k,Q) y+ 


is zero because the sum must be proportional to Q, and 
a-Q=0. In this case A;,(Q) is zero and there are no 
corrections to the result of BCS. In general, however, 
V(K,k) is a function of angle and there will be a 
contribution from the transverse excitations. In the 
London limit, Q—> 0, £(k,Q)—> 0 and as there is no 
singularity in the solution one finds no contribution to 
jp in the limit. Thus the London equation is obtained as 
Q — 0. We have tried to estimate the order of magnitude 
of the correction in the Pippard limit, Q&>1, by 
treating a specific example. The dependence of V on | k| 
and |K| is not important provided we cut off the 
integrals appropriately. Because the phonon interaction 
tends to zero as the angle, 6, between k and K tends to 
zero we have chosen a V(K,k) that possesses this 
property. The simplest potential that gives a nonzero 
contribution is 


V (K,k)= —3V (1—cos6)?. (6.6) 


Then 


—(V(K,k))w=V 


is the same parameter as used by BCS. With this form 
for V(K,k), it is found that 
Lie V(K,k)a- (2k+Q)“p(k,Q)/(k,Q) 
= —3V >. (a-2k)(1—cos6)*veo(e—e’) /2EE’, 
= €k+Q- 


If the x axis is chosen along Q and the z axis along a, the 
sum is (neglecting terms of order Q/ko) 
3Va kK, k.K, 
{ — ~— OK th K)| 
2 & kK WR? , 
eoh*k 0 ,/m 


FiEwq(E+E!) 


If we substitute (—k,—Q,) for k, we find that the 
integrand, apart from the term in square brackets, is an 
odd function of k, (to order 0/ko). Hence the sum is 
3VaK.K, h? _ kvk? €0 
ee QO ~— = 
2K ms #F E, acne 
3 (K — he) 


3 V(a- KQ K) _ 
“ky f de 


2 KY 20 k 
"du €0 ('—«) 


(a-K)(Q- K) 
=3N(0 O)V ie ke 
xf —p(1—p2)— 
ba 2 EEE 4h ) 
K)(Q-K) 


K*Q 
(a- 
= $N (0) V ko 4 kee J(Q) 
Kx) 


co(e' —e) 


” (E+E!) 


(say). 
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This result suggests that we try 


(a-K)(Q-K) _ 
Ax(Q)=———A(). 


In that case 


De V(Kyk) Ax (Q)1(k,Q)?».(Q)-! 


A k- Ky? 
--1v4@z(1-—) 
k kK 
(a-k)(Q-k) 1 
x ° (: 


2 


ec + €0" 
+ )n(y" 
EE’ 


2k: 2K kK, ee’ +e" 
-WAQE— “aoi(1+" Jno 
kk? EE' 


(a-K)(Q-K) 


= —3N(0)VA(Q) 


hw du w?(1—p?) 1 ec + €? 
of af SEAM) 
E +E ros EE’ 
After some calculation it is found that if tv9Q<hw and 


eof), the sum is 


— (3/20)N (0)VA x (Q) In(2hw/hoQ) 
~— (3/20)Ax(Q)[1—N(O)V In(hrQ/ eo) J. 


Then the equation for 4;(Q) is 


3 3 | 
|: f+ N(O)V In(hvQ o) AK 
10 20 


K) (Q-K) 


(a: 
= §aN (0) Vko— —J(Q). 


As we are only estimating the order of magnitude of the 
correction, we shall keep only the first term of the 
square brackets. Hence 


A(Q) V(0)VkoJ (Q). 


= 3 (a/q): 


The correction to the current density is given by 


2m : 
— )j.(0)=—— -N(0)VkoJ (Q) 
eh 4 q 


a €y(€ —¢’) aQk -k. 
x>d ie " 
k EE(E+E) FP 


=faN (0)°VkoJ (Q)a 


' du 
x facf p( 
ge 


= gaaN (0)°V RiP (Q)?. 


ey(e —€) 


H) 
2EK( E+E’) 
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J(Q) has been evaluated and is 


16€9 ; : 
— [In (hveQ/€o) — $ ]. 
Sho 


Therefore, the total transverse current density is 


—3¢ 16 
ji(Q)= i- In(wQ&o) 
160 Ed 1?(0) mE 
8N(O)V 
— [In(rQ&o) — $ pa, (Q). 
3rOEo 
The first two terms are those given by BCS while the 
third is the new correction. As the formula is valid only 
for V&)>1, it is reasonable to test the correction using 
mE y= 10. If we also choose V (0) V =0.3, the ratio of the 
third term to the second is 0.02, which suggests that the 
correction is small. It is possible to choose a potential 
that makes the correction large by making the potential 
vary considerably with angle and change sign. For 
example, if one chooses 


V (Kk) = V;— 3 V2(1—cos@)?, 


the correction is enhanced by the factor V2/(Vi—V2) 
which can be made as large as one pleases by making 
(V,—V2) sufficiently small. But, although V(K,k) may 
oscillate widely over small angles because of the con- 
tribution of the umklapp processes, we expect that on 
the average it will not vary widely enough over 180° to 
make the correction large. As the correction is sensitive 
to the dependence of the potential on angle the argu- 
ment is not conclusive. 

One can see the connection with the work of Pines and 
Schrieffer* in the following way. The operator which 
creates a plasmon is 


By *(Q)=S .La(k,Q)yi4 o1*yx0*—B(k,Q)y: +Q0Yk1], 


Vi—V2<0, 


where 


a(k,Q) = [,+ 41(k,Q)L,. | (hapi— ve), 
8(k,Q)=- [, —31(k,Q)L; | ‘(hepit ve), 


and w,) is the plasma frequency. ®, and L; satisfy Eqs. 
(3.6) without the inhomogeneous terms and with »,- 
replaced by tw,1. Hence 


Byi*(Q) — ppl —Q) > .La(k,Q)+8(k,Q) | 
XL: } Q1*YK0* — V+ Q0Y EA | 


If terms of second order in the electron-plasmon 
coupling constant are neglected, 


a(k,Q)+8(k,Q) 
= [ 2,v, + hel (k,Q) Li \(hwp)? 


2M,,.V v(Q)imr, _ (I, +], r gl (k,Q) |(hw,1)-? 
as —2M iV v(Q) (ex e— &) P(k,Q) (hep) 2 
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Hence 
Mpi*(Q) —ppi(—Q) 


2M,iV v(Q) 
aE aims —— > (€e-— €) (Yet 01 ¥K0*— Ve+-Q07k1)5 
(hap)? ke 


which is proportional to jp(Q). M,1 has to be chosen so 
that the creation operators are properly normalized. 
Then the analysis follows that of Pines and Schrieffer. 

Note added in proof —Since this paper was submitted 
a number of papers and preprints have appeared on 
the theory of the Meissner effect. The reader is referred 
to K. Yosida [Prog. Theoret. Phys. (Kyoto) 21, 731 
(1959) ], Blatt, Matsubara, and May [Prog. Theoret. 
Phys. (Kyoto) 21, 745 (1959)], N. N. Bogoliubov 
(preprint) and Y. Nambu (preprint). 
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APPENDIX A 


In this Appendix, Anderson’s linear equations of 
motion are derived and the screening of the exchange 
terms justified. It is apparent from a comparison of the 
treatments of Nakajima® and of Bardeen and Pines® of 
the electron-phonon interaction, that in order to obtain 
the interaction properly screened it is necessary to 
separate out the plasma degrees of freedom. Accord- 
ingly, let us try to separate out these degrees of freedom. 
We will suppose at first that the operators ue* which 


create plasma oscillations of wave vector Q in the 


superconductor are known. For these modes the RPA 
is certainly a good approximation; one can write 


uo*=DeLa(k,Q)p.°+8(k,Q)A.° 

+7(k,Q)b.°+¢(k,Q)b,%). 
Ultimately the coefficients a, B, y, @ will have to be 
determined. 


The “intrinsic” Hamiltonian, Hint, is introduced by 


Him=H- > 


Q < Qm ax 


hogue*ne; 


Hin, is a function of operators ux(Q) and yu, (Q)* which 
commute with wg and ywe* and which destroy and create 
states in which a pair of particles are excited. We can 
find these operators from the equations of motion 
derived from H,;. Let us consider just one of these 





THEORY 


equations, the one for px®. One finds 


CH int,px® | 
=(H—-D hogue*He’, px® | 
=(H,px?]—Le hogue*Leo px? 
—Le hwelne* ex? uo 


=([H px? ]—De hwene* Ve {alk’,Q’) 
X Cows *catSear ere cCerar *ce+Q°tde, & ] 
—y(k’,Q’) [cir er*e_n—ars *5x, x] +(k’,Q’) 
X[e_vscerderrer cre l}— Le hwe Ve{a(k’,Q’) 
X Lew gers *cutbe:, rp q— Ch+or *CetOe4Q’, x] 
ty (k’,Q’)\c_ nq rcnrde, ere 
—(k’,Q’) cry gr *c_ ns *bu-407,« Jue’ 
=H px? ]—De hog na *{a(k+Q—Q’, Q’) 
X Cenp eet *cxt —a(K,Q’)ciy ot *crre't 
—7(k,Q’)cx+ et *c_-x-ars* 
+$(k+Q—Q’, Q')c_i_ararscet} 
—Ye hwe{a(k+Q, Ocraret* cut 
—a(k—Q’, QO’ )cn ar *cxet 
+y(k+Q, Q’)c_i—e-ascet 
—o(k—Q’, O’)cnp er *c_np ars *}ug. 
To linearize this equation, products of pairs are replaced 
by their expectation values in the ground state. The 
first term when linearized looks just like the right-hand 
side of Eq. (3.1a) but the potential appearing in it is 
unscreened. This term will be written as [H,px® Jr. 
Then (omitting the exchange terms to save space) 
CHintpx® | 
=[H px? ]itDe hwet{—He* ne px?) 
+(Lue*,ox?])Hq—B(k',Q’)a(k+Q—Q’, Q’) 
X [bn x, 4 @-Q’C—k'—Q'4Ckt 
— cop * cry q_a’t 0x4", or J+B(k’,Q’)a(k,Q’) 


X [dnb xe, e+ QC—e— 974 Ce+ Qt — Derg Qc eatery ot *5x, x | 
—a(k+Q, Q’)8( kK’ QO) [0 — ber arcerc_n bere, & 

+ bicep erat *c—0'—@'4 "5x, x ]+a(k—Q’, Q’)B(k’,Q’) 
XK [dir Qbk+0, e74+ Q'Ck—Q' CK 


+b;_@/6; Qh CK+Qt*C k’ 


q’4* |+terms in y and 6, 
where ([uq,px®]) is the expectation value of the 
commutator in the ground state, 1.e., 
(Tue px? })=6e, a{a(k,Q’)[1.—meyQ] 

—7(kK,Q’)bip gt o(k,Q')dx}, 


and 


(ue*,px®])=50,-e{a(k+Q, Q’) (mi—mi+@) 
+7(k+Q, Q’)b.—o(k+Q, Q’)bi4 qa}. 
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One now has a set of equations (not all independent) 
from which to determine the single-particle excitations. 
Since the coefficients a, 8, y, and @ are also unknown, 
these equations together with 


[Hintue* |= [Hint me | =) 


determine these coefficients and also the cutoff on Q’. 
The equations are not linear in the coefficients. 

In order to see the connection with the Eqs. (3.1) we 
first make what appears to be a reasonable approxima- 
tion and replace a, 6, y, @ by the values we should 
obtain in the normal state (neglecting second-order 
terms in the electron-plasmon coupling constant), that 
is, we take 


vy=¢o=0, B(k,Q)=a(k,Q)=[V(Q)/2hwe |}, 


where V(Q) is the sum of the Coulomb and phonon 
interactions. V(Q) is unscreened, the phonon part 
corresponds to the interaction obtained by Nakajima, 
not that of Bardeen and Pines. This approximation can 
be made the first step of a self-consistent calculation. It 
follows that 


[A ints? ] 
=[H,pr?]t—Lie V(Q’) 
X [be o—q-dn 2+ bn bi_e:?— diy eds g ?— buy g’b.? | 
—hwe{wa*(Lue,pr® |) +(La_o* pe? ua} 


=(H,pi?]s—hwe{ue*(Lue,px® ]) 
+([u_9*,px })u_o}, 


where [H,px® ]4 stands symbolically for the commutator 
written down by Anderson. This equation and the 
corresponding equations for f, 6, and 6 are together 
equivalent to those of Anderson. This can be seen in the 
following way. The equations for the coefficients 
a(k,Q), 8, y, and ¢ are found from the equation for we". 
From Eqs. (A2) and the corresponding equations for 
b, b, and # one obtains 


(Hintmo* ]=LHme* Ja—hwe{ug*(Luaue™ ]) 
+(Lu-0* mo*] wa}: 


(Al) 


(A2) 


Since we* commutes with Hint, 
LH ua* |a=hogque™, 


which is the equation one obtains from Anderson. For 
the single-particle excitations, u,.*(Q), one finds in the 
same way 


[Hme*(Q) Ja=CHintme*(Q) =A ue*(Q)], 


since u.*(Q) commutes with we and pe*. This proves 
that Eqs. (A2) are equivalent to Eqs. (3.1). The reason 
the terms that lead to the superconducting transition 
appear screened is that as far as these terms are con- 
cerned Hint is 


H- SY hwque*se~H- > 


Q'’<Qmax Q’<Qmax 


V(Q’)p_apq’- 
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In this Hamiltonian the two-body interaction is screened. 
For the same reason, had the exchange terms been kept 
we should have found that these, too, are screened. 

It would seem possible to generalize the equations by 
supposing all the operators 4;* to be known linear 
combinations of px®, px°, b.%, and 6,2. Then one would 
obtain a set of nonlinear integral equations for the 
coeficients by making the equations 

[H— ) 3 ho jp j*p5, u* |= hw p,* 


jFi 


linear in the operators. Of course, Eqs. (A1) would only 
be a first approximation to the plasmon operators. 


APPENDIX B 
In this appendix it will be shown that the operators, 
ux* defined by Eqs. (3.4) and (3.5) form an orthonormal 
set. The plan is to show that the operators X,*(Q), 
defined by 
X.*(Q)=Lie-[Lar* (kk, Q)y 0-4. 01* 72-0" 

—By*(k' k,Q)ye-4 Qove'1], 
form an orthonormal set. It then will follow that the 
coefficients of X,,*(Q) in the expansions of yi;¢1*yx0* 
and Ye-ecyei in terms of the X’s are, respectively, 
a; (k,k’,Q) and 8,(k,k’,Q). By direct substitution it can 
be seen that X,*(Q) satisfies the equations of motion 
with eigenvalue v,(Q). Hence X;(Q) can be identified 
with u,.(Q) and the result will be proved. Now 


[Xx-(Q),Xe(Q)*] 
=> ,far(k,k” ,Q)a,(k,k’,Q)*—8,(k,k”,Q)8,(k,k’,Q)*] 
Sure * + H(R",O) Lee 
iota 
VE! — Ver —1€ 
Dy FHM(K" Q) Liv 
Bo cicncnainnentinemeetanseste 
Ver — Verte 
(Dye *+31(K,Q) Like *) (Pie +31(K,Q) Lin) 
(V4. — vq — 1) (VE— Ver + i€) 
(Bix * — 31(K,Q) Lice*) (Pax — 3U(K,Q) Lick’) 
k (vet vn) (Vet VE’) 
1 


—_ beret 80K" O) Lara 


= |New 
Vir — Ver — 1 
[Prue *+31(k,Q) Lic: * Pee +3U(K,Q) Line] 
ivi 
*—31(K,Q) Lice * Pee — 31K, Q) Line 

eens (n-t ow) . yi 





+{k’ <> k’}* 


RICKAYZEN 


1 
{ar + [Byrne * + 51( kK" Q)Larne™ 
Ver — Ver — 1 


1 1 
~E tf aer(- Bie abit ) 
k Ve—Ver tie VERVE? 


1 1 
+410, 0)Lau*( -—— +- -)] 
Ve—Ver tte Vet VE 


<< 1k 0) Lav] Pac 


1 1 
a 
Ve—Ver tie very: 


1 1 
riteyraee(——-__] 
Ve—Vertie verve 


+{k’o k’}* 


1 
= {48x [ern + UK", Q) Lere® 


eee 
Ye byy Lor (k,k’,Q)* +8; (k,k/,Q)*— Sa] 
—. M(k,Q) Lixe-Lar(k,k’,Q)* 

— i(k k’,Q)*— 8.x} +{k! Ok’). 


Now 
Le 31(k,Q) LixeLan(k,k’,Q) *—8,(k,k’,Q)*] 
= > W(k,Q)V(k,k’”)I(k’”,Q) 


k ke"! 
X Lei (k’”’k’”,Q) — 8, (k'”".k’”,Q) | 
X Lei (k,k’,Q)*—8,(k,k’,Q)*]. 
This remains unchanged when k’ and k” are inter- 
changed and the complex conjugate is taken [V(k,k’) 
= V (k’,k)*]. Hence this sum disappears from the final 
result. Similarly, the term 


de Pex Lar(k,k’,Q)*+-8;(k,k’,Q) * 
does not contribute. Hence 


LXy-(Q),Xe-(Q)*] 


a ne Ce Ty a 


| Ver — Verr — 1€ 
Lb pie +EU(K'Q) Line] +{k’ — ky *=5 py, 


as was to be proved. 
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The one-dimensional Schrédinger equation with a periodic and symmetric potential is considered, under 
the assumption that the energy bands do not intersect. The Bloch waves, ¢n,%, and energy bands, En, x, 
are studied as functions of the complex variable, k. In the complex plane, they are branches of multivalued 
analytic and periodic functions, gx, and Ex, with branch points, k’, off the real axis. A simple procedure 
is described for locating the branch points. Application is made to the power series and Fourier series 
developments of these functions. The analyticity and periodicity of ¢n,% has some consequences for the 
form of the Wannier functions. In particular, it is shown that for each band there exists one and only one 
Wannier function which is real, symmetric or antisymmetric under an appropriate reflection, and falling 
off exponentially with distance. The rate of falloff is determined by the distance of the branch points k’ 


from the real axis. 


INTRODUCTION 
1 


HE motion of an electron in a crystal lattice is 
governed by a Schrédinger equation with a 
periodic potential. In one dimension we may write it as 


[—d?/dx?+V (x) (x)= AY (x), (1.1) 
where 
V (x+b)= V(x). (1.2) 
In the present paper, we assume further that V(«) is 
symmetric, 
V(—x)=V (x). (1.3) 


The nature of the solutions of (1.1) for real values of 
F has been described in a definitive paper by Kramers.! 
For certain so-called allowed ranges of /, (1.1) has 
solutions of the form 


(1.4) 


On k(X)=tne(xe*?, n=0, 1,2, --- 


where ,,«(x) has the same periodicity as V(x) and k 
is real. These are the well-known Bloch waves. The 
corresponding eigenvalues of (1.1) are the so-called 
energy bands, 


E=fyy, #=OH. 2, +2. (35) 
The allowed ranges of E are separated by forbidden 
ranges in which the solutions of (1.1) have the form 
(1.4), but with & purely imaginary. These solutions 
are seen therefore to have an exponential behavior. 
The present paper is restricted to cases in which all 
allowed bands are separated by forbidden bands of 
finite width.’ 

In some connections, the question of the behavior 
of gn. and Fx, regarded as functions of the complex 
variable 


k=g+th, (1.6) 


* A preliminary note was published by W. Kohn and S. Michael- 
son, Proc. Phys. Soc. (London) 72, 301 (1958). 

1H, A. Kramers, Physica 2, 483 (1935). 

2 The limiting case of completely free electrons is thereby 
excluded. 


arises. Examples of such cases are the expansion of Ey, 
and ¢,,x in powers of k,? and the theory of the motion 
of Bloch electrons in a magnetic field.‘ 

The properties of /,,, and ¢,,,, regarded as analytic 
functions of k, are discussed in Secs. 3 and 4 of the 
present paper. One finds that the usual energy bands, 
Ey,9, are the traces on the g—Re(£) plane of a multi- 
valued analytic function, /;. The latter can be repre- 
sented on a Riemann surface with an infinite sequence 
of sheets, S,. Each sheet, S,, is connected to S,_; and 
Snyi at a series of branch points of order 1° which lie 
off the real axis. Thus by going into the complex k-plane, 
one can pass continuously from one energy band to 
another. (See Fig. 4.) A similar, but slightly more 
complex, situation is found in the case of ¢p,x. One 
useful result is that the phase of ¢,,, can be so chosen 
that it is a periodic function of g, with period 27/6 and, 
if continued into the complex k-plane, is analytic in a 
strip of finite width 2h,, enclosing the real axis. 

The analytic properties of ¢,,, have some interesting 
consequencies concerning the properties of the Wannier 


function 
b } r/b 
ada (, yf On, g(x)dg. 
Qi w/b 


These are discussed in detail in Secs. 5-9. Here we 
mention only the following results. For each energy 
band, n, there exists one and only one Wannier function 
with all of the following properties: 1. It is real. 2. It 
is symmetric or antisymmetric about either +=0 or 
x=6/2. 3. It falls off exponentially as 


(1.7) 


a,(«)~exp(—h,x), (1.8) 
where A, is the half-width of the strip of analyticity of 
¢n,k- The magnitude of h, is determined by a simple 
procedure. No other choice of phase leads to an expo- 
nential decrease more rapid than (1.8). On the other 


* J. Bardeen, J. Chem. Phys. 6, 1367 (1938). 

'W. Kohn, Proc. Phys. Soc. (London) 72, 1147 (1958). 

’ The order of a branch point is defined as y—1, where v is the 
number of different values the function can assume in its vicinity. 
Thus near a branch point of order 1 the function is double-valued. 
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hand, many choices of phase lead to a less rapid de- 
crease. 

While the results of this paper are obtained under 
fairly restrictive conditions, such as the symmetry of 
V(x) and no intersection of energy bands, it is clear 
that some of them will continue to hold when one or 
the other of these conditions is relaxed. Many of our 
results may also be expected to carry over to the case 
of three dimensions. 


I. BLOCH WAVES AND ENERGY BANDS 
2. Preliminaries 
We consider the Schrodinger equation 
—d*y/de2+V(x)y= Ey, 


where V(x) is periodic with period 6, symmetric about 
x=0, and sectionally continuous. We denote by ¥(x,£) 
and yW2(x,£) the two independent solutions of (2.1) 
which are defined by the initial conditions 


¥(0,E)=1, 
¥2(0,E)=0, 


(2:1) 


¥1' (0,£)=0, (2.2) 


y.'(0,E)=1. (2.3) 


It is then well known® that ¥i(x,£) and yWo2(x,E) are 
entire functions of the complex variable £, for all x. 
We look for solutions of (2.1) which are multiplied 
by a constant factor \ when x is replaced by x+8, 
¥(x+b)=dy(x). This is equivalent to requiring that 


y(b)=dyV (0), 
vy’ (b)=dy’(0). 


(2.5) 


(2.6) 
We can write 


Y=ayit By», (2.7) 


substitute into (2.5) and (2.6), and eliminate a and £. 
This gives the well-known result! 


MW— 2u(£)A+1=0, 8) 








Fic. 1. Schematic plot of the function u(/). The allowed energy 
ranges n=0, 1, 2, --- correspond to |u| <1 and are separated by 
forbidden ranges with |y! >1. 


6 See, for example, E. C. Titschmarch, Eiquenfunction Expan- 
sions Associated with Second Order Differential Equations (The 
Clarendon Press, Oxford, 1946), Chap. 1. 
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where 

u(E) =3[y1(b,E) +2’ (0,£) J. (2.9) 
In our case of a symmetric potential we can also, 
instead of (2.7), take ¥i(”) and ¥;(b—~x) as fundamental 
system, which gives again a result of the form (2.8) with 


u(E)=y1(0,E).? (2.10) 


This expression is a little simpler to use than (2.9). 
We see that w(£) is an entire function of E. 
We can write \ in the form 


A= eikd, (2.11) 


where, by (2.8), & is determined as a function of E by 
the equation 

coskb= (EF). (2.12) 
If & is real, it is called the wave number, and the 
corresponding function ¥ is a Bloch wave of the form 
(1.4). 

The properties of u(/), considered as a function of 
the real variable /, have been established by Kramers.! 
For the case where no two allowed energy bands 
intersect, a schematic plot is shown in Fig. 1. The 
following properties are relevant for our purposes 


(2.13) 
(2.14) 


jim p(hE)=+~; 


im [u (2) —cos( Eb) ]=0; 


du/dE=0 at E=E,, n=0,1,2,--- (2.15) 


where, if no two allowed energy regions touch—the 
case considered here 


(2.16) 
(2.17) 


L2m =p(Eom) —— i. 
M2m+1 =pu(Eomy1)>+1, 


(n+1)r\? 
lim & ( — ) |-o. 
n~-s b 


The zeros FE, of du/dE are simple. 

We shall now show that the real zeros EF, of the 
entire function (du/dE) are its only zeros. We begin 
by writing 


(2.18) 


E=%, (2.19) 
and 
k=o-+17, (2.20) 
and look for the zeros of 


du/dx=2«(du/dF). (2.21) 


Now as F or x— &, it can be shown® that 
¥1(0,E) =cosxb+O(e!™!*/| «| ), (2.22) 
7T am indebted to Mr. L. Glasser for bringing this result to 


my attention. See also, E. Kamke, Differentialgleichungen 
(Akademische Verlagsgesellschaft, Leipzig, 1943), Vol. I, Art. 2.22. 
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K_- plane 




















Fic. 2. Contour used to establish the reality 
of the roots of du/dE. 


and similarly 


avi(b,E)/dx= —b sinkb+O(el"!®/|«|). (2.23) 


These equations are simply a quantitative expression 
of the fact that for large E (real or complex), ¥1(x,£) 
~cos(E}x). Because of Eq. (2.10), Eq. (2.23) implies 
that for large x 


du/dx= —b sinxb+O(el*!®/|«|). (2.24) 


For perfectly free electrons we have, of course, 


dp /dx= —b sinkd. (2.25) 


We now define the function 


du/dk dp/dk 
F(«)=——_—__ = ——_—__. (2.26) 
dp /dk —bsinkb 
This is a single-valued analytic function of x with zeros 
at the zeros of du/dx and poles at the zeros of sinkd, 
1.e., at 
k= ja/b, j=0,+1,::-. (2.27) 
Now consider F(x) on the square contour Cy of side 
(N+3)x/b shown in Fig. 2. As Vo, x on Cy 
approaches ©. Furthermore, the contours Cy avoid 
the zeros (2.27) of the denominator of F(x). Hence, in 
view of (2.24) one sees easily that as.V — «, F(x) 1 
for all points on Cy. It follows that for sufficiently 


large NV, 
d 
g F InF (x) Jis=o, N2No. 
CnLdk 


Now by a well-known theorem of analysis 


1 d 
~ 7 InP) fe Zy—Prs (2.29) 
2mi J CnLdk 


where Zy and Py are the number of zeros and poles, 


(2.28) 
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respectively, of F(x) inside Cy. Further we know from 


(2.26) and (2.27) that Py=2N-+1. Hence 
Zv=2N+1, N>No. 


But in view of (2.18) and (2.21), the real zeros of du/dE 
and the zero contributed by the factor « in (2.21) total 
exactly 2V-+1. Hence, du/dE can have no other zeros. 


(2.30) 


3. The Energy Function 


The connection between FE and k (real or complex) 
is given by Eq. (2.12), 


coskb=u(F), (3.1) 


where the function u(#) is defined by Eq. (2.9) or 
(2.10) and is a single valued, entire function of E. 
Equation (3.1) shows at once that 


Ky.= Et, (3.2) 


and 
Expor/b= Ex. (3.3) 
Further, since u(/) is real for real 2, we have 
u(E*)=[p(E) |. 


Hence, on taking the complex conjugate of (3.1), one 
finds 


(3.4) 


Ey*t= (E,)*. (3.5) 


To obtain further insight into the analytic structure of 
Fy, let us for a moment consider the function E(w), 
the inverse of the entire function p(/). E(u) is an 
analytic function of uw except where du/dE=0. In the 
vicinity of such a point, we have 


b=untan,(E—E,)?+:-- 


where a, does not vanish. Hence 


(3.6) 


1 
E=E,+ -(u— pn)? (3.7) 


Ay? 


Thus each extremum yu, of the w(£)-plot in Fig. 1 
represents a branch point of order 1° of the function 
E(u) (see Fig. 3). Since du/dE has no other zeros, these 
are the only singularities of (u) in the finite u-plane. 
If we start on the real pw axis at w=+ ©, with a real 
value of /, proceed to the left to wo, around yo to 1, 
around yp; to pe, etc., as indicated on Fig. 3, we trace 


-A=plone 





\ 
+1 Py) 


- 
fe ca) ce Somme Gon GEREN exis <ENEEED 





—— 


—_ — 





Fic. 3. The singularities of the function /:(u). 
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branch points 


branch points 
corresponding 10 Wo 
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corresponding fo wy, 


Fic. 4. Schematic representation of the &-plane (k=g+ih), the 
energy bands /2,,, and the branch points of J. 


out the curve u(/) of Fig. 1. It is clear that E(u) can 
be represented on a Riemann surface with sheets S,, 
corresponding to the different bands n. So is connected 
to 5; by the branch point at po, §, to 8, by the branch 
point at wi, etc. The values of E(u) on S, for real u 
between —1 and +1 correspond to the allowed energy 
band n of Fig. 1. 

Now let us return to the properties of / as a function 
of k, as defined by (3.1). Since 


dE /dk=(dE/du)(—6 sinkbd), (3.8) 


we see that / is an analytic function of & except at 
those points for which (du/d) vanishes, i.e., where 


COSk b= pn. (3.9) 


Of course, for a given wn, (3.9) has many solutions. 
Since for even n, un<—1, and for odd n, u,>+1, the 
k,, which solve (3.9) have the form 


(3.10) 
(3.11) 


Rom=2[(27+1)4/b+ithom ], 
Roms i= + (2 jr, b+ them, 1), 


7=9, +1, coe 
j=0, +1, -:- 


where 
h,= | cosh 1 unl |. (3.12) 


From (3.7) and (3.1), we see that near one of the k, 


E=E,+Bn(k—k,)}, (3.13) 
where 8, does not vanish. Hence, the k, are also branch 
points of order 1. We see from (3.9) and (3.12) that the 
position of these branch points can be directly read off 
the “Kramers plot” in Fig. 1. In particular, since 
lim poe | Mn! =1, we see from (3.12) that 


lim h,=0, (3.14) 


non 


so that for very high-lying bands the branch points lie 
very close to the real k-axis. Figure 4 shows a schematic 
diagram of the k-plane, the energy bands Ey, and the 
branch points of /;. 
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Clearly, the function &, may be represented on a 
Riemann surface with an infinite sequence of sheets S,, 
in such a way that the energy bands, E,,,, are the 
values of EF, for real k on the sheet S,. Each sheet S,, 
is connected to S,;: by the infinite sequence of the 
branch points k, given by (3.10) and (3.11). Thus, if 
one starts at a real value of & on the energy band n, 
passes around one of the branch points k,, and returns 
to the real axis, one is then on the band n+1 (see path 
C in Fig. 4, which would take one from n=1 to n=2). 
Similarly, by passing around one of the points ky»_; one 
arrives on band n—1. By drawing branch lines from 
each k, to +i (away from the real axis; see Fig. 4), 
the Riemann surface is divided into elements on each 
of which E, is periodic with period 27/6 and single 
valued. 

It is useful to represent F as a function of yet another 
variable, namely, A, Eq. (2.11). By (2.8) we have 


1 1 
w=-(a+-). 
2 d 


E= E(u)=EG(A+1/d)) =6(), 


(3.15) 
We write 

(3.16) 
defining the function &(A). As 


d&(x) —*( ‘) 
——=-——— -{1-—— }, 
dy du 2 ? 


(3.17) 


we see that &(A) is an analytic function of \ except at 
A=0 and ©, and at those points \,* where dE/dyu is 
infinite. In view of (2.8), they are given by 


hema Lee (1—p2)!], m=0,1,2, ++» (3.18) 


J) 


where we take the square root to be positive. Figure 5 
shows the positions of the singularities in the \-plane. 
(The unit circle corresponds to real values of k.) The 
points A,,* are again branch points of order 1,° and & (A) 
can be represented on a Riemann surface with one sheet 
corresponding to each band. This surface may be 
divided into elements on which &(A) is single-valued by 
drawing on the mth sheet branch lines joining \,_.~ and 
An to the origin, and A,_1* and \,,* to + © away from 
the origin. The function &,(A), corresponding to the 
nth sheet has a Laurent expansion 


nn 


&,(A) = a Qn: 1A', 


l=—w 


(3.19) 


whose coefficients are clearly real. Its region of con- 
vergence is 
1/An<|A] <An, (3.20) 


where 


\n=min[A,*|,{An—a' | J 


=min{|un|+(u.2—1 )}, | in 1| + (un—1?—1)!]. 
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Fic. 5. Singularities of &(A). The unit circle corresponds 
to real values of &. 


In terms of the quantity 
hy=min (tn,tnr) (3.22) 
[see Eqs. (3.10) and (3.11) ], we can also write 


exp(—bh,)<|\| <exp(—bh,). (3.20’) 


Finally, we see from Eq. (3.16) that &,(A)= 6,(X~!) so 
that (3.19) simplifies to 


x 1 
&,(A)=dnit>d dai 04+ % ), 
rv! 


l=1 


Let us now mention some applications of our results. 


Power Series Expansion of En,g 


From what has been said about the function /,, it is 
clear that the expansion of F,,,, will converge for 
18 | <n, (3.24) 

where 


ro=L(a/bP+he }}, 
rom= min([ (2/b)?+ Hom? |}, h2m—1); 
m=1,2,::- 
Tomyi= Min (homsy1, [(4/b)?+hom }}), 
m=(),1,2,--- 


The #, may be obtained from the ‘Kramers plot” of 
Fig. 1, by means of Eq. (3.12). In particular, for n=0, 
the expansion converges over the entire first Brillouin 
zone, |g| </b. 

For nearly free electrons (V-—0), h4,—0 and, 
hence, the radius of convergence r,— 0 for all bands 
except the lowest. On the other hand, in the tight- 
binding limit (b—> ~), it can be shown (see Appendix) 
that 


1 


limk, = (— €n)?, (3.26) 


bon 


where e, is the eigenvalue of the atomic wave function 
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corresponding to band ». Hence 


ki 
lim ———-= 0 (3.27) 
be (a/b) 
so that for large enough 6, the power series of E,,, for 
arbitrary » certainly converge over the entire first 
Brillouin zone. 


Fourier Expansion of En, 9 


We have seen that the energy can be expressed 
as a Laurent expansion in \ [Eq.* (3.23) ]. Writing 
\=exp(igb) gives the Fourier series 


En, g=4n,t+2 DY an;, cos(lgb). 


l=1 


(3.28) 


Now from the region of convergence (3.22) of the 
Laurent expansion (3.23) we conclude that 

jo if [AL <An 
lima,: A! = ; (3.29) 
Loe lo if |A|>K,, 

where \,, Eq. (3.21), can be directly obtained from the 
“Kramers plot,” Fig. 1. Again, one finds good con- 
vergence in the tight-binding limit, poor convergence 
for nearly free electrons. 


4. Bloch Functions 


The term Bloch functions is usually applied to solu- 
tions of the Schrédinger equation (1.1) (with real £), 
which have the form (1.4) (with real k=g), and are 
normalized in the sense 


b 
(29 wf | On, (x) |2dx=1. 


In the present context, we shall apply the term to 
the more general class of functions ¥, which have the 
following properties: They are solutions of (1.1) with 
complex /; they are quasi-periodic, in the sense that 


(4.1) 


¥(b)=d¥ (0); ¥/(b)=d¥ (0); (4.2) 


and they are normalized in a manner which, for |A| =1 
reduces to 
b 
(29 »f \y(x)|?dx=1, |r| =1. 
0 
| 


For |A|=1 (i.e., \X=e*), these functions are just the 
ordinary Bloch functions. 

Now let E be given and let us look for a solution of 
(1.1) which satisfies the quasi-periodic condition (4.2). 
Such a solution can be written as 


W(x) =anhi (x) +hy2(x). 


(4.3) 


(4.4) 
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Substitution into (4.2) gives the quadratic equation 
(2.8) for A, and the ratio 
a vx) Yall) : 
i ceatenaener tt nas “. (4.5) 
B r»—W(b) 4(A—1/) 


Hence, we may write 


1 1 1 
¥(x)=  vaCOws(a)+ (- wc 
N} 2 d 


1 
weabemes 
Ni 


(4.6) 


thus defining the function x(x). The normalization V~! 
has to be chosen in accordance with the requirement 
(4.3). One’s first inclination would be to set V equal to 


2x | 1 1 |2 
b 0 2 d 


However, this is not an analytic function of F. Instead, 


we choose 


2r 7° = 1 
hae ‘j | v-COrta)+ (r- 70) 
bd, 2 d 


Lyi 
x | vaCOws(a) +-( 1 peta fa, (4.8) 
2N\A 


which reduces to (4.7) for |\|=1 and hence satisfies 
(4.3), and furthermore is an analytic function of E. 

This expression for NV can be considerably simplified. 
For this purpose we define 
x (x,E)=y2(b,E)yi(x,E) 

1 1 
+ (aw esto), (4.9) 
\(E) 


) 


x(x, £)=y2(b,E)yi(x,E) 


1 1 
4 ( -X(E) Wala. (4.10) 
2\X(4) 


Here d(£) is one of the roots of Eq. (2.8). Clearly, 


t 


N=(2n/b) f x (x,E)x(x,E)dx. 


(4.11) 


We now take the equations 


[—a/dx2+V—E]x(x,E)=0, ie 
(—d2/dxe+V —E-6E]x(«,E+6E)=0, i 


multiply the first by x(«, £+6£), the second by x(x,£), 
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subtract and integrate from 0 to }. This gives 


b 
bE f dx x(x,E)x(x, E+6E) 
0 
b 


0 0 
= x E+6E)—x(x,E) —x(x,E)—x(*, p+s8)| 
Ox Ox 0 


1 1 \(E) 
=y2(b, E+5E) (w- “ ~)(— —— -1) 
2 \(E)/ \\(E+6E) 


1 I 
—po(b,E) ( —_—_—— -\(+88) ) 


2\X(E+6E) 
\(E) 
x(—— -1), 
\(E+6E) 


where in the last step we have used the “periodicity” 
properties of x and x. We now divide by 6£ and let 
6E — 0. This gives 


2m 1 d\(E) 
N=- ¥s(0,F)(— ~- -1)- _. 
b \(E)? dE 


(4.15) 


Finally, noting that 


du dfi 1 
me 
dE dkt2 nN 


we obtain 


Ar du 
— —y2(b,E)— 
b r 


N= ; 
1E 


and hence (4.6) becomes 


dr du} 
Ha)=x10) /| - —¥a(0)— | : (4.18) 
b dE 


where x(x) is defined by Eq. (4.9). For \=e', this 
function reduces to a familiar normalized Bloch wave 
whose phase is such that 


Imy(0)=0, =e, (4.19) 


Bloch Waves Regarded as Analytic Functions of 


We now wish to study the analytic behavior of p(x) 
as a function of \, from which the functional dependence 
on k is then easily deduced. Since E is a function of , 
we may regard y, We, and y as functions of X. 


¥i(x) > Pilar); H2(x) > Yo(x,r); 


V(x) > W(x,d). (4.20) 


The possible singularities of ¥(x,A) are the points An+, 
where du/dE=0 and &(A) is singular, as well as the 
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points where 


¥2(b,r)=0, (4.21) 


which makes .V vanish. 

We begin by showing that at the latter points («,\) 
is, in fact, regular. First we note that (4.21) can occur 
only for real £. For 


b a 
fveen(- {yeaa 
0 dx? 


b 
+f V (x) |Wo(x,r) |2dx 


b 


f Yo(x,A) |*dx 
) aW(x 
| 


vA) |? b 
art f V (x) | Wo(a,d) | 2d 


| Ox 


b 
J Yo(x,A) |2dx 


where (4.21) was used in the last integration by parts. 
Now since E£ is real, so is W2(x,\). Further, in view of 
the symmetry of the potential [and of Eq. (4.21) ], 
we must have 

(4.24) 


y.(b—x, A\)= +yo(a,r). 


Now differentiate this equation with respect to « and 
set x=0. This gives 


—we' (b,vA) = Ay’ (0,A)= +1. (4.25) 
Since also 


—yo(b,A) = +y2(0,A) =0, 


we see that W2(x,A) is a periodic solution with A=-+1. 
Hence we have the preliminary conclusion that (4.21) 
can occur only at A=+1. 

Let us take A= +1, and study Y2(d,d) in the vicinity 
of \=1. We write 


do(b,d) Apo(b) dE du 

: -_—=, (4.26) 
dx Ok du dxr 
Now by differentiating the Schrédinger equation satis- 
fied by Y2(x) with respect to £, it is easily shown that 
at X=1, 


b 
OW2(b) an= [ ytde= No (4.27) 


which is nonvanishing. Also 0//dy is finite and non- 
vanishing. Finally 


dp Offi 1 1 1 
LODO) 
dX OAL2 r 2 ? 


(4.28) 
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Hence 


dk 
¥2(b,A) =3.No—(A—1)*+- +, 
dp 


(4.29) 


and therefore 
2r 


—No(A—1)?+---. (4.30) 
b 


Now we examine the function x(x) of (4.18). At \=1, 
¥o(b) =0 and ¥,(b)=n=1, so that the numerator 


1 1 
x(a) =vs(O)+ (0 ~ ola) =0, A=1. (4.31) 


To determine its behavior near \=1, we note that by 
(4.29) 
dp2(b)/AA=0. (4.32) 


Hence, near \= 1 


x (#,A) = (A— 1) Po(x). (4.33) 


Combining with (4.30), we see that ¥(x,A) is regular 
near \=1 and 


b } 
Has1)=+/ ) iWo(x,1), 
24 No 


provided that y2(b,1)=0. A completely analogous 
situation holds if w2(b,A) vanishes at A= —1. 

The only singularities of ¥(«#,A) occur then at the 
points A,* given by Eq. (3.18). Let us examine ¥(«,\) 
in the vicinity of such a point, 


(4.34) 


Awt=N. (4.35) 


For a given x, the function x(#,A) in (4.18) behaves like 


x(x,A)=Ai(a)+Bi(x)(A—N)I+---, (4.36) 


as y; and yy are entire functions of /, but the function 
E=6&(X) has a branch point of order 1 at X’. In the 
denominator the factor Y2 behaves as 


W2(b)= Aot Bo(A—N’)!+---, (4.37) 
while 


du/dE=2a,(E— E,)= A3(A—X’)}. (4.38) 


Hence ¥(x%,A) behaves as 


C(x) 
(x) = (1+ D(x) (A—V’)I+-+- J. (4.39) 
(A—X’)! 


Thus we see that the points A,* are branch points of 
order 1° of the un-normalized function x(x,A), but 
branch points of order 3° of the normalized function 
W(x,d). 

Now let us go back to Fig. 5 of the \-plane. The 
function x(x,A) has branch points of order 1 at the same 
locations A,* as &(A). It may be represented on the 
same Riemann surface as &(A), with one sheet corre- 
sponding to each energy band n. If, for instance, we 
start at A=1 with x(x,1) corresponding to band n=1, 
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go around \,* and return to \=1, we then have the 
value of x(x,1) for n=2. 

On the other hand, the function ¥(x,\) requires a 
Riemann surface with twice as many sheets as &(A). 
For each sheet on which wy has the values ¥,(x,A), there 
is a second sheet on which it has the values —y,,(x,\). 
Each branch point »’ connects four sheets, o,* and 
Tn41*. Suppose we start at A=1 with ¥(x,1) correspond- 
ing to band n=1, on sheet o;*. Passing once around 
\,* and returning to A=1 gives ¥(x,1) for band n=2, 
on o2* ; two encirclements give —y(x,1) for band n= 1, 
on o; ; three give —¥(x,1) for band n=2, on o2~; and 
four give again ¥(x,1) for band n=1, on o;*. 


Behavior of Y(x,d) in the Vicinity of the 
Unit Circle = 1 


As the unit circle corresponds to real values of &, 
it is of special interest. 

Suppose we start on the unit circle with a particular 
value of &(A) and a corresponding ¥(x,). If we remain 
in the vicinity of the unit circle, &(A) remains single 
valued, hence so does ¥i:(«%,&(A)) and yYo(x,6(A)) and 
therefore also the un-normalized function x(x,\), Eq. 
(4.6). 

We now turn to the normalizing factor V~!. Since 
for |\| =1, £ is real and J of the form exp(igb) we see 
from the original definition, Eq. (4.8), that .V is real 
and 20. Furthermore, by Eq. (4.17), since du/dE #0 
on |X| =1, we see that V can vanish only where ¥2(d) 
vanishes. As we have seen, this can only occur at 
h=+1, and where it occurs ~.(b,A) has a double root 
in A. 

This leads one to distinguish two cases: (A) W2(d) 
vanishes at neither A\=+1, or at both; (B) w2(d) 
vanishes at either A= +1, but not at both. In case (A), 
\~4(A) and hence ¥(a,A) returns to its original value 
on going around the unit circle. Hence, we can write 
¥(«,A) as a Laurent expansion in \ 


b\! « 
¥(x,A) ( ) > a(x), 
2r/J i=-x 


which converges in the ring (3.20’). In case (B), N~4(A) 
and hence ¥(x,\) change sign on going around the unit 
circle. Therefore, we can write ¥(x,A) as a Laurent 
series of the following form in \}, 


(4.40) 


(4.41) 


by} « 
vira)=( ) E Bai (x)yeeene 
) l=——w 


27 


converging again in the ring (3.20’). 


Behavior of ¢n,x as a Function of k 


This is easily obtained from the functional depend- 
ence of ¥(%,A) on A by the substitution \=exp(ibk). 
We find that gn», is a branch of a many-valued 
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function gx, whose branch points have the same 
locations as those of E; (see Sec. 3 and Fig. 4). In the 
vicinity of such a branch point, k’, 

en~=C'/(k—R’)*. (4.42) 
Thus four Riemann sheets are connected at each 
branch point. ‘Two of these correspond to a band m and 
two to the band n+1. On the two sheets corresponding 
to a given n, ¢x differs only by sign. 

We now have to distinguish several cases, corre- 
sponding to different possible behavior of ¢n,, at k=O 
and 2/b (or A=+1). 

Case A. ¢n,o(0) and ¢,,x/5(0) both not zero or both 
zero. From (4.40) we have the Fourier expansion 


b\! x 
Gn, (xX) = (—) DY ani? (x)eil*, 


2r/ i=« 


(4.43) 


which represents an analytic function of & in the strip 
|Imk| <h,, (4.44) 

where h, is defined in Eq. (3.22). Clearly, gn,g(x) is 
periodic in g with period 21/b: 

Pn, 94+2n/b(%) = Pn,g(X). (4.45) 
Now let us further distinguish two subcases. 
(Al) ¢n,x/0(0) 40. 
Then from (4.6) and the fact that V-#(A)=N-4(X->), 
we find directly the following symmetry properties 
(4.46) 
(4.47) 


¢n,v(0) 40, 


$n," (X)= Gn,g(—), 
$n,—o(%) = Gn,(—*). 
(A2) $n,0(0)=0, ¢n,x/0(0)=0. 
Here, since V~!(\)= —N-#(A~), we find 
(4.48) 
(4.49) 


Pn,o* (X) = ¢n,g(—*), 
Pn,—g(*) — ¢n,g(—%). 
Case B. ¢n,0(0) or ¢n,x/o(0) is zero, but not both. 


From (4.41) we have the Fourier expansion 


1 


b 2l+1 
On, k(X) = (— > Bal? (x) exp(i— ut), (4.50) 
2r] 1=—x 2 
which represents an analytic function of & in the strip 
(4.44). In this case ¢n,9(x) is antiperiodic in g with 

period 27/b: 


Pn, +2" /b(X) = — Gn, g(x). (4.51) 


We may again distinguish two subcases. 
(B1) ¢n,0(0) 40,  ¢n.x/o(0)=0. 


In this case one finds that ¢,,,(«) has the symmetry 
relations (4.46), (4.47). 


(B2) ¢n,0(0)=0, ¢n.x/o(0)¥0. 
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Fic. 6. Schematic plots of ¥2(x) for A=+1 and y2(b) =0. 


In this case one finds that ¢,,,(«) has the symmetry 
relations (4.48) and (4.49). 
Power Series Expansion of ¢n,g 
Since the singularities of ¢,,. have the same locations 
as those of /,,., our remarks about the power series 
expansion of /¢,,, can be taken over without change. 
Coordinate Shift Through Half Period 


Let us consider a new pair of basis functions, ¥1(x) 
and y2(x), referring to the other center of symmetry of 
V(x), namely 6/2: 


Yi (b/2)=1, 
¥2(b/2)=0, 


Wi (b/2)=0, 
po’ (b/2)= im 


(4.52) 
(4.53) 


Elementary considerations using the symmetry of the 
potential give the following results: At \=+1, 2(d) 
and ¥2(36+6) are either both zero or both not zero 
[see Fig. 6(a) ]; while at X= —1, one and only one of 
¥2(b) and s(3b+5) [see Fig. 6(b) and use the fact 
that bands do not intersect ]. Hence, if the normalized 
Bloch waves $n,, are defined by the requirement that 
$n,o(b/2) be real and that ¢,,x(«) be analytic for k=g, 
then depending on whether 

Pn, g+2x/b(X)=AGn, g(x), (4.54) 
Qng has the property 

Gn, o+-20/b(X) = F Gn,9 (x). (4.55) 


Thus in all cases one of the functions, gn. and $n,9, is 
periodic with period 27/8, while the other is antiperiodic. 
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Remark on Other Choices of Phase 


We have discussed two particular assignments of 
phase suggested by the symmetries of V(x) about «=0 
and 6/2. Other choices are of course possible. For 
complex k we can write the most general Bloch function 
as 


(4.56) 


P,, x (x)= ch) o, 2 (x), 


where, to preserve the normalization for real k, we 
must have 


Im6(g) =0. (4.57) 


However, it is obvious that all possible ®,,, have 
singularities at the singularities of £,,,.. For suppose 
the contrary, i.e., that ®,, is regular at such a point. 
Then so would be the function 


(—d?/dx?+V)®,,% 


(4.58) 
Pn, k 


which is a self-contradiction. On the other hand, @(k) 
can of course introduce singularities of its own. 


II. WANIER FUNCTIONS 
5. Preliminaries 


Wannier functions,’ a,(«), are localized linear combi- 
nations of all the Bloch waves of a given band. In the 
following paragraphs, we shall be speaking only about 
one band at a time and, therefore, generally suppress 
the band index, ». Let then #,(x) be a normalized 
Bloch wave of as yet arbitrary phase. Then the corre- 
sponding Wannier function is defined 


b } r/b 
a(x) = (~) f ®,(x)dg. 
2r b 


7 


(5.1) 


Its shape depends on the variation with g of the phase 
of @,. From the form (1.4) of ®,, we deduce that 
b 


byt et 
a(x—lb)= ( ) f P,(x)e~*!odg, 
2nr : 


r/b 


(5.2) 


We shall use the notation 


a (x) =a(x—Ib). (5.3) 


If we multiply (5.2) by e'’? and sum over /, using 
the fact that 
> 1 e!(0"—9) = (2r/b)5(g’—g), (5.4) 
we obtain 
©, (x)= (b/2r)! Ya (xe, (5.5) 
By means of (5.2) and (5.5), the Wannier functions, 
a(x), and Bloch waves, ®,(x), can be expressed in 
terms of one another. 
Of course, (5.1) assumes sufficient regularity of &,(x) 
for the integral to exist and (5.5) assumes the con- 


*G. Wannier, Phys. Rev. 52, 191 (1947). 
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vergence of the sum over /. To avoid irrelevant mathe- 
matical subleties, let us assume from here on that the 
phases of &,(x) are so chosen that #,(x) is a sectionally 
continuous function of g in the interval —2/b< g< a/b. 
Then the integral (5.1) exists and the sum in (5.5) 
converges to 3(®,0+,,0) for —1/b<g</b and to 
3 (Pi. /0)-o+ Px) 40) at g= a/b. 

From their definition, the well-known ortho-normality 
of the a‘ (x) may be verified at once, 


f a’) (x)*a™ (x)dx=6y. 


—@ 


(5.6) 


6. Reality and Symmetry 
In discussing the reality and symmetry of a(x), we 
must distinguish two cases. 
Case Al or B1: 
Po (0) 40. 


Here we choose the phase of ®, such that ,(0) is 
real and #,(x) is analytic for k=g. Then ®,(x) is 
(apart from a possible factor —1) identical to the 
¢,(x) of Sec. 4. Therefore, on using Eqs. (4.46) and 
(4.47) in Eq. (5.1), we find 


b } w/b 
a(—x)= ( ) f ®_,(x)dg=a(x), 
2r — 


(6.1) 


© 


b } r/b 
a*(x) -( ) iy ’_,(x)dg=a(x). (6.2) 
2x —s/b 


r 


Thus a(x) is both symmetric about «=0 and real. 
Case A2 or B2: 
®,(0)=0. 


Here we choose the phase of ®, such that ®,(0) is 
purely imaginary and %;(x) is analytic for k=g. This 
®, is related to the gy, of Sec. 4 by 

P, (x)= Aig, (x). (6.3) 


Therefore, using Eqs. (4.48) and (4.49), we obtain 


b j r/b 
a(—x)=— ( ) f P_,(x)dg=—a(x), (6.4) 
2x —s/b 


® 


b\) pte 
a*(a)=+( ) f @_,(x)dg=a(x). 
2x b 


sf 


and 


(6.5) 


This time a(x) is antisymmetric about x=0 and real. 


Uniqueness 
We shall now show that no other choice of phase, 
which has the property that the corresponding Bloch 
waves are continuous functions of g, leads to a Wannier 
function which is both real and either symmetric or 
antisymmetric about «=0.° 


® Apart, of course, from a trivial factor —1; see Eq. (6.15). 
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Consider then a possible alternative set of Bloch 
Waves, 
(6.6) 


©,’ = eh WO, 


—n/b&g<r/b, 


leading to a real and (anti-) symmetric Wannier 
function. We write 
—n/b<g<m/b. (6.7) 


4 1 me * . m, 


m=—S 


The corresponding Wannier function is 
b 


b\' ¢* 
a’ (x)= ( - ) f ,'(x)dx 
2a 


—ar/b 


™ b H rib 
> A.(- ) f ®,(x)e~'m’dg 
m=—D Tv r b 


x 


> Ana(x—mb). 
n= x 
Now using the reality of a(x), we have 
x 


[a’(x) }*¥= > 


m=—D 


A,,*a(x—mb). (6.9) 


Since the a(x—mb) form an orthonormal set, we see 
that a’(x) is real only if 


Aw=real. (6.10) 


Further 


a’(—x) A ,a(—x—mb) 


> A_na(—x+mb) 


m=—D 


=+ )> A_,a(x—mb) (6.11) 


m=—D 


depending on whether a(x) is symmetric or anti- 
symmetric. Therefore, if a(—«) is to be symmetric or 
antisymmetric, we must have 


A_m=zAm. (6.12) 


Now using (6.10) and (6.12) in (6.7) gives 


Aot+2 > An cosmgb 


m=1 
eth g)—< 


Mi (6.13) 
—2i >> An sinmgb, 


m=1 


depending on the sign in (6.12). The second line in 
(6.13) can be ruled out at once by setting g=0. The 
first line implies that e is real and hence, because 
of the assumed continuity of ¢,, 


c= +1, (6.14) 
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Therefore, 


6,/=+6,. (6.15) 


: 7, Asymptotic Behavior of a(x) 

We begin by discussing the particular Wannier 
functions of the preceding section, which are real and 
(anti-) symmetric about x=0. 

Case A. ¢o(0) and ¢,,(0) Both Nonzero or Both Zero 


In this case ¢, is a periodic function of g with period 
2r/b. The &, with which we constructed our Wannier 
functions was related to g, of Sec. 4 by a constant e, 

$,= EP, (7.1) 


where e€=+1 or +7 depending on whether ¢go(0) did 
not or did vanish. Since 
b= (b/2r)? a (x)eis, 
we see by comparison with Eq. (4.43) that 
a (x) = ea (x), 


(7.3) 


Now the functions, a(x), were the coefficients of the 

Laurent expansion (4.40) which converged for 
exp(—bh,) <A<exp(bh,), (7.4) 

where h, is defined in Eq. (3.22). Hence 

(9, IN| <exp(bh,) 

lima (x)A!= } " 

—- lao, ‘| >exp(bh,,). 


In view of the connection 


1 
a (x) =-a(x—Ib), 


€ 


this is equivalent to - 
(9 q<h,, 


lima(x)e?7= 
—— 00 


q> fins 
More loosely speaking, a(x) falls off like exp(—h,.). 


Case B. One and Only One of ¢o(0) and ¢,),(0) is Zero 


In this case, g, and hence %, is an antiperiodic 
function of g. The asymptotic behavior of the corre- 
sponding Wannier function can be found from (5.2) by 
performing an integration by parts. For fixed x and 
large / we find 


ips2\3 1 
a(x—1b) = \( -) (— te n(a) [40(-). (7.8) 
lU\ab P 


Thus |a(x)| falls off only as a7. 

For many applications such slowly decreasing 
Wannier functions are most inconvenient. It is therefore 
fortunate that we find that in Case B, go(b/2) and 
¢x/o(b/2) are either both nonzero or both zero [see 
Eqs. (4.54) and (4.55) ]. Hence with respect to this new 
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origin we have Case A and can therefore construct 


Wannier functions @(x) with the following properties. 
a(3+4%)=+a($b—x), (7.9) 
a* (x)= d(x), (7.10) 


(0, q<hn 


limd(x)e?*= (7.1%) 


ae | 0, g> In. 
8. Existence and Uniqueness of Real, (Anti-) 
Symmetric, and Short Range Wannier Function 


We are now in a position to prove the following 
theorem: For every band there exists one and only one 
Wannier function’ which has all three of the following 
properties : 


1. It is real. 

2. It is either symmetric or antisymmetric about either 
x=0 or x=)/2. 

3. It falls off exponentially. 


The quantitative rate of exponential decay of the 
function which has these properties is given by Eq. 
(7.7). 

To fix our ideas let us take, for example, a band with 
the following properties: go(0)#0, ¢,.(0)=0. This is 
case B1 of Sec. 4 [Eq. (4.51) ff.]. Now in Sec. 6 we 
have seen that there exists only one choice of ®,(x) 
which is continuous in g, with the property of leading, 
via (5.1), to a Wannier function which is real and 
symmetric or antisymmetric about «=0. This Wannier 
function did not fall off exponentially but like a. If 
we consider also Bloch waves, ®,(x), which are not 
continuous functions of g, the corresponding Wannier 
function certainly cannot fall off exponentially with « 
[see Eq. (5.2) ]. Thus we conclude that in this case 
there exists no Wannier function which is real, (anti-) 
symmetric about «=0, and falling off exponentially 
with x. 

However, in the present case we have ¢o(3b)#0 and 
¢x/o(30+6)~0. Hence relative to «=}6 this band 
corresponds to case Al of Sec. 4. Now in Sec. 6 we 
have shown that there exists one and only one choice 
of @, which is continuous in g, with the property of 
leading via (5.1) to a Wannier function which is real 
and symmetric or antisymmetric about x=)/2. In 
Sec. 7, we saw that this function fell off exponentially 
for large x, according to Eq. (7.7). Any other choice 
of ,, leading to a Wannier function real and symmetric 
or antisymmetric about x=)/2, is necessarily discon- 
tinuous in g and hence the corresponding Wannier 
function does not fall off exponentially. 

This completes the proof of our theorem for a band 
of this type. For the other three types of band exactly 
similar proofs can be given. 

For convenience we list below, for the four possible 
types of band, the symmetry properties of the corre- 
sponding unique Wannier function which has the three 
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properties listed at the beginning of this section. 
(Al) go(0)¥0, ¢,/,(0)¥0: 
(A2) go(0)=0, ¢,(0)=0: 


(B1) go(0)¥0, ¢,(0)=0: 
a(3b—x)=a(3b+2), 


¢r/o(0) 40: 
G(4b—x) = —a(4b+2). 


(8.1) 


(8.2) 


a(—x)=a(x), 


a(—x)=—a(x), 


(8.3) 


(B2) ¢go(0)=0, 


(8.4) 


The question may be asked if one can possibly obtain 
a Wannier function falling off more rapidly than Eq. 
(7.7) by relaxing the requirements of reality and (anti-) 
symmetry. The answer is clearly ‘“‘no.” For, by Eq. 
(5.5), the corresponding Bloch waves would be analytic 
functions of & in a strip wider than Eq. (4.44), and this 
was shown to be impossible. 


9. Nearly Free and Tightly Bound Electrons 


If the potential V(x) is weak or if we consider 
electrons of high energy, the Kramers plot y(F) is 
close to that for free electrons 


po(E)=cos( 124d). (9.1) 


In the free-electron case, the extrema yu, of u(/) occur 
all at 4=-+1. Hence in the “nearly free’ case we have 


\un| =1+5,, (9.2) 


where 6, is a small positive quantity. Therefore, the 
singularities of Z;, and g, lie very close to the real axis, 


ha=V26, (9.3) 


[see Eqs. (3.10) and (3.11) ], and hence the exponential 
decay of the Wannier functions is very slow. This is in 
accord with the fact that for perfectly free electrons 
(which are not included in our considerations because 
their bands intersect), the Wannier function falls off 
only as «~'. 

For very tightly bound electrons of binding energy 
€n, it is shown in the Appendix that h,— (—e,)!. 
Therefore, for large x their Wannier function behaves as 


a,(x)~exp[ — (— e,)*x], (9.4) 


that is, it falls off at the same exponential rate as the 
wave function of an isolated potential well. 


ACKNOWLEDGMENTS 


The writer takes great pleasure in thanking Mr. S. 
Michaelson for valuable help with several phases of 
this paper. The work here reported was begun at the 
Imperial College of Science and Technology, London, 
England, while the writer was a National Science 
Foundation Senior Post-doctoral Fellow. Later it was 
supported at Carnegie Institute of Technology by the 
Office of Naval Research. The assistance of these 
organizations is acknowledged with thanks. The writer 


KOHN 


also is glad to avail himself of this opportunity to thank 
the staff of the Department of Mathematics at the 
Imperial College for the hospitality which he enjoyed 
during his stay there. 
APPENDIX. TIGHTLY BOUND ELECTRONS 
Let Vo(x) be a cutoff, symmetric potential, 
Vo(x) =(), 


with a number of bound states with eigenvalues 


|x| >c, (A.1) 


n=0,1,---. (A.2) 


=. 2 
En=—Qn'y 


We now consider the solutions of the Schrédinger 
equation (1.1) corresponding to the periodic potential 


Ve 5 Vde-®) (A.3) 


l=» 
in the so-called tight-binding limit, 


(A.4) 


bo ow, 


We wish to determine the magnitude of u(Z) at those 
energies E,, where du/dE=0. This enables us to locate 
the singularities of the energy function Fy in the 
complex k-plane. 

For the present purposes it is convenient to use as 
fundamental system of solutions of the Schrédinger 
equation (1.1) the functions #;(«#,£) and u2(«,E) where 


uy'(—¢, E)=0, (A.5) 
(A.6) 


u,(—c, E)=1, 
us’ (—c, E)=1. 
u is given by the relation [see Eq. (2.9) ] 
p(E)=3[1(b—c, E)+u2'(b—c, E)]. (A.7) 
Now let us define 
f(E)=m(c,E); fi'(E)=m1'(c,B), 
fo(E)=u2(c,E); fo’ (E) =e’ (c,E). 


(A.8) 
(A.9) 


Then since in the interval c<x<b—c, V(x)=0, one 
finds by matching solutions at «=c, that 


iy fk 
u,(b—c, y=-( fe 2 
q 


2 


f Jew 2) (4.10) 


(A.11) 


ux! (b— C, E) = 4 ( fogt fo’ )en>2e) 
—3(frg— fo')er 0, 
where 


q=(—B)}; (A.12) 


qg is taken positive for negative L. By means of (A.10) 
and (A.11), we can express » in terms of fi, fi’, fs, 


and fe’. 
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Now let us define the function 


AU 


G(h)= filk)4 


4) 
+ fo(E)gt fe (F).  (A.13) 


qY 


Substituting (A.10) and (A.11) into (A.7), we find that 
as b—> », the condition du/dE=0 or du/dg=0 gives 
the following equation for the determination of the F,, 


d 
~—G(E)=O(e2). —(A.14) 


G(E)+ 
(b—2c) dq 
On the other hand, the band edges, where n= +1, are 
given by 
G(E)=Ole ”), (A.15) 
Since in the tight-binding limit the band edges coincide 
with the “atomic” energies, €,, we must have 
G(E£)=0 at E=€,; (A.16) 
this may also be directly verified. 
For large 6, the solutions F,, of (A.14) differ only 
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slightly from those of (A.16) 


‘ i 
2qn 
En=ext+— +0(—). 
b b? 
Substituting these values into the expression (A.7) for 
u gives, with the aid of (A.10), (A.11), and (A.13) 
u(E,) =G(E,) expl(— En)1(b— 2c) ]+O0 (Ee?) 
=exp[(— E,)!(b—2c) ] 


2qn 1 
x|> ann) +o(—)| (A.18) 
b b? 


From this we can now determine the distance /, of 
the singularities of -, from the real k-axis [see Eq. 
(3.12) }: 


(A.17) 


limh, = (—e,)?. (A.19) 


bo 
As ha=min(/ty,h,-1) and €,> €n—1, we also have 


limh, = (—e,)!. (A.20) 


bx 
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Electrodynamics of Charge Carriers of Negative Effective Mass in Crystals 


SERGIO RODRIGUEZ* 
Department of Physics, University of Washington, Seattle, Washington 
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The transport properties of negative-effective-mass carriers in crystals are studied. The electrical con 
ductivity of a sample in which the electron distribution function is weakly-perturbed from its thermal 
equilibrium value is always positive, even in the presence of a magnetic field. Therefore, cyclotron resonance 
experiments in equilibrium should display energy absorption, although the negative-mass carriers will 
circulate in the sense opposite to that of positive-mass carriers of the same charge. 


I. INTRODUCTION 


HE energy bands of crystals exhibit, in general, 

regions in wave-vector space where the effective 
mass of the charge carriers is negative. Such carriers 
are accelerated by electric and magnetic fields in a 
direction opposite to that of the acceleration of positive 
effective mass carriers of the same charge. A cyclotron 
resonance experiment with circularly polarized radia- 
tion would enable us to distinguish between positive- 
and negative-mass carriers. 

Kittel! has shown, on the basis of a general thermo- 
dynamic argument, that a system of carriers all having 
a negative effective mass cannot exist in thermal equi- 
librium with a bath at a positive temperature. However, 
it is possible for carriers of positive and negative effec- 

* Present address: Department of Physics, University of Illinois, 


Urbana, Illinois. 
1C, Kittel, Proc. Natl. Acad. Sci. 45, 744 (1959). 


tive mass to be in thermal equilibrium with each other. 
He has also shown that a distribution of negative- and 
positive-mass carriers in thermal equilibrium will 
always absorb energy from an external electromagnetic 
field. If this were not the case we would be able to 
construct a device which could perform work and 
produce no effect other than cooling a heat reservoir. 
This would, of course, be in contradiction with the 
second law of thermodynamics. 

Kittel also shows that the standard Boltzmann 
transport theory leads to the same result as the more 
general thermodynamic argument. In fact, consider 
that we have a conductor with one conduction band 
defined by E(k). Here E(k) is the energy associated 
with the state with wave-vector k. Let fo(k) be the 
distribution function in thermal equilibrium. If we 
apply a constant electric field & the steady-state dis- 
tribution function f is given, to first order in &, by the 
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relation? 
f= fo—er&-Vfo, (1) 


where 7 is the relaxation time for the electrons and e 
the electronic charge. The time 7 is always positive 
because otherwise it would not be possible to obtain 
thermal equilibrium. The current density J is given by 


J=c(4eti)-* fd f(¥xE). (2) 


From (1) and (2) we obtain a conductivity tensor o,» 
(u, v=1, 2,3) where the subindices 1, 2 and 3 refer to 
any three orthogonal cartesian axes. As o,, is symmetric 
it is always possible to find three perpendicular axes 
x, y and z with respect to which the tensor @ is diagonal. 
Then we find that 


dfy dE? 
Or2= —€?(4e°*h) fax —(: ) . (3) 
. dE \ Ok; 


As fo is a monotonically decreasing function of the 
energy, df)/dE cannot be positive and o,,>0. Thus, 
the electrical resistivity of the sample is always positive. 

It is possible, however, to produce a_negative- 
resistance element if we are able to maintain a steady- 
state distribution function of carriers which is far from 
thermal equilibrium. Such a nonequilibrium situation 
may be obtained by means of optical excitation of 
negative-mass carriers. There must also exist a recom- 
bination mechanism which is fast enough so that the 
negative-mass carriers do not have time to be scattered 
to positive-mass regions in k-space. 

Experiments on cyclotron resonance of negative mass 
carriers have been reported by Dousmanis, Duncan, 
Thomas, and Williams. The observed effect is a 
decrease in the absorption. The carriers were produced 
by optical excitation so that the electron distribution 
function is probably considerably far from the thermal 
equilibrium situation. 

In this note we shall discuss the case in which we 
have the sample in the presence of both electric and 
magnetic fields. Only the linear term in the electric 
field will be considered (Ohmic term). The result is the 
same as in zero magnetic field. A conductor containing 
positive- and negative-mass carriers near the condition 
of thermal equilibrium always displays a_ positive 
resistance. 


II. TRANSPORT THEORY OF NEGATIVE EFFECTIVE 
MASSES IN ELECTRIC AND MAGNETIC FIELDS 


In the presence of an electric field & and a magnetic 
field H, the electron distribution function f satisfies the 


? This is a standard result of transport theory; see, for example, 
C. Kittel, Elementary Statistical Physics (John Wiley & Sons, Inc., 
New York, 1958), p. 196. 

3 Dousmanis, Duncan, Thomas, and Williams, Phys. Rev. 
Letters 1, 404 (1958); G. C. Dousmanis, Phys. Rev. Letters 1, 55 
(1958). 
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Boltzmann equation 


€ 1 fnmfe 
[e+ xt] vi ——=Q), (4) 


c T 


where v is the expectation value of the velocity for the 
electron in state k and c is the velocity of light. This 
velocity v is given by 


v=hV EE. (5) 


Equation (4) is valid in the steady-state condition and 
is accurate enough for our purpose. 

In the absence of an electric field, the electrons move 
in k-space in orbits which are obtained as intersections 
of the surfaces of constant energy with planes k, 
=constant, where k, is the component of k in the 
direction of the magnetic field H. If we set 


f= fot ¢dfo/dE, (6) 


where ¢ is proportional to &, and linearize (4) after 
making use of (6), we get 


e&-v+e/hc(vXH)-Vigte¢/r=0. (7) 


We shall assume that the Fermi surface has any shape 
consistent with the assumption that the orbits in 
k-space, in the absence of an electric field, are closed. 
These orbits are obtained as the intersection of the 
Fermi surface E(k)= EE» and the planes k.=constant. 
The symbol £o stands for the Fermi energy. It may be 
that each intersection gives several closed orbits. Each 
of the orbits gives a separate contribution to the devi- 
ation ¢ of the distribution function from its thermal 
equilibrium value. Therefore, it will be enough to 
consider one orbit and add up the several contributions. 

When &=0, the motion of the electrons in k-space is 
described by 


hdk/dt= (e/c)vXH, (8) 


where ¢ is the time. Let kr be the component of k along 
the orbit. Then, if we choose the direction in which kr 
increases as that in which the particle progresses in 
time, we have 

hdky/dt= —(e/c)v,H. (9) 


Here v, is the component of v which is perpendicular 
to H. A cyclotron period 7, can be defined for each 
orbit by the equation 


T.(E\k.)=22/w-= —(ch/eH) $ dkr/v,. (10) 


The integration extends over the contour of the par- 
ticular orbit considered. It is obvious that the cyclotron 
periods will depend not only on the parameters E and 
k, which determine the intersections, but also may be 
distinct for the different orbits in the same intersection. 
Each of these orbits will be designated by a suffix 7. 
If we define an angle 6 giving the position of the electron 
in its k-orbit by the relation 


0=wel, 


(11) 
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we have 


0¢/00+ v/w.7 = — (€/w.)&- Vv. (12) 


The solution of Eq. (12) has been given by Chambers' 
in the form 


2r+0 


P 2 
¢ ——Lexp(2mr)—1}" f do’ &-v(6") 
We 6 


6 do” 
xexp(— f ~ =), (13) 
6” WT (0"") 


i a 1 
Qe Jy we (0) weF 


The second equality in (14) is nothing but the definition 
of the quantity 7. Again, y will be a function of the 
energy E, k., and 7. Let us define, for convenience the 


quantity 


(14) 


(0) = #/7(0). (15) 


Then, (13) can be rewritten in the form 


e 0429 
g= ——[exp(2ry)—1] f dé’ &-v(6’) 
We 6 


8 
xexp(—7 | nova”). 
oo 6’ 


The current density is given by 


dfo 


It can be shown that 


dk= — (eH /h?cw.)d Edk d0= (m*/h?)dEdk dé, (18) 


where 


m*= —eH /cw- (19) 


is an “orbit effective mass” which is positive definite by 
definition. The quantity m* like w, is a function of E, 
k., and j. Then, using (16) and (18), Eq. (17) becomes 


¢ dfo r” _ m;* 
j=-— fae — f dk, >. —[Lexp(2ry;)—1]}"' 
4n'h? dE 4_, 


I Wej 


Qe 24+0 
xf dé vo f dé’ &-v;(0’) 
6 


0 
6 


xexp( —n | »(o")a0" ). (20) 
- 


4R. G, Chambers, Proc. Phys. Soc. (London) A65, 458 (1952). 
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The index j=1, 2, runs over all closed orbits 
obtained in an intersection E=const, k,=const. We 
can easily show for the cases in which & is perpendicular 
to H and the one in which & and H are parallel, that 
Ozz and o,, are positive definite. Here the x axis is in 
the direction of & in the first case, while the z axis is, 
as before, parallel to H. It is sufficient to prove this 
result for a constant relaxation time only. In fact, if 


A; €A; (0) GAy™, 
then as 
0<0' <0+2n, 
we have 


(0 ( e —* 
Cw Sow Kew”; wjv=x,y,2. 


Consider, then, \;(@)=1. To show that ozz and a,, are 
positive, we follow a procedure invented by McClure.® 
We remark first that v;(6) is periodic in @ with period 27. 
Thus 

v;(0)= > v(m) exp(imé) ; 


m=—O 


(24) 


because v;(@) is real, 


v;(m) = v,;*(—m). (25) 


Substituting in (20) we get, after some transformations 


e” dfo ¢” 
Cn=— far —— f dk, >. m;*#; 
4n*h? dE +_, j 


© Am|v;2(m) |? 


- , (26) 
m= 1+ (mw,;7;)? 


where 7;=7; and we have made use of the fact that 
(0) =0. Again as dfy/dE<0 we must have o,,>0. In 
the same way we are able to show that o.,>0. 

For a time-varying electric field with the frequency 
w, the treatment given above holds with r* instead of r. 
The quantity 7* is defined by 

1/r*= (1/7) +iw. (27) 


The component of J, which is in phase with the electric 
field & has the same sign as before. We have thus demon- 
strated that o(H) and o(0) are both positive. This does 
not necessarily mean that ¢(H)>«o(0). 
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The behavior of solid solutions of paramagnetic impurities 
which are exchange coupled in a nonmagnetic substrate turns out 
to yield a considerable body of information with regard to the 
nature of the exchange coupling as well as detailed temperature 
dependence of the spin system. In the present paper, a rigorous 
expansion of the mean free energy averaged over random sites is 
presented. It is shown that a ferromagnetic phase transition does 
occur. The Curie point is given as a function of concentration for 
the case of weak dilution in an implicit power series form. 

Many interesting qualitative features arise in the study of 
these systems. If the curve of magnetic moment vs temperature 
has inflections this indicates short-range exchange forces, whereas 


I. INTRODUCTION 


N view of recent experimental investigation’ on 

ferromagnetic systems in which the ions are dis- 
persed at random in a nonmagnetic matrix, the theo- 
retical analysis of such systems is in order. Somewhat 
surprisingly, these ferromagnetic systems are more 
amenable to statistical mechanical analysis than the 
usual regular ferromagnetic array. Owing to the ran- 
dom distribution it is possible to express the free energy 
as a power series in the density (or atomic fraction) of 
the paramagnetic constituent. In analogy to the cluster 
expansion in the theory of real gases,’ the coefficients of 
various powers of the density involve interactions 
among clusters of a finite number of particles. Only 
the first few terms of the series can be explicitly evalu- 
ated so that the present theory has utility in the limit 
of weak dilution. This region, conveniently accessible to 
experimental investigation, presents interesting effects 
which would not be observed in the regular ferromagnet. 

Section II is devoted to a qualitative discussion of 
the dilute random ferromagnet. It will become apparent 
that rather anomalous temperature dependence of the 
saturation magnetization may be expected under 
certain conditions. This behavior may turn out to be 
useful in determining the range of exchange forces. 
For example the very existence of a ferromagnetic 
transition of Gd dissolved in La! at atomic concentra- 
tions of a few percent and at temperatures of the order 
of 1°K is sufficient to conclude that the exchange 
interaction is long range in character. 

Section III develops the necessary mathematical 
apparatus to handle the problem. The spin sums are 
carried out by the method of semi-invariants developed 
by Kirkwood’ in the order-disorder problem. It turns 
out that partial summation of the semi-invariant series 


' Matthias, 
1958) 
2 J. Mayer and M. Mayer, Statistical Mechanics (John Wiley & 
Sons, Inc., New York, 1940), Chap. 13. 
3 J. G. Kirkwood, J. Chem. Phys. 6, 70 (1938). 
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smooth curves indicate long-range forces. Similarly, long-range 
forces give rise to smooth behavior of the Curie point as a function 
of concentration for dilute samples. Alternatively, short-range 
forces give rather violent changes in Curie point near atomic 
fractions + (number of nearest neighbors)~!. The method of series 
development used in this paper gives rise to this expected quali- 
tative behavior and also enables one to make quantitative 
prediction if the exchange potential is known. 

Consideration is also given to the antiferromagnetic analog 
together with a discussion of expected behavior of such systems 
in a resonance experiment. 


is possible. What this achieves is a rearrangement of a 
series in powers of V/kT to a power series in the 
density. Because of the analogy with the cluster series 
of Mayer,? we shall develop for spin-independent forces 
the familiar virial expansion by the semi-invariant 
technique. This exercise, interesting in itself as a rather 
expeditious way to get to the virial expansion, serves to 
familiarize the reader with the technique used in the 
present work. It is then shown that the cluster expan- 
sion is sometimes valid even when the forces are the 
spin-dependent exchange forces. This fact is nontrivial 
and is true in the Ising model and the quantum theory 
for particles of spin 3. It does not seem to be true for 
spin>}, but this point is not yet established. 

Up to this point what is achieved is the formal 
evaluation of the partition function with spin-dependent 
forces. This includes both spin sums and spatial inte- 
grations. We call this partition function (Z),,. where s 
designates spin average and c means spatial or con- 
figuration average. Correspondingly log(Z),,. is the free 
energy of the system. (We use “log” to denote natural 
logarithm throughout.) This is mot the measured free 
energy in the experiments envisioned in this paper. 
The argument above shows clearly that what has been 
calculated is the free energy of a gas of paramagnetic 
particles with exchange forces among them. We are, 
however, interested not in the free energy of such a 
system, but rather the free energy of a given system 
of ions frozen into their positions, i.e., in a specified 
nonequilibrium situation. Any correlation between spin 
and spatial configuration is absent in this model 
whereas in the gas this is obviously not the case. Since 
we are interested in a random sample, it is clear that 
it is desired first to calculate the spin sum in the 
partition function (since the spin system is assumed 
to be in thermal equilibrium) and then to average the 
logarithm of this quantity over all spatial configura- 
tions. In short, we must calculate (log(Z),)., i.e., the 
mean free energy. 

The above point is sufficiently delicate and important 
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to warrant further argument. Consider a very large 
sample divided up into a statistically large number of 
subunits each of which itself contains a statistically 
large number of atoms. Because of the latter condition, 
we neglect the surface interactions among the subunits, 
the usual device in deriving the canonical and grand 
canonical ensembles from the microcanonical ensemble. 
Now, in the gas case, all configurations are possible in 
each of the subunits and hence the free energy per 
particle of each is the same (the conventional condition 
of thermodynamic equilibrium). In the case of the 
random frozen sample, neglect of surface interactions 
implies that the total partition function factors into 
products over the subunits and hence 


log(Z).= LU 


subunits 


log(Z;)s. 


Dividing by the number of subunits, it is seen that the 
quantity to be calculated is the free energy averaged 
over random spatial distributions. It will become 
evident from our calculations that the difference 
between (log(Z),). and log(Z),,- is an essential one. 
Fluctuations are important and lead to qualitative 
differences between the two systems. 

Having established this point, we then show that the 
whole analysis leading to log(Z),,. can be taken over 
for (log(Z),)- but with different cluster integrals. We 
then show how to calculate magnetization curves and 
the Curie temperature in the limit of extreme dilution. 

In Sec. VI we briefly indicate the results for the 
random antiferromagnet and discuss the possible 
results of a resonance experiment on such a system. 


II. QUALITATIVE DISCUSSION 


We take a system of ferromagnetically exchange- 
coupled ions distributed at random in a nonmagnetic 
host lattice. Consider first an exchange interaction 
which is of extremely short range so that only nearest 
neighbor interaction is important—all interactions with 
other than nearest neighbors will for the moment be 
set equal to zero. Let Z; be the number of nearest 
neighbors and x the atomic fraction of paramagnetic 
ions. It is clear that for «<1/Z,, the state of ferro- 
magnetic long-range order is impossible. This is so 
because it is impossible to link all neighbors into 
macroscopically long chains in the random situation. 
For x slightly greater than 1/Z, there is a finite proba- 
bility of forming such sequences thereby making 
ferromagnetism possible. It is evident, however, that 
not all the ions can be linked together. Hence, the 
saturation magnetization near T=0 for this ferro- 
magnet is necessarily less than the full spin moment. 
In fact, it can be shown that the ratio of magnetic 
moment at 7=0 to its maximum value (this ratio we 
call Ro) for x= (1/Z,)+e is such that Ro~s/e when 
«1. This situation is schematically given by the 
dotted line graph (Fig. 1) of magnetic moment vs 


FERROMAGNETIC SYSTEM 


-——-. 
i 
~ 
~ 


= LONG RANGE 
INTERACTION 
~ ' 
~. ‘ 
SHORT RANGE “SN_» 
INTERACTION, 
INCLUDE SECOND 
NEIGHBORS 





ONLY NEAREST 
NEIGHBOR INTERACTION 








1 
J2 Z 


Fic. 1. Expected behavior of long-range order R vs T 
for x= (1+6)/Z;. 
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temperature. The magnetic moment is always expressed 
in units of the full saturated moment. This is also 
called the long-range order and we designate it with 
the symbol R, O0< R<1. 

We now consider the effect of second and higher 
order neighbor interactions. Strictly speaking, an 
interaction potential never has an absolute cutoff so 
that at the exact absolute zero of temperature all ions 
will be effectively coupled to give Ro=1. Thus there 
must be some temperature where the levelled off 
“nearest neighbor” curve of Fig. 1 bends up to the 
point Ro=1. This will be the temperature where second 
neighbor interactions are important. To estimate this 
temperature, let J; and J2 be the first and second 
neighbor interaction strengths and let Z: be the effective 
number of second neighbors (we schematize here and 
group a number of coordination shells in what we 
classify as “second neighbers” calling Jz a mean 
interaction energy for the group). Then the temperature 
at which bending up starts to take place may be 
estimated as T~(J2Z./J\Z,)T.. This is sketched 
schematically in Fig. 1. 

The above paragraph was predicated on the assump- 
tion of short-range exchange forces which is the type 
currently supposed to be present in transition metals. 
On the other hand, if the interaction is of long range, 
the expected behavior would be the customary M vs T 
curve without inflection points. This is the dashed line 
graph in Fig. 1. 

From the above discussion, it is seen that experi- 
mental knowledge of M vs T in dilute random ferro- 
magnets yields interesting information about the range 
of exchange interactions. A curve without inflection 
indicates long-range forces; a curve with inflection 
indicates short-range forces where the inflection temper- 
ature gives the relative strengths of near and distant 


“ 


neighbors. 

Further, a smooth curve of 7. vs « down to very 
small x indicates long-range forces, whereas for short 
range forces one expects irregular behavior since for 
x<1/Z, it is the weak distant-neighbor interaction 
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Fic. 2. Expected plot of Curie point 7, vs atomic fraction x. 


that causes ferromagnetism. This is sketched schemati- 
cally in Fig. 2. Of course at sufficiently small concen- 
tration, ferromagnetism will cease even for long-range 
forces. If Z.¢ is the number of sites falling within the 
range of the potential, then for «<1/Z.+; ferromagnetism 
will cease. 

For this reason the experimental findings of Matthias 
et al’ on smooth behavior of 7. vs aga for Gd in La 
down to x¢a~1% indicates a long-range exchange 
interaction among the Gd ions. Such an interaction 
favors the idea of superexchange via the conduction 
electrons since this potential drops off comparatively 
slowly‘ (like 1/R*). This is consistent with Herring’s 
idea on ion-conduction electron exchange being the 
fundamental spin mechanism in these systems. At this 
point, we shall not go further into the interesting 
question of ferromagnetism in the rare earths, but 
reserve it for later investigation. It was brought up 
here as an interesting system that has been studied 
experimentally to show how. the dilute ferromagnet 
does yield information on exchange mechanisms. 


III. DERIVATION OF THE CLUSTER EXPANSION 


As announced in the introduction, we first introduce 
for pedagogical reasons a new proof of the familiar 
Ursell-Mayer cluster expansion for spin-independent 
forces. The problem at hand is the evaluation of 


1 
2 =| og — fre -drs exp[l—8 > 2]] 
1<i<j<Nn 


0 


=log(e8’), (1) 


where 2,; is assumed to be a short-ranged potential and 
for the moment -2;;dr;; is assumed to exist (this will 
be subsequently relaxed). 

In the methods of probability theory, the use of the 
semi-invariant expansion is often convenient. The mth 


4M. A. Ruderman and C. Kittel, Phys. Rev. 96, 99 (1954). 


2 
1 3 
) (b) © 
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Fic. 3. Diagrams of terms contributing to the semi-invariant 
expansion of logZ. 


semi-invariant M,, is defined by the relation 


x M,8" 
logte**)= > ——, (2) 


m=1 MN: 


where x is a random variable and the bracket (_ ) 
indicates the average over x according to a known 
distribution function. 

The following important fact is immediately evident. 
Let x, y be independent random variables corresponding 
to which exist the semi-invariants M,”7, M,”, respec- 
tively. Then by the definition (2) and the assumed 
independence 


M = M,7+M,’, 


since (e8(+) = (e8*)(e8v), Equation (3) is obviously 
generalizable to m independent variables. This equation 
will be extremely useful in what is to follow. It says 
that when dealing with independent random variables 
no cross terms may exist in the semi-invariant M,7*¥. 

It is apparent that the tool of the semi-invariant 
may serve a useful purpose in the evaluation of Eq. (1) 
with V=}> 2,;; being a random variable. The distribu- 
tion law is that the random variables r;, ---, ry are 
each dispersed with equal probability (1/2) through 
configuration space. For orientation, we first evaluate 
the most simple semi-invariants M; and M». 


N 
My=(V)=Z¢eu)=( ) v), 
2 


M.=(V?)—(V)? 
=P (04 jet) — (Vij XVe1)- (6) 


In Eq. (6) three types of terms occur: v7z., no indices 
in common, one index in common and two indices in 
common. We treat the three separately 


x, y independent (3) 


(6a) 
(6b) 
(6c) 


F ee 
(012034) = (v12){034), 


(019093) = (042){v23), 
(019012) = (042°). 


(6a) is obviously true. (6b) is true because in integrating 
over ff, f2, fz; One May pass to independent variables 
T12, T23, Fs. Integration over r; gives a factor of Q whereas 
integration of ry, f23 is a product of integrals since ry» 
and res are independent. It is thus seen that only 
terms with two indices in common survive in Eq. (6), 
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leading to 


N 
- ( )ee)-«"1- 1N%)+0(1). (7) 


The last step in Eq. (7) is true because (v)* involves 
one extra factor of [ (1/2) X (range of force)* ]. 

The important result in our evaluation of M¢ is that 
the unlinked parts drop out (no indices in common) as 
well as the reducible parts (one index in common). We 
should like to rephrase the analysis in slightly different 
language in order to make evident the generalization 
in higher order. Whenever unlinked or reducible parts 
arise in a semi-invariant, a factorization takes place 
analogous to Eqs. (6a) and (6b). Thus the variables 
that appear in the separate parts are statistically 
independent. Then, that contribution to the complete 
semi-invariant M, that arises from unlinked or reducible 
parts must satisfy Eq. (3), i.e., all cross products of 
unlinked or reducible parts necessarily vanish in M,. 
One is left only with the sum of the irreducible parts in 
M,,. For example in M; there are two irreducible 
combinations which we diagram in Fig. 3(b) and 3(c). 
In Fig. 3(a) we diagram the single irreducible part that 
arises in M». [The diagram convention is rather 
evident—vertices label the particles and a single bond 
is drawn for every v interaction among the particle in 
the diagram. | Figure 3(b) corresponds to the terms 


N N? 
( 2 )eiew)- 3(012?)(212) F2(012)* J = 2! (v12")+O(1), (8) 


and Fig. 3(c) corresponds to the terms 


N 
( 3 )Eleuseen) iss 3(012023){031 > 2(v12){023){031) | 
‘ ne 

se 3 (012023031) +O(1). (9) 


The rule for writing down all the diagrams contri- 


» M,(part from three irreducibly linked vertices) 
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buting to M,, is now evident. They consist of all the 
irreducibly linked diagrams containing » bonds among 
v vertices where 2<yv<n. The combinatorial factor for 


fo ae 
a diagram containing y vertices is ( =N’/v! for 
v 


fixed v in the limit as N— ~ such that V/Q is fixed. 
(This is, of course, multiplied by the number of topo- 
logically distinct ways of ordering the vertices 1, ---, v 
for a given diagram; €.g., 012023034041 has three topologi- 
cally distinct diagrams, the other two being 242024043031 
and 01303442021). In this limit it is only the first or fully 
correlated part of the semi-invariant that contributes 
[see Eqs. (7), (8), (9) ]. 

Up to this point we have proven the analog of the 
linked cluster expansion in quantum mechanics.® We 
have shown in a perturbation ‘expansion in BV how 
clusters containing higher powers of V drop out. To 
arrive at the Ursell-Mayer density expansion we must 
now partially sum the series. We first sum the simplest 
set of diagrams, those with two vertices containing the 
series in Fig. 3(a)+Fig. 3(b)+etc. The contribution 
to logZ from this set is 


(—B)"(v") 


=4NXe-8—1) 


1 NV | 
=n — f ( mar, (10) 
21.2 


which is the familiar second virial coefficient. 

Proceeding now to the set of all diagrams containing 
three vertices each connected to the other by at least 
one bond, let us label the three vertices by 1, 2, and 3 
and the bonds by (12), (23), and (31). We must first 
inquire into how many diagrams contribute to M,, such 
that there are /;: bonds of type (12), l23 of type (23) 
and /3; of type (31). This is simply the number of 
arrangements of n things into three classes (12), (23), 
and (31) such that /)2+/23+/s:=2, i.e., the multinomial 
coefficient 2!/1;2'lo3'l33. We then have for the sum of 
all graphs with three vertices 


Ney 


n= nN. 


asl aL tae (—p)* 


NB « x 1 n! 


=— a bi (—£) a (0 19!!2093!2873/31) 
3! n=3 ha, daa, Ian =1 ! Lyo'lo3'ls1! 


liatles+is1 =n 


2 (—Br42)"? bea (—Bv23) "23 D (— v3)! 
(Eom e carey 
lig=1 Lye! log=l los! I31=1 13)! 
1/Ny? | 
-x_(~) foe Buia— 1) (e—8v23— 1) (e831 — 1) d®7,d°r,. 
3INQ 


5 J. Goldstone, Proc. Roy. Soc. (London) A239, 267 (1957). It is worth while to mention here that Goldstone’s derivation is easily 
obtained by the semi-invariant method as well. We define y(t) =P f—.' exp[i//’(t’)dt’ }®o, where H/’(t) is the interaction Hamiltonian 
in interaction representation, including the usual damping factor, &) the unperturbed wave function, and P the time-ordering operator. 
Then defining F (t) =((#) |®o), the well-known adiabatic-switching-on theorem gives AE= 0 logF/d (it) | :0. log may then be developed 
in a semi-invariant expansion in powers of (it). By the theorem of factorization of unlinked parts, only linked parts survive and the 
linked cluster theorem follows. 


n=1 n! 


(11) 
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Equation (11) is the familiar expression for the third 
virial coefficient. 

Continuing in this manner, we see that the coefficient 
of (N*/v!) [or alternatively of (1/v!)(N/2)’"] in the 
expression for (1/N) logZ is the sum of all irreducible 
diagrams involving v vertices. Each such set of diagrams 
is further broken up into a set of subdiagrams in which 
only a given set of types of bonds is admitted. By bond 
type we mean its double index labelling the two vertices 
it connects. Thus the coefficient of (V/Q)* contains four 
vertex diagrams and a possible subset of diagrams is 
that which has bonds of type (12)(23) (34) (41) (24) and 
none other. If (77) labels a bond type, then the factor 
that contributes to M, from a diagram with y vertices 
and /;; bonds of type (7/) is 


(12) 


where 


> and v<n. (13) 


1<t<j<r 
Summation over-all diagrams of this subset leads to 


1 N vl 
v—(~) f II [e Beij—] |d57,--- dz, i. 
viIiQ bonds in the 


given subset 


(14) 


where the same steps are used as those that led to Eq. 
(11). Summation over all terms with fixed y leads to 


4 kN ae 
N ( ) a f re 
vIiQ all irreducible 


linked diagrams 
among » vertices 


x f Tc Peij—1)d°7,---d®r,1 (15) 


=N(N/Q)""'8,_1, (16) 


where the notation in Eq. (16) is the same as Mayer’s.” 
Finally we have 
1 x 
( os7 ) => pv’, 
N val 


which is the well-known cluster expansion. 

It is not immediately apparent that the above 
reasoning is valid for spin-dependent forces. In the 
model of the Ising lattice V=)>0 0,;(r;;)uiaj; where 
y= +1 according to the spin direction. Z is defined by 


lim (17) 
Vo @ 
N/Q=1/v 


dr,-+-drne~ 8’. (18) 


1 
zZ7=— 
. 


Q* {us} 


Now one of the essential steps that led to Eq. (17) was 
the factorization property obeyed by unlinked and 
reducible linked parts of a diagram. It is not obvious 
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that for spin-dependent forces that factorization of the 
reducible parts [e.g., Eq. (6b) ] takes place since wie 
is not independent of ywou;. The next part of the paper 
is devoted to this point. 

Since we are interested in the problem of spontaneous 
magnetization, we shall use a technique due to Kirk- 
wood? of summing only over spin configurations with a 
given long-range order R, where R is defined by 


R=(1/N)D wi. (19) 


This will give us the free energy as a function of R. 
R is determined by minimization. The statistical 
mechanical justification of this procedure is only found 
by consideration of a small magnetic field H which is 
independent of N, the number of particles. This 
multiplies the field free terms in the partition function 
by (e80#®)N where yo is the magnetic moment per 
spin. Thus the partition function is 


(20) 


1 
Z= > Zeeid-free(R) (e894 ®)%, 
R=0 


The sum on R is well approximated by an integral 
which may be done by steepest descents (alternatively 
the maximum term in Eq. (20) dominates everything 
else, i.e., one minimizes the free energy with respect to 
R). The evaluation of logZ is done, of course, in the 
asymptotic limit of large V holding H fixed. Finally 
one lets H — 0 to give the spontaneous magnetization 
moment vs 7. A logical error arises if the limits are not 
done in this order, since the leading terms contributing 
to Eq. (20) for 7=0 are those for which R=O(1/\/). 
We make this point clear at the outset in order to 
justify the consideration of Zyieldtree(R) for finite R, 
independent of V. From now on Zeeid-free(R) will be 
simply noted as Z(R). We evaluate [ (1/N) logZ(R) ] 
for fixed R in the limit N— «. Let W(R) be the 
number of configurations of spin for fixed R. Clearly 


N! 


Di ecirriscrcnsenresermnnaminesiicin, (21) 
(2N(1+R)]![2N(1—R)]! 


Following Kirkwood, we write 
logZ(R) = logW (R)+log(exp(—8 SX vijuiu;))r,c, 


where 
1 


(exp(—8 2 VijMiM;) R= 7 a -— 
W(R) , twit Qs 


> wi=N 
xf exp(—B > o,;jum;)d'r1---d*ry. (23) 


We now develop Eq. (22) in a semi-invariant expan- 
sion remembering that both 7; and yw; are random 
variables. (Averages over 1; will be designated ( )¢ 
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and over yu, will be designated ( ).) We have 


(—#)* 
log(exp(—8 O° v4 jm) ex, c= DL M,, 


n! 


MY =D 0, ume, c= (GY Mikts)R 


ixj 


(24) 
(25a) 


=KNLE wT ws) we] 
=K)[N?R*— NJ, 


since u,7=1, and the distribution over yu; is such that 
> ui is fixed= NVR. In Eq. (25c), note that in a perfectly 
random distribution (R?)=(1/2%)>> R?Wr=1/N and 
M“®=0 which is as it should be. This situation is 
avoided when, as discussed above, a magnetic field is 
present. Only in this circumstance may Eq. (25c) be 
calculated for fixed R with retention of the highest 
power of N.° Thus Eq. (25c) for fixed R is 


M1 =3(0)?R’+0(1), 


(25b) 
(25c) 


(25d) 


where the retained term is taken to be of O(N). This 
procedure will be followed consistently in the calculation 
of the higher semi-invariants. 
M; is given by 
Me=> DY [vi jemimjmistr)r, c 
ij kl 


=F (Ui jMibts) R, (VRID R, c]. (26) 


In Eq. (6) there are the three various combinations of 
unlinked, reducible and irreducible diagrams corre- 
sponding to the spin-independent case (6a), (6b), and 
(6c). Further, we again have (212023) =(v12)(v23) so that 
Mo=(v)c? DL [(mim jets) e— (uit) (uae) e | 

(ip) ACKD 


+X Le") c(ui2u;?)e—(o)c(uiats)e® J. (27) 


In the first summation of Eq. (27) we add and subtract 
the term (i7)= (k/) as well as i= 7 and k=1, to give 


M, = (v)¢? ae 


ijkl 
unrestricted 


— Ave? YS Cu P2usms)e— (ui?) e(uaei)e | 
i,kl 


(wis jade) R— (uid) Red R 


—(v)c? Lo ((ui7u;?)e—(uitts) ne? ] 


+i, [{v*)c(ui?u;?)e—(2)c*(uims)R? J. (27a) 


The first term is zero in (27a) since }> us=NR is 
fixed and all semi-invariants involving constants neces- 
sarily vanish for n>1. [This follows from the definition 


6 T am indebted to Professor Mark Kac for clarifying this point. 
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(2)..] The second term in (27a) obviously vanishes since 
u?=1. Further, since (v*)/(v)’>=O(1/N), one may neglect 
terms involving (v)? compared to those containing (v*). 
Thus Eq. (27a) becomes 


M 2=3N* (yiu2)*)x,c+O(1), (27b) 


which is the same as the spin-free case except that spin 
averages are now included. 

The argument in general order follows the same 
pattern as the above. One decomposes all the terms in 
a semi-invariant into summations over products of 
unlinked and reducible parts plus the summation over 
all irreducibly linked diagrams. The summation over 
unlinked and reducible parts contains restrictions on 
indices (the restriction to unlinked and reducible parts) 
which are handled by adding and subtracting off the 
restrictions. The main term now has a free summation 
over all indices. Thus a term involving a sum of products 
of spin variables 4; becomes a product of sums. But 
every sum of the type }> yu," is fixed in the Ising 
problem since y;"=y; or 1 according to m odd or even 
and we are taking terms only where >> u;= NR. Thus 
every term in the semi-invariant coming from unlinked 
clusters is evaluated by replacing each power of a spin 
variable uv; by 1 or R according to whether the power is 
even or odd. However this implies that this contribution 
to the semi-invariant is zero since the mth semi-invariant 
of a “random variable” which is a constant or sum of 
constants is zero by the definition (2). 

Let us now look at the subtracted corrections. Either 
the correction is a sum of unlinked or reducible terms 
or irreducibly linked terms. In the first cases, repeat the 
same process as above. Continuing until one is left 
only with irreducibly linked terms, we now notice that 
all the subtracted correction terms resulting from 
adding and subtracting annoying restrictive terms on 
indices are at least of O(1/N) smaller than the original 
irreducibly linked diagrams in the semi-invariant. This 
is because a product of two unlinked or reducible parts 
carries an extra factor of (1/2) when compared to a 
corresponding linked irreducible part in the same order. 
The correction terms discussed above resulted from 
contraction of two indices in the sum over unlinked 
clusters so that a term which contributed O(N?/Q) 
compared to the linked irreducible part will contribute 
only something of O(1/Q2) in the correction term in 
question. The argument is made more clear by example, 
but rather than carry this out here we reserve a detailed 
example for the more interesting calculation of 
(log(Z)z)c. Without further comment, we state that 
in the above case the mth semi-invariant is the same as 
obtained in the spin-independent case and hence Eq. 
(17) is correct in the present spin-dependent case. The 
B, are defined now according to Eq. (16) but with spin 
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averages as well as space integrations included, i.e., 


1syy 4 
sty sf... 
viIiQ all reducible 


linked diagrams 
among » vertices 


 f TI eevee — arr, --d7,1)r. (28) 


For emphasis, we repeat that the crucial point in the 
analysis has been that u;"=y; or 1 according to n odd 
or even. Hence >> yu,” is fixed in the spin-averaging 
process. 

As discussed in the introduction, the physical system 
of interest dictates that one must calculate (log(Z)r)c 
rather than log(Z)z,c. Thus a semi-invariant expansion 
is made on the spin variables and then each semi- 
invariant is averaged in configuration space, i.e., 


(M,)c 
(log(Z)r)c= L- 7 


n=1 1: 


(—B)". (29) 


Clearly (Mj)c is still given by Eq. (25d). However, 
(M>2)c differs from (26). Explicitly 


M9=D0 Livi erdcL (wim meter) — (ie (uner)]. (30) 


ij kl 


The reduction of Eq. (30) to a sum over linked irre- 
ducible parts alone is the same as followed through in 
Eq. (27) with the exception that the linked irreducible 
terms now include the subtracted term (umu;)(uim;) 
whereas in Eq. (27) such terms were multiplied by 
(v)?=O(1/N)(v). This is the major difference in the 
two calculations, but aside from this point everything 
goes through as before. Thus 


M = 4N*(0?)[ ((uape)*) — (uae)? |=4.NA0?)M 2, (31) 

Rather than immediately presenting the general 
argument, clarity is gained by first considering another 
simple example, viz., the calculation of M; 


M; = » 


(ij) (kD) (mn) 


(0; ;0% Umn)¢ (u iM Mihi n R 


— (wists) (ebb n) R— (Mader) RCM idt jMmben) R 
—(mbn) e(Wibt jb) RA 2(wim;) RUD) RUmben) R | 


=> M“®) (ij; kl; mn). (32) 
In Eq. (32), it is of course specified that i~7; kX]; 
m#n. However, it is easily shown that these terms 
contribute zero or O(1) to the spin averages after first 
carrying out the space averages. This is true in general 
so that from this point on we will ignore this type of 
restriction on indices. Now, the expression (29) is 
decomposable according to no pairs, one pair, two 
pairs and three pairs in common together with the 
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triangle configuration. Thus 


M;= > 
1j #kl Amn 


no triangle 
configurations 


+3) M®(i7; 17; D+ M® (ij; 17; 77) 
ij #kl ij 

+ ie M®)(i7; jk; ki). 

a A 


M (ij; kl; mn) 


(32a) 


The first summation in Eq. (32a) is written 


oF. 2. 
ij #kl ~Amn 
no triangle 
configurations 


(u iMjMkB ibm n) aes 3p ie) (M iM pt ‘< 


+2(uim;)Xueti(Hmbn)]. (32b) 
If there were no restrictions on indices in the above, 
the result would be zero since }> u;= NR is fixed. This 
result is general since the semi-invariant M,, vanishes 
when it is generated by a ‘“‘random” variable which is 
in fact a fixed number (except of course for n=1). To 
avail ourselves of this simplification, we add and 
subtract all contractions of indices and consider the 
remainder. Taking these new subtracted terms into 
account, the second summation in Eq. (32) is 


3[(v?)Xv)— (0)5] D0 (mi? steamer) — 2( mimeo jeder) 
ige#kl 


—(wi2uj?)Xmama)+ 2(wigs mis )(Memi) ]. (32) 


We first remark that (v)°/(v?)(v)=O(1/N) so that the 
correction term due to contraction of indices in the 
first summation of Eq. (32) need not be considered. 
This result is again general. Whenever indices are 
contracted in a summation over unlinked parts in order 
to add and subtract inconvenient restrictions, the 
subtracted correction may be neglected since, as already 
discussed after Eq. (27), it is O(1/N) less than an 
identical spin term already present in the semi-invariant. 

We now consider the spin average in (32c). The 
most obvious step is to put u?=y,?=1, but we proceed 
in a more systematic fashion in order to state the 
generalization. Again the restriction in the summation 
is annoying so we add and subtract it, neglecting the 
subtracted part by the above argument. Then we may 
freely sum on all four indices. Summation on the 
indices, k, / then leads immediately to zero since }> ux 
is fixed. This is again because (k/) is unlinked from (77) 
and we have a situation which would arise from a 
semi-invariant expansion on the random variable c+ 
where c is a constant (in the present context c 
=). ue >: m1) and x is a random variable (in the 
present context x=y,,;). Since there may not exist 
cross products of ¢ with semi-invariants generated by 2, 
these terms are zero. Generally, when there exists two 
unlinked terms, after the restrictions on summations 
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are removed, summation on one member of the product 
always leads to zero since }> y,” is fixed for any n. 


Finally Eq. (32) is reduced to 
Ma=— (ML Gurus!) — Quast Kats) + 2s) 
N3 
Fe Ae uataatsn)L Cumann) 


— 3(wipte)( Mop aoeatr) + 2(uipte)® | 
o ya 


= 5 Mate + {0120 23031) M greens ; (33) 


In the above example all the nontrivial features that 
arise in the calculation of any M, are clearly exhibited. 
In particular it is seen, in general, how the condition 
that >> uw,” is fixed in the averaging procedure, neces- 
sarily implies that the unlinked and reducible parts 
cancel. One may state the general line of reasoning as 
follows: When unlinked parts exist in a semi-invariant, 
it is possible to rid oneself of all index restriction in 
calculating spin averages. Further, for every term 
involving a mean of a product of spin variables of two 
or more unlinked parts, there will be another term 
involving the product of the means with opposite sign. 
[ That the structure of all the semi-invariants is neces- 
sarily of this form follows in order to insure that 
Relation (3) is true for independent random variables. | 
Finally, free summation then guarantees that the above 
difference is zero since 0 ;=1% yu,” is fixed. This is be- 
cause summing on all the indices of one of the unlinked 
parts merely replaces all spin variables of this unlinked 
part by constants. 

Having shown that 
ducibly linked graphs, 
summation to get the 
coefficient of V/Q in (1/N) logZ/N is given by 


one need only consider irre- 
we now proceed with partial 
“virial expansion.” Thus the 


N 00 (—8) n N “s (—B») n 
sil a ———(y"),.M , (“12 =— z ——,0") 
Cc 


2n=1 pn! 2! \n=1 nN. 


(34) 


1 
= N?*~(log(e#™**)R)cs 


where the definition (2) has been used. The spin average 
in (34) is trivially obtained by expansion of the expo- 
nential, averaging, and resumming, whereupon we have 


[replacing ( ). by (1/2) f°] 


1/N 
Mf—(—) far log(coshv(r) — R? sinh) (35) 
No 


Alternatively, if the particles go on lattice points, 
{ ).— (1/No)d>-, where No is the total number of 
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lattice sites labeled by 7, then (34) becomes 


1 4N 
n|—(—)x log[ cosh@(r;) — R? sinh(r) I} (36) 


2!\ No 
i is taken with respect to some arbitrary origin. 


The coefficient of (V/Q2)? or (N/No)? is given by the 
summation over all triangle diagrams, i.e., 


N8 sf @ M,,{#1H2H3) 
(> —"—- 0"), 


3 ! n=3 n ! 


(37) 


where M,,“!##43 means that contribution to M, that 
arises from all diagrams connecting all three vertices 
1, 2, 3 by one or more bonds. Now the semi-invariants 
generated by the random variable [v244w2+ oso 
+3143: | contains all the graphs containing linkages 
between (12) alone and (12)(23) together. These latter 
of course are not contained in M,,#“'#43, Such terms 
must be subtracted. However, when the semi-invariant 
corresponding to v214H2+V234a43 Is subtracted one has 
also subtracted the single links corresponding to ?24.u2 
and Vo3u043 separately. Thus we have 


M,, (e1#243) = M (H1M2P12+ 41 43V13+M2u3023) 
n 4 n 


—3M,,#in2vist menses) 3 f , (miuevi2) | (38) 


Substituting into Eq. (37), we may now extend the 
sum down to nm=1 since (38) vanishes for n=1, 2. 
Thus (37) becomes, using the definition (2), 


N38 
;, Llogtexp—BLumatistuemstastwamitar ))e)c 
= 3(log(exp — Blu MoV 12+ opesd23 |)r)c 


+3(log(exp—Bluimerr })r)c]. (39) 
The general procedure is now obvious. Corresponding 
to a given term in 8, defined by Eq. (16), there is a 
product of the type [[(e*—1). Terms will arise 
which carry subsums }> 2,;; in an exponential. For 
every such term in ,, there will be a term in 8,’ where 
the expression {°--- f expl—B Dsubset 0: dri + -dr, is 
to be replaced by (log(exp8 dosubset %i;)2)c. And we 
then have 


((1/N) logZ x)e=logW (R)+E N’B,’(R)+BuoHfR, (40) 


with 6,’ calculated according to the above rules. We 
have included the magnetic field H for completeness. 
R is given by A(logZr)/AR=0, which gives 


1-R 98,'(R) 
0=3 oe(—) + N’— -+ Bull. (41) 
1+R R 


€ 


Up to this point we have discussed a perfectly 
random distribution of paramagnetic impurity ions. 
For the systems we have in mind this is an adequate 





832 R. 


description (the alloys are fabricated at high temper- 
atures and rapidly quenched), but we must include the 
proviso that there is no multiple occupancy of a lattice 
point. This introduces a kind of correlation that is 
formally not included in the theory up to this point. 
The additional complication is handled by adopting 
all preceding formulas but interpreting the symbol 
( )- as the average over configuration space taken 
with a certain given probability distribution function. 
Thus the integral in Eq. (35) has a pair probability 
function g®(r) in the integrand and Eq. (36) is under- 
stood to be taken as a sum such that the index 7 does 
not coincide with the origin which has been chosen at 
some one impurity ion. 

Now, however, it is no longer true that the reducible 
linked clusters drop out, since (v12023)(012)(v23). (Of 
course unlinked clusters drop out as their factorization 
property is unaffected.*) In particular, we have for a 
lattice 

1 


(019023) =— D> gisndsj0jn- (42) 
N? i,k 


Since the only correlation under consideration is one in 
which no two particles can overlap, we have gi 
= £10f23831 Where g;j=1 for i~7 and g;;=0 for i=7. 
We therefore write Eq. (42) in the form 


1 
(012023) = (012)(023) + _ LD Bish ir (ger—1)0i;0j%, (43) 
N? ik 


where 


1 2 
(012){023) = F > gs] . (44) 


The first term of Eq. (43) is now treated just as the 
reducible clusters in the case where correlations were 
not considered. The second term may be considered an 
irreducible cluster if a new kind of bond is introduced, 
viz., (gij—1). The magnetic interaction has a bond 
(gis0is). 

This procedure is easily generalized with the result 
that 8,’ must now include all irreducible graphs con- 
taining » vertices with the proviso that all bonds 
associated with the magnetic interaction be at least 
reducibly linked. We shall not pursue this point further. 
However, in an Appendix we shall use our prescription 
to calculate M2 and M; for the case x=1 and show 
that our prescription yields the exact well-known results 
for this case. Since for the case x=1 our prescription of 
keeping ions out of each others way means that each 
ion goes on to a regular site, this agreement must hold. 
Our method simplifies the standard method of calcu- 
lation considerably. 


* Note added in proof—The reason for dropping unlinked 
clusters given above is incorrect. The factorization property is 
effected. The correct reason is that spins arranged in unlinked 
combinations give rise to semi-invariants of 0(1/N). 
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IV. FORMULAS FOR THE DILUTE CASE 


In the remaining part of the paper we shall be 
interested in developing semiquantitative expressions 
for small « by taking the leading term in our expansion 
for logZ. It is not to be construed that this procedure 
yields an exact limiting expression. However, physical 
considerations lead one to believe that for small x. 
the retention of chains alone should be sufficient to 
give a semiquantitative theory. Indeed, the conclusions 
drawn from the expressions derived in this approxi- 
mation are identical with the qualitative sketch given 
in Sec. II. As far as an estimate of convergence and the 
errors involved, this will not be undertaken in this 
paper, but relegated to another publication where a 
specific choice of exchange interaction will be made. 
The error estimates depend quite sensitively on the 
range of the potential. The leading term in Eq. (41) 
is obtained from Eq. (35) or (36) [we take (36) for 
definiteness ] to give 


1—R tanhBv(r,) 
0=} log) ~Rs > — — 
1+R mR 1— R?® tanh2(r;) 


+BuoH+O(x?). (45) 
It is easily verified that for short-range forces Eq. (45) 
duplicates the qualitative behavior sketched in Sec. 2. 
For long-range forces, 6v is small in the range of 
interest ; Bv~ (1/xZ.4:) near the Curie point so that the 
hyperbolic tangent may be expanded and dropped in 
the denominator. This gives the molecular field theory 
as expected. This is only true for x>>1/Zers. 

In Eq. (45) one may now go the limit H — 0 without 
further hesitation, as previously discussed. The Curie 
point, is where two roots of Eq. (45) for H=0, coalesce, 
i.e., where 0%(logZ)/AR?| r-o=0, to give 


(46) 


v(r;) 
1+x >> tanhh——+0(2*)=0. 
j kT 


c 


t 
+0 


For a ferromagnetic exchange coupling, one has »<0, 
say 0(7;;)= —J(r;;), so that Eq. (46) for ferromagnetic 
interactions reads 


J (1) 1 

® tanh( ) =-, 

i <0 kT. x 

Equation (47) approximates the Curie point as a 
function of x for small x. It should also be stated that 
above the Curie point one may use Eq. (41) to calculate 
the susceptibility, i.e., limao(uoR/H). As an applica- 


tion let there be only nearest neighbor interactions, 
each of strength J, Eq. (47) reads 


Ztanh(J/kT.)=1/x. 


eK. (47) 


(48) 


From Eq. (48) we see that for x<1/Z there is no 
solution as expected from our considerations in Sec. II. 
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Of course this result has been obtained only through 
the retention of the second virial coefficient. Other 
terms will give a value of xZ different from 1 for the 
suppression of ferromagnetism, but preliminary calcu- 
lations indicate a small effect. It should be noted at 
this point that had we calculated log(Z)r,c using the 
cluster integrals (28), we would have found in the 
same approximation 


N v(r) 
(-) f sinh )atr= 1, 
Q kT. 


€ 


(49) 


so that no matter how small the density, a Curie 
point would always be present. This example points 
up the necessity of keeping averaging procedures 
straight. 


V. QUANTUM MECHANICAL CONSIDERATIONS 


Equation (40) formally solves the problem of the 
random Ising model with the practical outcome being 
relations (45) and (47) for the extreme dilute case. We 
now briefly turn attention to the quantum mechanical 
case for spin 3. We follow, in principle, the procedure 
of Heisenberg as outlined in Van Vleck’s book.’ In 
brief, Heisenberg has shown that when a magnetic 
field is present (again it may be very small) that, of 
the states with fixed spin S’, the states where the Z 
component M7’ is nearly equal to S’ overwhelmingly 
dominate the partition function. The reasoning is 
analogous to the discussion around Eq. (20). Thus 
with very good approximation it suffices to look at the 
partition function for given S’. The degeneracy factor 
for spin } to a good approximation is given by Eq. (21) 
where M z’= NR/2. Thus the problem is quite analogous 
to the Ising lattice, but one now must sum over-all 
states consistent with 5S’, where the interaction is 
> 2:;5;-S;. Again the semi-invariant method is used. 

The crucial point is this. The spin operators may be 
represented by Pauli matrices. Further, since any power 
of a Pauli matrix is a linear combination of Pauli 
matrices, we have again the same situation as in the 
Ising model. Use of this fact is specifically made in 
calculating terms like 


> (S;-S;)"=An i 3 1+B, y» SiS; 
‘if i,j 


= A,N?+B,(S’)?. 


This assures that }°,;(S;-S;)"=constant in the spin 
averaging process. This is sufficient to prove that all 
unlinked and reducible clusters drop out just as they 
did for the Ising lattice example.t We conclude that Eq. 


7J. H. Van Vleck, Theory of Electric and Magnetic Suscepti- 
bilities (Clarendon Press, Oxford, 1932), pp. 316-342. 

t Note added in proof.—In the quantum case the problem of 
commutativity arises. Thus each diagram in the Ising model is 
many diagrams in the quantum model corresponding to the various 
permutations of the spins. This does not effect the value of 6,’. 
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(40) is still correct for the quantum mechanical spin $ 
case, where spin averages are now quantum spin 
averages. We work out in detail 8,’ 


(B1’)spin j= (log(e®S1-Sav(riz)),) 


The spin average is taken such that the total quantum 
number is S’. Since all powers of (S:-S2) are linear 
combinations of the type a+55,-S2, we must have 


eFS1-Sav(ris) = 4 (Bv)-+ B(Bv) (S132). 


(50) 


(51) 


A and B are determined by considering the eigenvalues 
of 51-52. In the triplet (singlet) we have S:-S2=} (—#) 
to give the simultaneous equations 
eFri4= A+1B, A= Fehr/4tde-ssrid 
52 
eet A—FB, Ba ehelt—_-rls, ©) 
Finally since (S,-S2)=5S” in the present context, we 
have 


(B1')ovin s = (log¢L3e®*!*+ $e-98"/4] 


+S" e6r/4— e~ 88/4 )}) 0, (53) 


This relation is evidently very similar to (35) and the 
subsequent reasoning is the same. 

For spin>} the situation is more complicated since 
some powers of the spin operators will not be constant 
in the averaging process. It is easy to show that this 
will result in certain nonvanishing contributions from 
reducible linked diagrams. The unlinked diagrams still 
vanish. For example, in the semi-invariant M, appears 
the combination 


D~ [((Si+S;)?(SeS1)*)— (SiS 3)? (Se S1)?) J. 


$.F,&,8 


Here all index restrictions are taken to be removed in 
previous steps. For spin 3, this combination is obviously 
zero since >. (S;-S;)?=>;,[4%s—4(S;-S;)] which is 
fixed in the averaging process. For spin> }, the dropping 
of the unlinked clusters is more subtle. We shall not go 
into detail on this point but merely point out that 
there is a strong analogy with the classical statistical 
mechanical problem of the derivation of the canonical 
distribution from the microcanonical. Here one finds 
that if }> ¢:=£ is fixed, then the probability of finding 
energy e+’ in two small components n and n’ is given 
by Pain (ete’)=Pale)Pa(e’) for n,n’ fixed in the 
limit VN — ©, such that E/N is fixed. For the spin 
problem the total spin® is fixed rather than the total 
energy, but the reasoning is the same. For small 
components, joint spin probability functions factorize. 
Thus when one has unlinked clusters, the semi-invariant 
will be zero since the spin distribution functions of the 
unlinked parts are independent. However, reducible 
linked combinations will contribute. It is also apparent 
that these new terms cannot effect the simple sequence 


5 It suffices to consider the Z component Mz’ alone since in 
the present context Mz’=S’. 
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of diagrams contributing to 6,’. Thus the second virial 
coefficient is the same for all spins. 


VI. ANTIFERROMAGNETISM 


For completeness and interest we discuss random 
antiferromagnets. Here we suppose there exists a set of 
A sites and B sites which are antiferromagnetically 
coupled against one another through an intermediate 
superexchanger. All A sites (and B sites) are ferro- 
magnetically exchange-coupled if at all. The above 
language about how sites are coupled of course refers 
to the situation where there is occupation by a para- 
magnetic impurity ion. For simplicity we develop the 
theory for the Ising model. Given this model, we 
proceed as follows. Define 


Ne 
D wiz, (54) 


NB is=1 


corresponding to which there is the combinatorial factor 
W(Rs)-W(Rpz) where W(R) is given by Eq. (21). The 
semi-invariant expansion goes through as before. The 
second virial coefficient, analogous to (36) (we take 
Na=Npg=4)), is 
B,'= — } NG log[ coshgo, 1. i—R,4? sinh6v A a] 

+4 log[ coshBogz— Rp? sinhBrgp | 

+log[ cosh8v,n—R4Rz sinhBr,z }). 


Minimizing logZ with respect to Ra, Re gives 


1—R tanhpo, 1A 
toe)“ emienmed 
1+R, 14R,2 tanhie, 1A 


tanh6v,42 
+ ak Dh 
1+R,’ tanhge 1B 


and similarly for Rg. From these equations one can get 
the Neél point by taking first order in R and setting 
the determinant of the coefficients to 0, i.e., 


(56) 


1+} (tanh(v44/kTy)) 
| +4M(tanh(v4n/kTy)) 


+4, V(tanh(v, 1B kT n))| 
1+1N(tanh(ope/kTy yy 


(57) 


where Ty is the Neél temperature. If v42/kTn and 
vaa/kTw are small (i.e., long-range potential), the 
hyperbolic tangent may be replaced by its linear term 
and Eq. (57) is the usual Neél equation. 

It would not be amiss to discuss here the possible 
outcome of a resonance experiment on random dilute 
antiferromagnetic samples. We assume short-range 
forces and for simplicity spin }. Here most spins would 


® The idea of a resonance experiment on dilute random systems 
was proposed to the authors by Dr. A. M. Clogston. Dr. R. H. 
Silsbee clarified my thinking to a considerable extent on this 
question. 


BROUT 


remain uncoupled giving rise to the main line. The spins 
which occur in pairs are either singlets or triplets which 
are populated in the ratio 3:1 at high temperatures. 
As the temperature is lowered, singlet formation is 
favored and one should see the intensity in the main 
line diminish (the factor of three is a nice enhancement 
factor for the effect). If there is an anisotropy field, 
there is a possibility of seeing the singlet resonance in 
analogy to antiferromagnetic resonance. If this is so, 
one would see the singlet resonance grow as a function 
of temperature till it reaches four times its high- 
temperature value. One might also study the effects at 
higher concentrations to see when spin antialignment 
appears in clusters of spins. In general, such an experi- 
ment has the possibility of offering considerable 
insight into the onset of short-range order, perhaps 
including some kinetic information as well. 
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APPENDIX 


We first calculate M2 for x=1 taking into account 
the irreducibly linked combinations given in the text. 
These correspond to the two diagrams given in Figs. 
4(a) and (b). Dashed line bonds are the factors (Fig. 1). 


M.= Xo (girs?) LKu?u;?) — (uit )* J 


+208: i058 5x0 ju (Q in 1))Ku, Mj joi) — (Migs) gi (Al) 


ijk 
We evaluate this expression for nearest neighbor inter- 


actions of strength J on a square or cubic net to 
compare with other calculations.” Z is the number of 


cAAs 
IN—h 





: 
A 
— vir a 
9, 


g 


Fic. 4. Diagram of terms contributing to M7, and M3. 


10 D. ter Haar, Elements of Statistical Mechanics (Rinehart and 
Company, Inc., New York, 1954), pp. 273-280. 
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first neighbors. The first summation gives 


1NZJ2(1—R’). (A2) 


To do the second summation, note there V?/3! triples, 
three orientations of the diagram and 2! ways to 
distribute the two solid bonds over the diagram. Thus 
there are NV’ terms. Finally since (g;,—1)= —6i, we have 


NZI*C (popes) — (uae)? |= NZJ°LR?—R*].  (A3) 
Adding (A2)+ (A3) gives 


M2=4NZ(1—- Ry, (A4) 


which is the value given by ter Haar." 

We now proceed to the more complicated exercise of 
finding M;. There are five sets of diagrams involving 
bonds containing magnetic interaction in reducible or 
irreducible linkages. These are given by Figs. 4(c) to 
(g). From each of these diagrams, one generates a set 
of irreducible diagrams by filling in with all possible 
combinations of dotted line diagrams. These ‘‘daughter”’ 
diagrams are indicated in the figure. We now evaluate 
these diagrams. This involves four factors: (1) the 
number of ways to choose the vertices out of V particles, 


N 
LO ( , (2) the number of ways to arrange the 
v 


magnetic bonds on each figure among the y vertices, 
(3) the number of distinct ways to place the » bonds 
on the given pattern, (4) the semi-invariant of the 
combination of y’s corresponding to the given diagram. 
These are all easy problems involving much less labor 
than the conventional method given in ter Haar. We 
proceed with a square or cubic net with nearest neighbor 
interactions only. Factors are given in the order set 


LIN Xx 


Fic. 5. Diagrams leading to combinatorial factor in M3. 


FE 
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above. In deriving the results below, we use (g,;;— 1) 
=-5;;. 


Fig. 4(c)=0, 
Fig. 4(d) = 5N*(gy0012*)[2R°— 2R? | =— NZJ*R?( 1- R‘) 9 


N3 3! 
Fig. 4(e) =—X6x— {212019723023 ( 231 - 1))[2 Rt— 2R* | 
3! 2!1! 


=6NZJ*R4(1—R?), 
Fig. 4(f1) = Fig. 4( fe) = Fig. 4( fs) =0, 


N‘ 
Fig. 4( fs) =—XI1 2X3'gioVi28 23023834034 ( £13 — 1) (g23- 1)) 


XCR?— 2R'+ R°]=3NZFR(1— RY’, 
Fig. 4(g:) = Fig. 4(g2) = Fig. 4(g;) = — Fig. 4(g,) 


N‘ 
= on 1K (grr 819V 192140 14( 234 — 1) (g23— 1)) 


[2R8—2R*]= —2NZJ°R4(1—R?). 


The total of all diagrams is obtained by adding all the 
above results. It is 2VZR?(1—R?)? which agrees with 
ter Haar’s result. 

The only difficult combinatory number in the above 
results is the factor of 12 appearing in Fig. 4(f;). In 
Fig. 5 we give the three basic reducible diagrams of 
the type desired. Each has four orientations obtained 
by rotation or reflection, giving a factor of 12. 

We close this Appendix by pointing out the obvious 
advantages of the present technique over the usual one. 
For one thing unlinked graphs do not appear at the 
outset. Thus for given R, one need compute semi- 
invariants on the yu variables only to O(1). The usual 
method requires computation to O(1/N; 1/N?, etc.). 
Further, the bookkeeping is made considerably easier. 
It is a matter of counting graphs and not of lattice 
counting. 
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The specific heat of liquid He* has been measured near the saturation vapor pressure in the range 
0.085°K to 0.75°K, and at pressures up to the melting pressure between 0.12°K and 0.6°K. There is no 
evidence of a specific heat transition in the range of measurements. Near 0.1°K the specific heat near 
the saturated vapor pressure appears to tend linearly to zero at 0°K with a slope of 4.0+0.1 cal/mole- 
deg’, providing evidence for regarding He’ as a Fermi liquid near this temperature with an effective 
excitation mass of (2.0020.05) X the mass of a He’ atom. Entropies calculated with this linear extrapo- 
lation and with the assumption that no transition occurs below 0.085°K agree well with previous evalua- 
tions. Measurements at higher pressures show a negative dependence of specific heat on pressure above 
0.16°K, but a positive dependence below this temperature, in contradistinction to the case of an ideal 


Fermi gas. 


I. INTRODUCTION 


HE first measurements of the specific heat of 
liquid He* were made by de Vries and Daunt! in 
the temperature range 0.5°K to 2.3°K. They were 
followed by the measurements of Roberts and Sydoriak? 
and of Abraham, Osborne, and Weinstock’, the lowest 
temperature reached being 0.23°K. Two main conclu- 
sions could be drawn from the experiments: (i) There 
was no evidence of a specific heat anomaly down to 
0.23°K, and (ii) the thermal excitations in the liquid at 
these temperatures were not describable in terms of a 
perfect Fermi-Dirac gas. The first is of interest in con- 
nection with the possibility of superfluidity in He’*, and 
the second indicated the need for measurements to be 
made at much lower temperatures in order to allow a 
possible extrapolation of the specific heat to 0°K, and 
hence to allow some interpretation to be made con- 
cerning the ground state of the liquid. 

The aim of the present work was to extend the range 
of temperature of measurement to just below 0.1°K, 
and to determine the pressure dependence of the specific 
heat. In Secs. IT and III we describe the apparatus and 
procedure used in the measurements, and the results 
are presented in Sec. IV, which gives our evaluations of 
the specific heat of liquid He’ at a pressure of 6 to 14 
cm Hg in the temperature range 0.085°K to 0.75°K 
and at pressures of 1.0, 2.5, 5.0, 10.0, 15.0, 20.0, 25.0, 
and 29.0 atmospheres in the temperature range 0.12°K 
to 0.60°K. Preliminary reports of this work have already 
been published.*® As is pointed out in the discussion in 
™* Supported by a Grant from the National Science Foundation. 

t On leave of absence from a Nuffield Foundation Research 
Fellowship held at the Clarendon Laboratory, Oxford University, 
Oxford, England. 

1G. de Vries and J. G. Daunt, Phys. Rev. 92, 1572 (1953); 93, 
631 (1954). 

2 T. R. Roberts and S. G. Sydoriak, Phys. Rev. 93, 1418 (1954) ; 
98, 1672 (1955). 

3 Osborne, Abraham, and Weinstock, Phys. Rev. 94, 202 (1954) ; 
Abraham, Osborne, and Weinstock, Phys. Rev. 98, 551 (1955). 

* Brewer, Sreedhar, Kramers, and Daunt, Phys. Rev. 110, 282 
(1958); Bull. Am. Phys. Soc. 3, 133 (1958). 


5 Brewer, Sreedhar, and Daunt, Bull. Am. Phys. Soc. Ser. IT, 
3, 339 (1958). 


Sec. V, the results at the lowest pressure indicate that 
Ceat can be reasonably extrapolated as a linear function 
of temperature to 0°K, providing evidence for regarding 
He’ as a Fermi liquid. It has been possible from these 
results to compute the entropy at the saturated vapor 
pressure, S,at, and to compare it with the entropy de- 
termined at higher temperatures by other methods. It 
was also found that, below about 0.16°K, C, increased 
with increasing pressure, indicating a negative tempera- 
ture coefficient of expansion ; whereas at higher tempera- 
tures C, decreased with increasing pressure. The meas- 
urements of C, under pressure, although carried out to 
0.12°K, did not allow extrapolation to 0°K and hence 
S, could not immediately be computed. However we 
describe in another paper some subsidiary experiments,® 
from which we can calculate the thermal expansion 
coefficient under pressure, and hence S, as a function 
of T and p. 


II. APPARATUS 


The measurements were made in an adiabatic calo- 
rimeter, containing approximately 0.5 cm* liquid He’ 
under pressure, using techniques similar to those pre- 
viously described.! The He’, of purity better than 99.9 
per cent, was kindly loaned to us by the U. S. Atomic 
Energy Commission. The calorimeter, together with its 
electrical heater and magnetic thermometer, was cooled 
by a paramagnetic salt, the thermal connection being 
through a superconducting thermal valve which could 
be opened and closed magnetically, as has been de- 
scribed elsewhere.’ 

The He’ calorimeter, together with the cooling salt 
and the magnetic thermometer, was mounted as shown 
in Fig. 1. The cooling salt, consisting of about 90 g of 
powdered iron ammonium alum of particle size approxi- 
mately 1 mm, was inserted in a container, C, made of 
thin-walled nickel-silver tubing which had inside a 
copper fin system similar to that used by Heer, Barnes, 


6D. F. Brewer and J. G. Daunt, following paper [Phys. Rev. 
115, 843 (1959) ]. 
7C. V. Heer and J. G. Daunt, Phys. Rev. 76, 854 (1949). 
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and Daunt® in their magnetic refrigerator. Following a 
suggestion of Heer,’ the interstices between the salt 
particles were filled with toluene, to act as a thermal 
bond between the salt and the metal, and the container 
was then sealed. Fiber spacers, S S, prevented the 
assembly from touching the brass vacuum case, V, and 
a copper shield, R, protected it from room temperature 
radiation from above, while allowing the vacuum case 
to be pumped through the holes, W W. The calorimeter, 
P, could be filled with He® through the 0.056-cm bore 
stainless steel tube, ¢, which passed through the middle 
of the fin assembly in C. For the first experiments P 
consisted of a hollow copper pot of 0.508 cm’ volume. 
For later experiments, including all those at high pres- 
sures, it was replaced by a modified calorimeter of ap- 
proximately the same capacity because it was found 
that the relaxation time for thermal equilibrium in- 
creased appreciably with pressure, due apparently to an 
increased thermal boundary resistance between the 
liquid He’ and the calorimeter. The modification con- 
sisted in soldering to the base of the new calorimeter on 
its inner surface a scroll of thin copper, thereby in- 
creasing the surface area between the liquid He* and 
the calorimeter by 122 cm? and correspondingly de- 
creasing the relaxation time to a negligible value. The 
calorimeter was positioned rigidly by means of German- 
silver supports between it and the lower end of C. To 
establish thermal contact between the calorimeter and 
the cooling salt, a lead thermal valve, Pb, was used 
(approximate dimensions: 0.07 cmX0.35 cmX3.5 cm). 
The ends of the Pb valve were soldered to the calo- 
rimeter and to the central shank of the copper fin 
assembly projecting through the end cap of the con- 
tainer C. The valve was operated by a 1-kilogauss field 
of a permanent magnet located outside the liquid 
helium and liquid nitrogen Dewars which surrounded 
the apparatus. 

Temperatures were determined by susceptibility 
measurements on a cylindrical specimen, 7’, of powdered 
cerium magnesium nitrate using an electronic mutual 
inductance bridge.’ This salt was chosen because it is 
known" to obey Curie’s law down to about 0.006°K 
and because of its small heat capacity and shape factor 
correction. Using a technique previously noted,” the 
powdered salt was cast in a cold-setting plastic (Casto- 
lite) in a nylon mold in which 6 copper strips (dimen- 
sions: 1 mm wide, 0.25 mm thick) were prelocated. 
When hardened this unit was mounted below the calo- 
rimeter, to which the ends of the copper strips were 
soldered. It was found that this gave satisfactory 
thermal contact between the thermometric salt and the 


8 Heer, Barnes, and Daunt, Rev. Sci. Instr. 25, 1088 (1954). 
9 We are indebted to Dr. C. V. Heer for suggesting this tech- 
nique to us. 
10 Pillinger, Jastram, and Daunt, Rev. Sci. Instr. 2, 159 (1958). 
1 Cooke, Duffus, and Wolf, Phil. Mag. 44, 623 (1953); 
J. M. Daniels and F. N. H. Robinson, Phil. Mag. 44, 630 (1954). 
27. G. Daunt and W. L. Pillinger, Suppl. Bull. inst. intern. 
froid Annexe 1955-3, p. 158. 
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Fic. 1. Apparatus 
for measuring the 
specific heat of liquid 
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calorimeter down to the lowest temperatures of meas- 
urement (0.085°K). The heater consisted of a manganin 
coil of 100 ohms resistance noninductively wound 
around the outside of the calorimeter. Leads to the 
heater were of superconducting Nb wire of diameter 
0.003 inch. 

III. PROCEDURE 


After cooling the apparatus to helium temperatures, 
the magnetic thermometer was calibrated between 
4.2°K and 1.2°K with a small pressure of exchange gas 
in the vacuum case. The relationship between the ob- 
served susceptibility and the reciprocal of the tempera- 
ture was found to be linear in this temperature range 
and was used directly for determining the temperature 
below 1°K; corrections for demagnetizing effects and 
departure from Curie’s law were negligible for this salt 
under the conditions used down to the lowest tempera- 
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Fic, 2. System for condensing liquid He* at high pressures 
into the calorimeter. 


ture of operation (0.085°K). The helium bath was then 
pumped down to the lowest temperature possible (about 
1°K) and He’ condensed into the calorimeter to a pres- 
sure slightly higher than the vapor pressure ; the liquid- 
vapor interface was thus situated at some point in the 
capillary tube, /. Exchange gas was pumped out of the 
vacuum case and demagnetization carried out slowly 
(10 to 15 min) from an initial field of 18 kilogauss down 
to about 3 kilogauss at which value the fringing field at 
the Pb thermal valve was still sufficient to keep it 
“open.” The 3-kilogauss field was then reduced to zero 
in about 20 seconds and the Pb thermal valve re-opened 
by means of a 1-kilogauss permanent magnet for a 
period of one-half to one hour to allow the He’ to cool 
to the temperature of the paramagnetic salt. After 
slowly removing the 1-kilogauss field, thereby isolating 
the calorimeter from the cooling salt, susceptibility ob- 
servations on the magnetic thermometer were taken as 
a function of time. At approximately ten-minute inter- 
vals, measured quantities of heat were put into the 
calorimeter through the 100-ohm heater, current and 
voltage being measured potentiometrically. Tempera- 
ture rises of approximately 10 millidegrees were used in 
the measurement range 0.085° to 0.2°K and up to 100 
millidegrees in the range 0.2 to 0.75°K. 

For measurements at higher pressures, the simple 
pressurizing system shown in Fig. 2 was used. He® gas 
from the supply reservoir was condensed both into the 
calorimeter, P, at about 1°K and into a copper spiral, 
Q, of volume approximately 1 cm’ which was immersed 
in a separate He* bath. The valve V was then turned 
off and when the He* Dewar around Q was removed, 
the liquid He’ in the spiral vaporized, increasing the 
pressure in the calorimeter to a value which was meas- 


TABLE I. Specific heat of liquid He’ in cal/mole-deg as a 
function of p (atmospheres) and 7 (°K). 


p 
s{‘\ «VE d e 5.0 10.0 15.0 


0.400 
0.472 
0.555 
0.640 
0.684 
0.714 
0.737 
0.757 
0.777 
0.793 
0.807 
0.823 
0.845 
0.867 
0.890 


0.100 
0.120 
0.150 
0.200 
0.250 
0.300 
0.350 
0.400 
0.450 
0.500 
0.550 
0.600 
0.650 
0.700 
0.750 


0.522 
0.571 
0.602 
0.612 
0.617 
0.622 
0.627 
0.637 
0.647 
0.659 
0.673 


0.514 
0.567 
0.606 
0.621 
0.629 
0.636 
0.642 
0.649 
0.657 
0.667 
0.676 


0.510 
0.565 
0.609 
0.630 
0.640 
0.648 
0.654 
0.662 
0.671 
0.683 
0.693 


0.494 
0.560 
0.626 
0.662 
0.685 
0.698 
0.706 
0.717 
0.732 
0.748 
0.764 


0.505 
0.562 
0.615 
0.644 
0.661 
0.670 
0.679 
0.687 
0.696 
0.710 
0.724 


0.477 
0.558 
0.637 
0.680 
0.709 
0.728 
0.746 
0.764 
0.779 
0.794 
0.810 
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ured on the Heise bourdon gauge G. This arrangement 
was both simple and convenient, and avoided difficul- 
ties associated with the use of a mercury Toepler pump 
in a closed metal system. 


IV. RESULTS 

In computation of the results allowance was made 
for the shrinkage of the calorimeter between the tem- 
perature at which its volume was measured (~300°K) 
and liquid helium temperature (1.0%), and for the 
additional effective volume of the filling tube (0.8%). 
Due to difficulty in accurate direct measurement of the 
volume of the second calorimeter used, it was computed 
indirectly by normalizing the results obtained with it 
to those obtained with the first calorimeter. In calcu- 
lating the mass of He? in the calorimeter, the molar 
volumes measured by Sherman and Edeskuty" at 1.2°K 
were used, with a correction of approximately 1% to 
allow for thermal contraction between this temperature 
and the temperatures of measurement. The amount of 
contraction was calculated from the expansion coeffi- 
cients at the vapor pressure measured by Taylor and 
Kerr," and at higher pressures from our own measure- 
ments® extrapolated to 1.2°K. The variation in mass 
throughout an experimental run, which is less than 3%, 
has not been allowed for. A run made with the calorim- 
eter empty showed that the correction for its heat 
capacity, including that of the magnetic thermometer, 
was negligible. 

In the temperature range of measurement it can be 
shown that!® the specific heats at constant pressure, 
under saturated vapor pressure, and at constant volume 
are equal (i.e. Cp=Csat=C,) to within approximately 
0.2%. The value of the mechanical equivalent of heat, 
J, was taken to be 4.186 joules/calorie. 

The results are given in Table I which are taken from 
the smoothed curves drawn through the observed indi- 
vidual data. A total of 280 individual data points were 
taken. In Fig. 3 typical smoothed C, versus T isobars 
are shown for three pressures: 6 to 14 cm Hg, 5 atmos, 
and 25 atmos. Individual data for the measurements at 
6 to 14 cm Hg are shown in Fig. 4, in order to give an 
indication of the scatter and reproducibility; different 
symbols refer to experimental runs made on different 
days. At other pressures at which measurements were 
made, i.e., at 1.5, 2.5, 5.0, 10.0, 15.6, 20.0, 25.0, and 
28.8 atmos, the individual data points used to obtain 
the smoothed curves, although not so numerous, showed 
similar reproducibility and scatter. It is estimated that 
the error in any one specific heat determination is 

18 R. H. Sherman and F. J. Edeskuty, Symposium on Liquid and 
Solid He (Ohio State University Press, Columbus, 1957), p. 44; 
Proceedings of the Fifth International Conference on Low-Tempera- 
ture Physics and Chemistry, Madison, Wisconsin, 1957, edited by 
J. R. Dillinger (University of Wisconsin Press, Madison, 1958), 
. cR Dean Taylor and E. C. Kerr, Physica 24, 133 (1958). 

16 This requires a knowledge of the expansion coefficient, meas- 


urements of which in the temperature range 0.1 to 0.6°K are 
reported by us in a subsequent paper. 
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within +0.02 cal/mole-deg and that the probable error 
in the smoothed results is +0.01 cal/mole-deg. 


V. DISCUSSION 


(a) Specific heat at the saturated vapor pressure 


It can be shown! that the possible difference between 
the value of C, at 6 to 14 cm Hg and Coat is within the 
experimental error of our measurements. Direct com- 
parisons can be made therefore between our values!® 
of C, for p=6 to 14 cm Hg and previous observations 
on Csat, Which have been made in the temperature 
range above 0.23°K'~° It is found, as is evident in Fig. 4, 
that the agreement is satisfactory. We shall refer to our 
results at the lowest pressures therefore as Csat. 

Our results for Cy,t show (a) that at least down to 
0.085°K there is no sign of a )-transition or other 
anomaly and (b) that it appears that a linear extra- 
polation of the curve can be made to zero specific heat 
at O°K with a slope, y, of 4.00 cal/mole-deg’. Such a 
linear temperature dependence of the specific heat near 
absolute zero, characteristic of a perfect Fermi gas, may 
not necessarily occur in a system of Fermi particles in 
the presence of interactions, as recently emphasized by 
Landau.'” The experimental confirmation of a linear 
region thus provides some evidence for regarding He’ 


16 The results given here differ slightly from and supersede those 
reported by us earlier [Brewer, Sreedhar, Kramers, and Daunt, 
Phys. Rev. 110, 282 (1958) ]. The revision is due to the subsequent 
greatly increased number of points measured and their reduced 
scatter, and to a more accurate evaluation of the calorimeter 
volume. 

17L, Landau, Zhur. Eksptl. i Teoret. Fiz. 30, 1058 (1956) 
[{translation: Soviet Phys. JETP, 3, 920 (1957) ]. 
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near 0.1°K as a degenerate Fermi liquid with an ap- 
proximately constant effective mass, in agreement with 
the theories of, for example, Landau!’ and Brueckner 
and Gammel.'* This result also agrees with the observa- 
tion of Fairbank ef al.,!° who found that the nuclear 
magnetic susceptibility tended to become constant, in- 
dependent of temperature at temperatures from about 
0.18°K to the lowest temperature of their measurements 
(~0.10°K). 

Although our results, taken together with the con- 
siderations noted above, indicate that the linear extra- 
polation of Cy: to O°K can be made with some confi- 
dence, it should be pointed out that our accuracy does 
not entirely preclude the existence of a small amount 
of curvature even at our lowest temperature of meas- 
urement. This would result in an increase in the limiting 
slope of the specific heat at 0°K by an amount which 
we estimate would be less than 0.4 cal/mole-deg? even 
if the specific heat continued to be curved right down 
to absolute zero. Moreover, even with the existence of 
a strictly linear region, an extrapolation to 0°K cannot 
be completely unambiguous. As we have already pointed 
out,‘ there remains the possibility that a transition may 
yet occur at a lower temperature than that of the lowest 


18K. A. Brueckner and J. L. Gammel, Phys. Rev. 109, 1040 
(1958). 

19 Fairbank, Ard, and Walters, Phys. Rev. 95, 566 (1954); 
W. M. Fairbank and G. K. Walters, Symposium on Liquid and 
Solid He® (Ohio State University Press, Columbus, 1957), p. 205; 
Proceedings of the Fifth International Conference on Low-Tempera- 
ture Physics and Chemistry, Madison, Wisconsin, 1957, edited by 
J. R. Dillinger (University of Wisconsin Press, Madison, 1958), 
p. 86. 
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Fic. 4. Cyst for liquid He’ versus temperature. 


@, de Vries and Daunt.! +, Roberts and Sydoriak.2 X, Abraham, Osborne, and 


Weinstock.’ Our experimental points obtained on different days are given by the various circled markings. The open circles below 0.15°K 


refer to our previous measurements‘ with the first calorimeter. 


observation,” and such a transition, as for example in 
superconductors, might be one which leaves the high- 
temperature entropy unaffected. It would still be of 
interest and value therefore to extend measurements of 
Cyat to yet lower temperatures. 

It is of interest to note that the value of y computed 
by Brueckner and Gammel for He? as a Fermi liquid is 
3.67 cal/mole-deg*, differing only by 7% from our 
experimental value. As far as we are aware, this is the 
only theoretical evaluation of y from first principles. 
Previous considerations of the specific heat of liquid 
He® as that of a Fermi system, for example by 
Pomeranchuck,” Singwi,” and London,” and by Tem- 
perley* treated the system as a gas. Recent work by 
Goldstein* allow, as is described in the following paper,*® 
numerical values of y to be computed provided the low 
temperature susceptibility is known. The liquid-like 
treatments of Landau!’ (see also Khalatnikov and 
Abrikosov”*), Penrose,” and Huang and Yang** do not 


* For example, Cooper, Mills, and Sessler [Physica 24, 183 
(1958) ] have discussed the possibility of a transition to super- 
fluidity at very low temperatures. See also O. K. Rice, Phys. Rev. 
97, 558 (1955). 

211. Pomeranchuk, Zhur. Exptl. i Teoret. Fiz. 20, 919 (1950). 

2K. S. Singwi, Phys. Rev. 87, 540 (1952). 

*% T. C. Chen and F. London, Phys. Rev. 89, 1038 (1953). 

*H. N. V. Temperley, Proc. Phys. Soc. (London) A67, 495 
(1954). 

28 L. Goldstein, Phys. Rev. 96, 1455 (1954) and 112, 465 a. 

%*T. M. Khalatnikov and A. A. Abrikosov, Zhur. Exptl. i 
Teoret Fiz. 32, 915 (1957); [translation: Soviet Phys. JETP 5 
745 (1957) ]. 

270. Penrose, Symposium on pets “7 Solid He? (Ohio State 
University Press, Columbus, 1957), p 

*K. Huang and C.N. Yang, Phys. Rew. 105, 787 (1957). 


permit an immediate theoretical numerical evaluation 
of the term y. It should again be remarked that the 
theory of Brueckner and Gammel, like our linear extra- 
polation, assumes the absence of a transition near abso- 
lute zero. If a transition were to occur, it would be 
possible that the theory, although one describing the 
ground state, would be a good approximation near 
0.1°K but incorrect at 0°K. 

One may characterize the Fermi liquid in the linear 
region near 0°K by a constant effective mass m* given 
by 


m*/m=C/Cr, (1) 


where m is the mass of the free He* atom, C the observed 
specific heat, and Cr the specific heat of an ideal Fermi- 
Dirac gas of particles of constant mass m and density 
equal to that of the liquid. In Fig. 5 we show C/Cr 
plotted as a function of temperature for four different 
pressures. Although the curve of Csa:/Cr has been 
drawn horizontal below 0.1°K, this again depends on 
the validity of our linear extrapolation to absolute zero. 
A residual curvature in the specific heat would result 
in an upward trend of the graph to a higher value of 
Csat/Cr at 0°K which we estimate would not exceed 
2.2. If the linear extrapolation is correct, we obtain a 
value of m*/m at the saturated vapor pressure of 2.00 
+0.05 between 0°K and 0.1°K. At higher temperatures, 
the observed specific heat departs from a linear tempera- 
ture dependence and differs markedly from a simple 
Fermi function with constant effective mass, as shown 
by the rapid drop of C/Cr in Fig. 5. Equation (1) no 
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Fic. 5. The ratio C/Cr versus temperature, where C is the ob- 
served specific heat, Cr the specific heat of an ideal Fermi-Dirac 
gas of the same density as the liquid. Curve A, p=6-14 cm Hg. 
Curve B, p=5 atmospheres. Curve C, p=10 atmospheres. 
Curve D, p=25 atmospheres. 


longer holds in this region, since, apart from theoretical 
difficulties, there are terms in dm*/dT appearing in the 
expression for a Fermi-Dirac gas with a temperature- 
dependent effective mass. Thus we cannot conclude 
from Fig. 5 without further examination that m*/m 
becomes less than unity at the higher temperatures. 

Various attempts have been made to account for the 
behavior of the observed specific heat in terms of the 
elementary excitations in the liquid. Khalatnikov and 
Abrikosov,”® using the Fermi-liquid model of Landau,!’ 
have computed Cy, using the following excitation 
spectrum : 


E(p)= (p— po)*/2u, (2) 


where /(p) is the energy of an excitation of momentum 
p, w its effective mass, and fo is a constant. This yields 
a value of C,,, which is temperature independent and 
equal to 3R cal/mole-deg at temperatures above the 
degeneracy temperature (assessed by them to be about 
1°K), and which varies linearly with 7 in its approach 
to 0°K. Such a temperature dependence of the specific 
heat resembles in very rough outline the observed be- 
havior of Cysat, but clearly not in detail. Other spectra, 
such as that proposed by Usui,” have yet to be 
thoroughly investigated. 

If it is permissible to speak of a contribution, Cpa, to 
the specific heat due to phonon excitations, an assump- 
tion which is open to doubt,” then C,,=0.059 T* 
cal/mole-deg as computed from the sound velocity®” 

29 T. Usui (private communication). 

%® For example see report of Symposium on Liquid and Solid He’, 
(Ohio State University Press, Columbus, 1957); R. P. Feynman, 
Phys. Rev. 91, 1301 (1953); L. D. Landau, J. Exptl. Theoret. 
Phys. U.S.S.R. 32, 59 (1957) [translation: Soviet Phys. JETP 5, 
101 (1957). 

31H. Flicker and K. R. Atkins, Symposium on Liquid and Solid 


He? (Ohio State University Press, Columbus, 1957), p. 11; 
Proceedings of the Fifth International Conference on Low-Tempera- 
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Fic. 6. The entropy of liquid He’ at the saturated vapor pressure 
versus temperature. ©, Roberts and Sydoriak.? @, Abraham, 
Osborne, and Weinstock.’ O, present results. 


near 0°K. At 1°K therefore C,, would amount only to 
approximately 6% of the observed value of Cyt, and 
to much less at lower temperatures. 

Many workers, for example de Boer and Cohen,* 
Rice,* Price,®> and Temperley,®* have considered the 
thermal excitations in terms of a cell model of the 
liquid with two or more He? atoms per cell. By suitable 
choice of numerical values of the parameters involved, 
the cell model can be made to reproduce the observed 
specific heat curve above about 0.25°K adequately 
well. However, unless one further assumes that the 
energy levels are appropriately broadened, this approach 
must lead to an exponential temperature dependence 
of the specific heat as T— 0°K, rather than a linear 
variation. 

(b) Entropy 


The entropy at the saturated vapor pressure, Syat, 
has been calculated from our observed specific heats 
with the linear extraplation of Cy, to O°K referred to 
in Sec. V (a) above. The results are shown in Fig. 6 and 


ture Physics and Chemistry, Madison, Wisconsin, 1957, edited by 
J. R. Dillinger (University of Wisconsin Press, Madison, 1958), 
p. 95. 

% Laquer, Sydoriak, and Roberts, Symposium on Liquid and 
Solid He® (Ohio State University Press, Columbus, 1957), p. 15; 
Proceedings of the Fifth International Conference on Low-Tempera- 
ture Physics and Chemistry, Madison, Wisconsin, 1957, edited by 
J. R. Dillinger (University of Wisconsin Press, Madison, 1958), 
», 98. 

' 33 J. de Boer and E. G. D. Cohen, Physica 21, 79 (1955). 

40. K. Rice, Phys. Rev. 97, 263 and 1176 (1955); 98, 847 
(1955). 

38 Pp, J. Price, Phys. Rev. 97, 259 (1955). 

36H. N. V. Temperley, Phys. Rev. 97, 835 (1955); Proc. Phys. 
Soc. (London) A68, 1136 (1955). 
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TABLE IT. Entropy, S, of liquid He’ at the saturated vapor pressure as a function of temperature. 
ir 


S in cal/mole-deg; T in °K 


0—0.1 
4.00T 


in Table II. It is estimated that the errors in these 
evaluations due to possible errors in Cs, are +0.01 
cal/mole-deg and that the absolute values of S.a: may 
involve a systematic error due to a possible remaining 
curvature in the specific heat below 0.1°K which would 
tend to add an amount less than 0.03 cal/mole-deg. In 
Fig. 6 we include for comparison previous evaluations 
of Sat made by Roberts and Sydoriak**’ and by 
Abraham ef al.’.** Since at that time no extrapolation of 
Cat to O°K could be made, the absolute entropies were 
evaluated by computing entropy differences over the 
range of their specific heat measurements and by com- 
puting S,.: at one temperature either from vapor pres- 
sure data’ or from heat of vaporization data.* It can be 
seen in Fig. 6 that the agreement between our results 
and those of Roberts and Sydoriak is remarkably good, 
whereas there appears to be an almost temperature- 
independent difference of 0.10 cal/mole-deg between 
our data and those of Abraham ef al. The latter quote a 
possible error of +0.03 cal/mole-deg, which combined 
with our estimate of the maximum error could reduce 
the discrepancy to 0.04 cal/mole-deg. This discrepancy 
could be interpreted as an indication of a possible transi- 
tion in liquid He* below our lowest temperature of meas- 
urement of Cya:. We are inclined, however, to consider 
that it indicates a somewhat larger combined experi- 
mental error than has been estimated. 


(c) Specific heat under pressure 
As is shown by the typical curves of Fig. 3 for C, at 
5.0 and at 25.0 atmospheres, C, decreases with increas- 


37 See also E. F. Hammel, Progress in Low-Temperature Physics 
(North Holland Publishing Company, Amsterdam, 1955), Vol. 1, 
p. 78. 

38 Abraham, Osborne, and Weinstock, Physica 24, 132 (1958); 
Weinstock, Abraham, and Osborne, Suppl. Nuovo cimento 9, 
310 (1958) ; and private communication. 
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ing pressure above about 0.16°K, whereas from this 
temperature down to 0.12°K, which was the lowest 
temperature of measurement, (0C',/0p)r is positive. A 
positive value of (8C,/0p)r was predicted by Brueckner 
and Gammel!* for He® as a Fermi liquid near 0°K, in 
marked contradistinction to a negative value which is 
expected for an ideal Fermi gas. Unfortunately our 
measurements of C, do not allow satisfactory extra- 
polation to 0°K. In a subsequent paper, however, we 
describe additional measurements which allow a pre- 
liminary computation of S, and therefrom a reasonable 
extrapolation of S, and C, to 0°K. Detailed discussion 
therefore is postponed to the subsequent paper. 

The variation of C,/Cr, where Cr is the specific heat 
of an ideal Fermi-Dirac gas of the appropriate density, 
is shown in Fig. 5. The shape of the curves is quali- 
tatively similar to that for Cya:/Cr, but it is noteworthy 
that as the temperature is increased the value of C,/Cr 
becomes independent of pressure. Thus above 0.5°K 
the observed specific heat has the same pressure de- 
pendence within about 1% as an ideal Fermi-Dirac gas. 
At the low-temperature end of the curves, C/Cr is still 
rising rapidly with decreasing temperature, suggesting 
that a linear region in the specific heat at higher pres- 
sures may only be observed at temperatures well below 
0.1°K. 
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Measurements have been made of the change of temperature on adiabatic expansion of liquid He’ in the 
temperature range 0.15°K to 1.15°K, at average pressures up to 22 atmospheres. From these measurements, 
evaluations have been made of the expansion coefficient, a», at constant pressure, and of the change in 
entropy on compression from the saturated vapor pressure to higher pressures. The latter calculations, 
combined with the previously determined entropy at the saturated vapor pressure, give values of S,, the 
absolute entropy under pressure. It is found that at all pressures a, is negative up to a temperature 7) which 
is a monotonically increasing function of pressure. Correspondingly, at sufficiently low temperatures 
(0S,/Ap)r is positive for all pressures, in agreement with theory. The S, isobars allow plausible extra- 
polations to the absolute zero, from which the limiting slope at 0°K has been estimated. Comparison of these 
slopes with the very-low-temperature nuclear magnetic susceptibility yield some information concerning 
the variation with pressure of the spin-dependent interactions in liquid He’. 


I. INTRODUCTION 


N a previous paper,’ which we now refer to as I, 

measurements were reported of the specific heat of 
liquid He’ under a small pressure of 6 to 14 cm Hg down 
to a temperature of 0.085°K, and under higher pressures 
up to 29 atmospheres at temperatures between 0.12°K 
and 0.6°K. The measurements at the lowest pressure 
indicated that the specific heat tended to become a 
linear function of temperature in its approach to 0°K, 
with a slope of 4.00 cal/mole-deg’. By extrapolation of 
this linear relation to 0°K, it was possible to compute 
from our results the entropy, Ssat, of liquid He* under 
its saturated vapor pressure. The measurements at 
higher pressures, however, did not reach to low enough 
temperatures to allow reliable extrapolation of C, to 
0°K, and hence the entropy under pressure, S,, could 
not be computed. It was in order to compute S, by 
other methods that the present experiments were 
undertaken and they have yielded not only evaluations 
of S, but also preliminary data for the thermal ex- 
pansion coefficient under constant pressure, ap. 

The experiments consisted in measurement of the 
temperature changes, AJ, occurring in liquid He’ 
during adiabatic expansions. If the adiabatic expansions 
are reversible, the effect is at constant entropy and 
(0T/dp)s is related thermodynamically to the thermal 
expansion coefficient at constant pressure, ap, as follows: 


1/9V\ C,/aT 
«alg eg 
V\aT/, VT\ap/s 


As is discussed in Sec. III, our measurements of AT/ Ap 
yield d7/dp within an error of at most 0.1 millideg 
atmos, and from various considerations, also discussed 
in Sec. III, it is concluded that the irreversibilities in 
the experiments were small. We therefore have calcu- 

* Supported by a Grant from the National Science Foundation. 

+ On leave of absence from a Nuffield Foundation Research 
Fellowship held at the Clarendon Laboratory, Oxford University. 

1 Brewer, Daunt, and Sreedhar, preceding paper [Phys. Rev. 
115, 836 (1959) ], 


lated a, from our observed values of AT/Ap and from 
our C, data of I by means of the following modification 


of Eq. (1): 
Cy (—) 
j= —— : 
VTN APJ ots 


The allowances made for changes in 7, V and C, 
during expansions are discussed in Sec. III, where we 
give evaluations of @, at various pressures between 
1.70 and 22.0 atmospheres in the temperature range 
0.15°K to 0.6°K. It is interesting to note that AT/Ap 
and a, are negative from the lowest temperature of 
measurement up to a temperature 7 which is a mono- 
tonically increasing function of p. Below To, adiabatic 
compression produces a cooling, but the effect is small, 
as is detailed in Sec. III, and consequently would not 
offer an effective method of reaching low temperatures. 

From our values of a, as a function of p and T we 
can now obtain the entropy under pressure, S,, using 


the equation 
p 
to Ssat= — f Vap,dp, (3) 
SVP 


where Szat is the entropy at the saturated vapor pres- 
sure, determined in I. We have evaluated (.S,— Sat) 
at 0.6°K using our a, values together with the value of 
a, at the saturated vapor pressure calculated from the 
results of Taylor and Kerr’; and then have computed 
S, at other temperatures by use of the values of C, 
reported in I. In Sec. III the results of this computation 
are presented, giving S, at 5.0, 10.0, 15.0, and 22.0 
atmospheres in the temperature range 0.12°K to 0.6°K. 
In accordance with the negative values of ap, it is 
found that at sufficiently low temperatures S, increases 
with increasing pressure, as expected from the C, data 
given in I. 

We have also calculated (S,—Sgat) more directly, 
without going through the procedure of integrating the 


2R. D. Taylor and E. C. Kerr, Physica 24, 133 (1958); and 
private communication 
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expansion coefficients, from the relation 


AS CyfAT 
OA. « 
Ap T r Ap obs 


using average values for C, and 7. This gives directly 
the finite change in entropy during the experimentally 
observed expansions, which were through finite pressure 
differences of approximately 2 atmospheres. The re- 
sulting values of S, as a function of p and T agree very 
‘well with those obtained from Eq. (3) using the pro- 
cedure outlined in the preceding paragraph. This 
affords a check on the error involved in replacing 
(8T/0p)s by (AT/Ap)ovs, and the error is found to be 
very small. 
The S, isobars allow a plausible extrapolation to 
0°K, and the slopes, y, given by 


y=lim(8S/8T) », (5) 
T0 


have been estimated. Some discussion of the relation 
between these y values and the very low-temperature 
nuclear magnetic susceptibility of liquid He* under 
pressure, as determined by Fairbank and Walters,’ is 
given in Sec. IV, together with a comparison with 
theoretical work, notably that of Brueckner and 
Gammel.‘ 





(Millideg /Atmos) 
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nm 
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Fic. 1. Typical curves of (AT/Ap) versus temperature. O, 
average pressure pay=1.70 atmos; A, pay=5.60 atmos; [], 
Pm = 11.54 atmos. 


3G. K. Walters and W. M. Fairbank, Phys. Rev. 103, 263 
(1956); W. M. Fairbank and G. K. Walters, Symposium on Liquid 
and Solid He (Ohio State University Press, Columbus, 1957), 
p. 205; Low Temperature Physics and Chemistry (University of 
Wisconsin Press, Madison, 1958), p. 86. 

*K. A. Brueckner and J. L. Gammel, Phys. Rev. 109, 1040 
(1958). 
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II. APPARATUS AND METHOD 


The apparatus employed for these experiments was 
the same as that used for measuring the specific heat 
of liquid He® under pressure and is described in I. 
Essentially, it consists of an adiabatic calorimeter of 
about 0.5 cm® capacity with a large internal surface 
area to avoid thermal boundary resistance effects, 
connected by a superconducting Pb thermal valve to 
the paramagnetic salt (iron ammonium alum) used for 
cooling below 1°K. The salt and calorimeter were 
enclosed in a vacuum jacket surrounded by liquid 
helium. Temperatures were measured with a magnetic 
thermometer of cerium magnesium nitrate, thermally 
attached to the calorimeter. Pressures over the liquid 
He® were measured with a calibrated Bourdon gauge 
with an accuracy of better than 0.05 atmospheres. The 
He’, of purity better than 99.9%, was kindly loaned to 
us by the U. S. Atomic Energy Commission. 

Most experiments were carried out by first condensing 
He’ at a pressure just greater than 14.5 atmospheres 
into the calorimeter at about 1°K, and then demag- 
netizing the salt from a selected initial field to some 
temperature between 0.15°K and 1.0°K. The calo- 
rimeter and liquid were cooled to approximately the 
same temperature as the salt by maintaining the Pb 
thermal valve “‘open” by means of a one-kilogauss 
magnetic field, and then were thermally isolated by 
removing the field from the Pb valve. After adjustment 
of its pressure to 14.5 atmospheres, the temperature of 
the liquid was measured at half-minute intervals. On 
reaching steady conditions, the liquid was expanded 
from the pressure of 14.5 atmospheres to 12.5 atmos- 
pheres. During and immediately after the expansion, 
temperatures were read at 15-second intervals. When 
steady conditions were again reached, so that the net 
change in temperature, AT, could be accurately 
assessed, a further expansion was carried out to 10.5 
atmospheres, and this procedure was continued for 
subsequent expansions of approximately 2 atmospheres 
each down to a final pressure of 0.5 atmosphere, which 
was the pressure of the helium gas reservoir. During the 
period after an expansion, the pressure rose slowly by 
a few tenths of an atmosphere, so that the net pressure 
change, A7, was generally not exactly 2 atmospheres. 

The experiments were repeated for fourteen different 
temperatures between 0.15°K and 1.15°K by choosing 
suitable initial fields for demagnetization and at 
average pressures up to 22.0 atmospheres. 


III. RESULTS 
(a) The Expansion Coefficient 


Figure 1 shows typical curves of the measured 
AT/Ap versus temperature for three average pressures 
of 1.70, 5.60, and 11.54 atmospheres. Similar curves 
have been drawn for our results at 3.68, 7.58, 9.54, 
11.54, 13.50, and 22.0 atmospheres, and smoothed 
values of AT/Ap have been obtained from them. The 
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Fic. 2. The expansion coefficient a, as a function of temperature for various pressures. The curve labelled T and K gives 
Pp 
@p at the saturated vapor pressure as calculated from Taylor and Kerr’s values? of asat. 


expansion coefficient a, was then calculated as a func- 
tion of temperature at various pressures by use of Eq. 
(2). Values of C, have been taken by interpolation 
from our own measurements reported in I, and the 
molar volumes from the pVT data of Sherman and 
Edeskuty® at 1.2°K. The error introduced by using the 
molar volumes at 1.2°K instead of at the temperature 
of measurement is in all cases less than 1%. We have 
only been able to use Eq. (2) up to 0.6°K, which is the 
highest temperature to which C, is known. 

In using Eq. (2) one may introduce systematic errors 
due (1) to approximating a differential term by one 
involving finite differences, and (2) to neglecting 
changes in C,, V, and T during the expansions. The 
first error is unavoidable in the method used, but as 
shown in Sec. III (b) (see also Fig. 4) it contributes an 
error in a» which is probably less than 0,0001/°K. In 
assessing the second error (2) we note that the maximum 
changes in C,, V, and T during 2 atmosphere expansions 
in the temperature range 0.15°K to 0.6°K are, respec- 
tively 4, 6, and 3%. These maxima however do not 
occur at the same temperature, AC,/C, being greatest 
when A7/T is least. In order to allow for these changes 
we have used in Eq. (2) always average values of 7, 
V, and C, occurring in each expansion, and it is esti- 
mated that the error, in a, introduced in this way are 
less than 0.0001/°K. 


5 R.H. Sherman and F. J. Edeskuty, Symposium on Liquid and 
Solid He (Ohio State University Press, Columbus, 1957), p. 44; 
Low Temperature Physics and Chemistry (University of Wisconsin 
Press, Madison, 1958), p. 102. 





Smoothed curves of a, are shown in Fig. 2. In this 
figure the temperatures, 7), where a, is zero at various 
pressures have also been inserted since these are known 
directly from experiment, being given when (AT/Ap)o»s 
is zero. Figure 3 shows 7) as a function of average 
pressure. The curve of 7) versus p has been extrapolated 
to the vapor pressure (~0 atmos) giving a value of 
0.50°K for the temperature at which a, for liquid He® 
at the saturated vapor pressure becomes zero. 

Some comments should be made concerning the 
precision of our determinations of A7T/Ap and the 
problem of the reversibility of the expansions. The 
susceptibility measurements on the thermometer salt 
allowed temperature differences in individual ex- 
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Fic. 3. Variation with pressure of the temperature, To, at 
which the expansion coefficient is zero. 
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pansions to be assessed to within 0.1 millidegrees at 
the lowest temperatures, 0.3 millidegrees at 0.6°K, 
and 0.7 millidegrees at 1°K. The pressure gauge readings 
contribute a constant percentage error within +2 
percent. By drawing smoothed curves the random 
errors are reduced, and we estimate that the A7T/Ap 
curves are accurate to within +0.2 millideg/atmos up 
to 0.6°K, and +0.4 millideg/atmos near 1°K. The 
over-all random error in the a, data up to 0.6°K is 
probably within +0.0004/°K. 

Possible systematic errors due to irreversibilities in 
the expansions might be serious, but are difficult to 
assess. Our a, values given in Fig. 2 are computed 
neglecting possible irreversible heating and therefore 
may require a positive correction added to them. Such 
a positive correction would reduce the quoted Ty values 
and bring the extrapolated value at p=O0 into better 
agreement with that found by Taylor and Kerr? at 
the saturated vapor pressure. 

However, there are several reasons for supposing 
that irreversible heating is not large enough to account 
for this discrepancy. (a) In order to shift our results 
so that 7) at p=0 agrees with Taylor and Kerr’s value 
(see Sec. IV), we should have to allow the possibility 
of about 1600 ergs of irreversible heating during an 
expansion, which is rather large. This would have to 
arise from irreversible effects associated with turbulent 
or viscous flow of the liquid, and with heat conduction 
due to temperature inhomogeneties in the liquid. The 
possibility of turbulence in the capillary tube is ruled 
out since the Reynolds’ number for the flow of liquid 
is about 100; and if turbulence does not occur in the 
tube it will not occur in the liquid at the entrance of 
the tube. The heat developed during viscous flow of 
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Fic. 4. The change in entropy, (S,;—Ssat), on compression from 
the saturated vapor pressure to higher pressures. The solid lines 
are calculated from the expansion coefficients, using extrapolated 
values of a, at the higher temperatures. The circles represent 
values calculated directly from the (A7/Ap) measurements (see 
text). 
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the liquid is also quite negligible. The third possibility 
is difficult to estimate but must be extremely small 
since the temperature changes are themselves small 
and should occur uniformly throughout the liquid. 
(b) Some preliminary experiments were carried out in 
which it was possible both to expand and to compress 
the liquid. It was found that the values of AT/Ap were 
the same within the experimental error for expansion 
and compression. (c) Finally, the rate of expansion was 
varied in the experiments from about 3 seconds per 
atmospere to 10 seconds per atmosphere, without pro- 
ducing any systematic differences in the results. 


(b) S,, The Entropy at Constant Pressure 


We have calculated the entropy change, (Sp—Ssat), 
on compression at various temperatures from Eq. (3) 
using our a, values, together with the values of a, at 
the saturated vapor pressure calculated from Taylor 
and Kerr’s data. For the latter calculation, we used the 


relation 
1 s/0V dp 
oe 2 ae 
V Op T dT sat 


where asa is the expansion coefficient along the vapor 
pressure line and (dp/dT).s the slope of the vapor 
pressure curve. Values of the bulk modulus, 
—(1/V)(AV/dp)7, used in Eq. (6) were in turn calcu- 
lated from Sherman and Edeskuty’s pVT data ex- 
tended to lower temperatures with the help of the 
expansion coefficient measurements. The results are 
given in Fig. 4 by the solid lines, the curves for tem- 
peratures above 0.6°K being obtained by integration 
of the extrapolated expansion coefficients. It is difficult 
to assess the accuracy of these higher temperature 
results, but they cannot be regarded as very reliable. 
We include them here since no other values are at 
present available. Calculations have not been carried 
out at temperatures lower then 0.4°K, since a, at the 
saturated vapor pressure is not known below 0.35°K. 

As explained in Sec. I, we have also been able to 
calculate values of AS in the expansions [Eq. (4) ] 
directly from the AT /Ap measurements. The results of 
these computations are shown in Fig. 4 by the circled 
points. It is clear that the entropies of compression 
evaluated by the two different methods agree closely. 
The error introduced by replacing (07/0p)s by 
(AT/Ap) is estimated to be less than 0.0015 cal/mole- 
deg. 

Using these (S,—Seat) results at 0.6°K and our Ssat 
values given in I, we have calculated S, as a function 
of temperature at 5.0, 10.0, 15.0, and 22.0 atmos by 
integration of the measured C, values! between 0.6°K 
and 0.12°K. The values of S,, together with some 
evaluations above 0.6°K obtained as described below, 
are shown in Fig. 5 and Table I. 





ENTROPY OF LIQUID 


He? UNDER PRESSURE 





e) on 


ENTROPY (CAL /MOLE-DEG ) 


° 
a 





1 





1 1 i 





0-4 


0-6 


0-8 1-0 


TEMPERATURE (°K) 


Fic. 5. Entropy of liquid He’ as a function of temperature at various pressures. Curve A, saturated vapor pressure ; 
B, 5 atmos; C, 10 atmos; D, 15 atmos; E, 22 atmos. The value given by Hammel ef al. at 1.248°K and 10 atmos is 


represented by @. 


For temperatures above 0.6°K it is only possible to 
obtain S, from (Sp,—Ssat) given in Fig. 4, since the 
specific heat at higher pressures is not known above this 
temperature. Values of S,.t above 0.75°K were taken 
from the data of Abraham, Osborne, and Weinstock® 
diminished by 0.105 cal/mole-deg to bring them into 
agreement with our own value! at this temperature. 
The curve for 10 atmospheres shown in Fig. 5 can be 
extrapolated reasonably to the value of 2.144 cal/mole- 
deg at 1.248°K given by Hammel et al.” 

Although the measurements of the expansion co- 
efficients are not as accurate as one might desire, the 
resulting values of the entropy under pressure are not 
subject to the same fractional error since, for example, 
the total change in entropy on compression between 0 
and 22 atmospheres at 0.6°K is less than 4% of Sout. 
The accuracy of the values of S, is therefore mainly 
determined by the accuracy of our Sya: data, assessed 
in I to be + 0.01 cal/mole-deg due to random errors and 
a possible systematic error which would tend to increase 
S, by an amount less than 0.03 cal/mole-deg. 


6 Abraham, Osborne, and Weinstock, Phys. Rev. 98, 551 (1955) ; 
and private communication. 

7 Hammel, Sherman, Kilpatrick, and Edeskuty, Physica 24, 1 
(1958) ; and private communication. 


IV. DISCUSSION 
(a) The Expansion Coefficient 


The pVT data of Sherman and Edeskuty® allow a, 
to be calculated roughly at various pressures at 1.2°K. 
We have made these calculations for pressures of 1.70, 
3.68, 5.60, 7.58, 9.54, 11.54, 13.50, and 22.0 atmospheres 
and have plotted the results in Fig. 2. As is evident in 


TABLE I. Entropy of liquid He’ in cal/mole-deg as a 
function of p (atmospheres) and T (°K). 
15.0 


5.0 10.0 


Ree VP. 
’ ing 


4.00T 
0.476 
0.594 
0.766 
0.914 
1.042 
1.153 
1.253 
1.344 
1.426 
1.503 
1.573 
1.703 
1.822 
1.933 
2.036 


0-01 
0.120 
0.150 
0.200 
0.250 
0.300 
0.350 
0.400 
0.450 
0.500 
0.550 
0.600 
0.700 
0.800 
0.900 
1.000 


0.639 
0.760 
0.930 
1.066 
1.181 
1.278 
362 
437 
507 
569 
.627 
.730 
823 
905 
.977 


0.599 
0.719 
0.889 
1.028 
1.143 
1.243 
1.330 
1.407 
1.478 
1.542 
1.603 
1.711 
1.807 
1.894 
1.972 


0.560 
0.679 
0.849 
0.990 
1.110 
1.213 
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TABLE II. Values of y, defined by y=lim7.0(0S/9T), units in cal/mole-deg*. 


y 
theor (B and G) 


3.68 
4.14 
4.80 


atmos observed 
0 4.00 
5.0 4.50 
10.0 4.90 
11.2 ee 
15.0 5.3 
22.0 5.75 
27.6 ve. 


* Calculated from susceptibility data. 


the figure, these data, within the limits of accuracy of 
their computation, fall on a reasonable extrapolation 
of our results. 

In Fig. 2 we also show values of a, at the saturated 
vapor pressure, calculated, as explained in Sec. III (b), 
from the measurements by Taylor and Kerr? of dat. 
These results are generally consistent with ours, but 
at lower temperatures there is some disagreement. The 
temperature 7) at which a, is zero is found by Taylor 
and Kerr to be 0.42°K at the saturated vapor pressure. 
As is seen from Fig. 3, this value falls appreciably lower 
than the extrapolation of our curve to p=0, which 
gives T)>=0.50°K. The reason for this discrepancy is 
unknown. As already discussed in Sec. III (a), irre- 
versible heating in our experiments is unlikely to be 
large enough to account for it. 

The curves for a, versus T all show a minimum, 
which occurs at about 0.2°K for all pressures. Thermo- 
dynamically one would expect this minimum to occur 
at a temperature higher than that where (0C,/0p)r is 
zero and this is indeed observed, since in I it was found 
that the C, versus T isobars all cross one another in the 
neighborhood of 0.16°K. This thermodynamic require- 
ment follows from the general relation 


da a GF 
O-3~ » 
OT/ » VT\ 0p 7 7 


At the minimum, where (da/0T), is zero, (0C,/dp)r 
must be negative, a condition which holds above the 
cross-over region of the C, isobars. 

It appears that the a, versus T curves of Fig. 2 also 
cross over each other at roughly the same temperature 
of 0.4°K, although the accuracy of the data does not 
allow this conclusion to be drawn with any certainty. 
At lower temperatures (da/0p)r is positive, in general 
agreement with the theory of Brueckner and Gammel.‘ 

Below 0.1°K one would expect (da/0T), to be 
practically constant, since as is discussed below, it 
appears that not only S,. but also S, is very nearly 
linearly dependent on TJ below this temperature. 
Unfortunately our measurements of a, do not go to 
sufficiently low temperatures to show up this linear 
region. However we have calculated limr.o(da/dT), 
at p=0 from our values of (0S/0p)r near T=0 obtained 
from the extrapolations of S, discussed in Sec. IV (b). 
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y(1 —4heno/N)™ 
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(yp/Yeat) theor 


1.00 
1.12 
1.30 


(yp/Ysat)obs 


1,00 


1. 
a 
1 


13 
.23 
33 


1. 
1.44 





The resulting value of —0.105T7+25% (deg K)~' is 
shown in Fig. 2 by the broken line through the origin 
and may be compared with evaluations of this term 
based on the theory of Brueckner and Gammel,‘ which 
are —0.076T (deg K)~ by Brueckner and Atkins* and 
—0.08T (deg K)~ by de Boer.’ 


(b) The Entropy at Constant Pressure 


In the lower temperature region of Fig. 5 the entropy 
S, increases with increasing pressure, as predicted 
qualitatively in the theory of Brueckner and Gammel.‘ 
At higher temperatures the curves of S, versus T cross 
one another (in the temperature range between 0.5°K 
and about 1.0°K) and (0S/dp)r becomes negative. 

The curves for S, versus T are still not linear at the 
lowest temperature of measurement, but the remaining 
curvature is rather small, and we have made extra- 
polations to 0°K which are linear within 3 to 4% below 
0.1°K. The question of such extrapolations has already 
been discussed in I and will not be repeated here, except 
to add that in the present case they are not so reliable 
as in I. The estimated values of y as defined by Eq. (5) 
are given in column 2 of Table II. The variation of y 
with pressure can also be computed from the theoretical 
evaluation by Brueckner and Gammel of the variation 
of the effective mass, m*, with interatomic distance r, 
by use of the relation 


m*/m=7/Y Fr, 


where m is the mass of the He* atom and yr the linear 
entropy term for a perfect Fermi gas of the same density 
as the liquid. This definition of m* is identical with that 
used in I. Values of y obtained in this way are given in 
column 3 of Table II. In making the calculations we 
have used Brueckner and Gammel’s theoretical value 
of m*/m= 1.84 for their theoretical interatomic distance 
r= 2.60 A at the saturated vapor pressure. Since these 
values of m*/m and ro do not agree with experiment, 
we also show in Table II the ratios (7p/Ysat)theoret and 
(Yp/Ysat)obs, Where the meaning of the symbols is 
obvious. Although the theoretical values are not known 
for pressures greater than about 10 atmospheres, it 
appears that the theoretical variation of y with pressure 


8K. A. Brueckner and K. R. Atkins, Phys. Rev. Letters 1, 315 


958). 
9 J. de Boer (private communication). 
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is too large at the higher pressures. However, we do 
not attach great importance to a numerical comparison 
since the result is very sensitive to the value taken for 
ro, and the theoretical value of ro does not agree well 
with experiment. To illustrate this, we show in Fig. 6 
the variation of m*/m with interatomic distance as 
given by theory and by experiment. Values of r were 
calculated from the molar volumes V by use of the 
equation 

V = $xNr', 
where JN is Avogadro’s number. 

It is of interest to consider the relationship between 
the slope, , of the linear entropy term at 0°K and the 
nuclear magnetic susceptibility of the Fermi system. 

If one considers a gas-like Fermi system without any 
spin dependent interactions, then its linear term yr is 
quite generally given by: 


lim(0S/dT) »=y r= 49°R(x/c), 
T-+0 


(8) 


where R is the gas constant, x the temperature-inde- 
pendent magnetic susceptibility at 0°K, and c the Curie 
constant. If, however, spin-dependent interactions are 
present, then the simple relationship given by (8) fails, 
as has been pointed out, for example, by Buckingham,” 
Brueckner and Gammel,‘ and Landau." Following 
Buckingham’s treatment one should include in the 
expression for the susceptibility an interaction term e, 
so that: 

lim(8S/8T) ,=¥ = hr?R(x/c){1—feno/N}, (9) 
where y is the observed slope of the entropy, mo the 
density of levels at the Fermi surface, and N is 
Avogadro’s number. 

Using Eq. (9), we have computed rough values for 
y(1—3e%0/N)“ from the nuclear magnetic suscepti- 
bility data of Fairbank ef a/.,’ and these data, at three 
pressures, are given in Table II. The possible errors are 
large at the higher pressures, due to difficulty in 
assessing accurately the slope of the (x7/c) versus T 
curves. The values given probably represent lower 
limits. It will be seen that at all pressures 


10M. J. Buckingham, Suppl. Bull. inst. intern. froid, Annexe 
1955-3, p. 142; Symposium on Liquid and Solid He (Ohio State 
University Press, Columbus, 1957), p. 50. 

nL, D. Landau, Zhur. Exptl. i theoret. Fiz. 30, 1058 (1956) 
(translation: Soviet Phys. JETP 3, 920 (1957) ]. 
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Fic. 6. Variation of m*/m at 0°K with interatomic distance. 
B and G, theory of Brueckner and Gammel'; Exp, experiment. 
The arrows indicate the points corresponding to the saturated 
vapor pressure. 


y(1—3¢%/N)— is about five times larger than the 
calorimetrically observed values of y, indicating that 
the spin-dependent terms have a dominant effect on 
the relation between the susceptibility and the entropy, 
as has been shown in detail by Brueckner and Gammel.* 

It is interesting to note also that since (1—}em/N) 
equals approximately 0.2 at all pressures, the term 7 
must depend weakly on pressure. 

Goldstein” has suggested that the entropy of liquid 
He’ be separated into a spin entropy and a term inde- 
pendent of spin, the term y, characterizing the “spin 
entropy” is given by 


Yo= (x/c)R In2. 


Again using the susceptibility data of Fairbank e/ al., 
we have computed rough values of y, and find values 
of approximately 4, 5 and 6 cal/mole-deg? at p=0, 11.2 
and 27.6 atmospheres, respectively, which fall close to 
the observed values. 
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A new optical method for studying the spin relaxation of 
optically aligned rubidium vapor is described. In this method, the 
pumping radiation, consisting of circularly polarized D, resonance 
radiation, is suddenly shut off and then turned on again after a 
known time interval. The relaxation which takes place during 
the interval of darkness causes the vapor to become more opaque 
to the pumping radiation at a rate which is determined by the 
relaxation time. A large degree of alignment, as well as a relaxation 
time of about 80 milliseconds, were observed in a closed-off 
evacuated cylindrical glass cell completely lined, except for 1/200 
of the wall area, with a thin film of tetracontane (CyoHs2). The 
variation of relaxation time with buffer gas pressure was studied 


INTRODUCTION 


STUDY of the relaxation of alkali metal vapors 

aligned by optical pumping is particularly inter- 
esting for several reasons. In the first place, a relatively 
large population of oriented atoms is present at tem- 
peratures of the order of 300-400°K, corresponding to 
a degree of alignment achieved by other methods of 
spin orientation at liquid helium temperatures.’~° 
Furthermore, since the oriented atoms are in the vapor 
state, they interact with each other and with other gas 
atoms in the course of isolated binary collisions. The 
relaxation process is therefore a somewhat more 
straightforward physical problem than relaxation in 
condensed systems. 

By varying the experimental conditions, such as the 
partial pressure of an inert buffer gas, or the alkali 
vapor pressure, the relative frequency of different types 
of collisions leading to relaxation can be changed and 
the disorienting interactions can be studied separately. 
Such a procedure has been followed in the experiment 
to be described here. The principle of the experimental 
method can be described as follows. 

When circularly polarized resonance radiation is 
passed through the vapor of an alkali metal, the 
strongly absorbing magnetic sublevels in the ground 
state of the alkali atoms tend to get depopulated at the 
expense of the weakly absorbing levels. This effect is 
particularly striking when the D, line only is present 
in the pumping radiation.‘ As a result of this process, 
the vapor becomes more transparent to the pumping 
radiation. By applying a sudden perturbation to the 
system, it is then possible to obtain information on the 
relaxation of the vapor by observing its optical trans- 
parency as a function of time. Such a method was first 

* Supported by the U. S. Army Signal Corps Research and 
Development Laboratory, Fort Monmouth, New Jersey. 

1A. Kastler, Proc. Phys. Soc. (London) A67, 853 (1954 

2 W. B. Hawkins, Phys. Rev. 98, 478 (1955). 

3H. G. Dehmelt, Phys. Rev. 105, 1487 (1957). 


4W. E. Bell and A. L. Bloom, Phys. Rev. 107, 1559 (1957). 
5 W. Franzen and A. G. Emslie, Phys. Rev. 108, 1453 (1957). 


in this cell and in an unlined glass cell. From the observations 
with the unlined cell, diffusion coefficients for rubidium in neon 
and argon of 0.31 cm?/sec and 0.24 cm?/sec, respectively, can be 
deduced. Observed cross sections for disorientation collisions 
between aligned ground-state rubidium atoms and neon, argon, 
krypton, and xenon atoms are 5.2X10™"% cm?, 3.7X10-% cm?, 
5.9X 10! cm?, and 1.3 10~* cm’, respectively. In the evacuated 
tetracontane-lined cell, the relaxation time decreased by 30% for 
a tenfold increase in rubidium vapor pressure. An explanation for 
this relatively weak dependence is suggested. The longest observed 
relaxation time was approximately 0.4 seconds in a tetracontane- 
lined cell filled with neon to a pressure of 3 cm Hg. 


used by Dehmelt,’? who observed the effect on the 
transmitted light of suddenly reversing a small longi- 
tudinal magnetic field. The field reversal reverses the 
sign of the polarization of the vapor, causing it to 
become momentarily more opaque. The decay rate of 
the inverted polarization under the combined effects 
of relaxation and continued pumping can then be used 
to deduce the relaxation time of the vapor by separating 
out the contribution of relaxation. 

However, a more reliable measurement of relaxation 
time is achieved by allowing an aligned vapor to relax 
in the dark. The change in alignment with time is then 
determined by relaxation alone, and it is not necessary 
to separate out any competing effects. To carry out a 
measurement of this type, we have constructed a 
mechanical shutter that interrupts the pumping light 
beam suddenly, and then turns it on again after a 
variable time interval. The actual interruption time 
can be measured directly by triggering the sweep of an 
oscilloscope with the output signal from a photomulti- 
plier tube which is illuminated by light passing through 
the vapor cell. 

When the shutter opens after a short interval of 
closing, the transparency of the vapor will have changed 
as a consequence of the partial relaxation of the vapor. 
This change is reflected in a decreased output signal 
from the photomultiplier an instant after the re-opening 
of the shutter. By superimposing the output signals 
from the photomultiplier corresponding to a series of 
shutter closing times on a single oscilloscope photo- 
graph, the approximately exponential decay of the 
polarization of the vapor is plotted out directly. 

In the case of the rubidium vapor cell used in our 
experiment, under the most favorable conditions the 
transmitted light intensity changed by as much as 
twelve percent as a result of relaxation in the dark. The 
corresponding amplitude of the Dehmelt-type field 
reversal transient was somewhat more than twenty 
percent of the total amount of light passing through the 
cell. The effects measured here are therefore relatively 
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Fic. 1. Schematic diagram of optical system. The symbols have 
the following significance: A-aperture; S-shutter; /;-condensing 
lens; F-interference filter; P-circular polarizer; L2-collimating 
lens; M-mirror. 











! 


VAPOR CELL ‘2 


large and easily observable, except when the relaxation 
time is quite short. 


APPARATUS 


A schematic picture of the optical system employed 
in this experiment is shown in Fig. 1. As can be seen 
from this diagram, light from a rubidium spectral lamp 
passes through an aperture which is in the focal plane 
of a condensing lens. A mechanical shutter is mounted 
between the aperture and the lens. The light collected 
by the lens passes successively through an interference 
filter and through a circular polarizer and then enters 
a cylindrical glass cell containing the rubidium vapor. 
After traversing the cell along its axis, the pumping 
radiation falls on the face of an infrared-sensitive 
photomultiplier tube. The entire setup is directed along 
a magnetic meridian and is surrounded by two rec- 
tangular Helmholtz coils which allow both the vertical 
and the longitudinal magnetic fields to be adjusted at 
will. The rectangular framework holding the coils is 
covered with black paper on all sides except one, where 
an opening is left to allow manipulation of the shutter. 

The construction of the mechanical shutter is illus- 
trated in Fig. 2. As shown in this picture, a black paper 
flag approximately 33 inches long and 23 inches wide 
is fastened to the end of an 8-inch long thin steel blade. 
The blade is fastened to a pivot at its other end, around 
which a strong steel spring tends to rotate it. The 
rotational motion of the blade is arrested, however, by 
an adjustable metal cam which can slide sideways. 
There are three stable positions of the steel blade, 
depending on the position of the cam. In the first 
position, the paper flag is out of the light beam and 
below it; in the second position, the flag is directly in 
the beam, and in the third position, the flag is out of 
the beam and above it. In operation, the cam is moved 
from left to right by a modified Atwood’s machine, as 
shown in Fig. 2. By adjusting the position of the middle 
portion of the cam, the flag will spend a variable length 
of time in the light beam. In practice, a variation of 
shutter closing times ranging from 20 to 500 milliseconds 
could be achieved. To obtain still longer closing times, 
the cam was moved manually. 

Both Philips and Osram spectral lamps operated on 
direct current were employed as light sources. A three- 
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Fic, 2. Construction of mechanical shutter. 


inch diameter interference filter® was used to eliminate 
the D. component from the rubidium resonance radi- 
ation. The circular polarizer consisted of a type HN-7 
polarizing sheet and a 200-my retardation plate.’ 

The vapor cell itself was a cylindrical Pyrex tube, 
8 inches long and 2 inches in outside diameter. Both 
ends of the cell were closed off with flat circular win- 
dows cemented to the cylinder with Epoxy resin. The 
cell was equipped with two 15-mm diam. sidearms 
projecting vertically upwards and downwards from the 
center of the cell, respectively. A vacuum and gas 
filling system was permanently connected to the cell 
by means of a 2-mm capillary tube attached to the 
lower sidearm, which contained the rubidium reservoir. 
The upper sidearm was used to introduce the rubiduim 
metal into the cell, after which the arm was sealed off 
permanently. 

In addition to unlined glass cells, a cell lined with a 
thin film of tetracontane was used. Tetracontane is a 
straight-chain saturated hydrocarbon of chemical 
composition C4oH¢e. It therefore belongs in a class with 
eicosane (C2 9H42) used successfully by Dehmelt recently 
for a similar purpose.* However, tetracontane has the 
advantage of a higher melting point (approximately 
80°C) and of a negligibly small vapor pressure at 
rubidium vapor temperatures (40 to 50°C). 

The tetracontane was distributed over the inside 
walls of the cell by melting it in an atmosphere of 
argon, and random shaking of the cell during the course 
of cooling and solidification. The coverage obtained by 
this procedure is quite good, as can be judged by 
placing a drop of distilled water into the cell and 
observing its lack of adhesion as it rolls about. (In a 
cell completely coated with a water-repellent material 
such as tetracontane or polyethylene, a drop of water 
will not stick at all, but move about like a drop of 
mercury on a clean glass slide.) However, as explained 

6Spectrolab interference filter type PCB; Spectrolab, Inc., 
North Hollywood, California. 

7Purchased from the Polaroid 
Massachusetts. 
8H. G. Dehmelt, Bull. Am. Phys. Soc. Ser. II, 3, 9 (1958). 
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above, in order to install the cell on our optical bench 
and introduce rubidium metal into it, the upper side 
arm had to be opened and then sealed off again. As a 
result, a 15-mm diam. circle at the top of the cell was 
not covered with tetracontane, comprising approxi- 
mately 1/200 of the total area of the cell. 

The main body of the cell was enclosed in a black- 
anodized heavy aluminum housing through which warm 
air was passed in order to maintain an appropriate 
temperature. The rubidium reservoir in the lower side 
arm projected out of the housing into a glass beaker 
filled with warm silicone oil. Thermocouples were used 
to measure temperatures in various parts of the system. 

The glass capillary projecting from the lower side 
arm could be closed off by means of a Hoke bellows 
valve. The other side of the valve was attached to a 
glass gas filling and pressure measuring manifold, which 
in turn was connected to a metal vacuum system. The 
glass manifold was equipped with both octoil and 
mercury manometers. All the rare gases used in the 
experiment were spectroscopically pure grades obtained 
from the Linde Air Products Company. No attempt 
was made to purify these gases any further in the belief 
that the rubidium vapor itself would be an extremely 
effective getter for those residual impurities which 
might shorten the relaxation time. 


Fic. 3. Photographs of shutter transients to demonstrate the 
effect of optical pumping and relaxation on the resonance radi- 
ation transmitted through a rubidium vapor cell. Experimenta] 
conditions were as follows: cell lining, tetracontane; Buffer gas, 
neon at a pressure of 0.4 cm Hg; cell temperature, 48°C; oscillo- 
scope sweep speed, 200 msec/scale division. (a) Vertical com- 
ponent of the earth’s magnetic field compensated. In this case, 
there is optical pumping alignment of the vapor. (b) Vertical 
component of the earth’s field not compensated. In this case, 
there is no optical alignment. 
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DEMONSTRATION OF METHOD 


To demonstrate the effect of spin relaxation on the 
transparency of optically aligned rubidium vapor, 
photographs of shutter transients recorded on a 
Tektronix oscilloscope have been reproduced in Figs. 
3 and 4. In Figs. 3(a) and 3(b), the gain of the vertical 
amplifier of the oscilloscope has been adjusted so that 
the entire output of the photomultiplier tube is visible 
on the face of the cathode-ray tube. 

In Fig. 3(a), the vertical component of the earth’s 
magnetic field has been compensated, and the horizontal 
component is parallel to the direction of light propa- 
gation. Under these conditions, optical pumping align- 
ment of the rubidium vapor in the cell is brought about 
by illumination with circularly polarized D, radiation. 


, os ae TE es cosmo ag 
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Fic. 4. Enlarged shutter transients to illustrate the approxi- 
mately exponential decay of the excess transparency of the 
rubidium vapor, as the vapor is allowed to relax in the dark for a 
varying length of time. A smooth curve has been drawn with ink 
through the beginning points of the “recovery” traces. The 
logarithm of the average decrement of the smooth decay curve is 
given by 6=log{4[(Vi/¥2)+(V2/¥s)+(Vs/¥s)]}. The decay 
time is then r=7/6§ where T is the (equal) time interval corre- 
sponding to the decrement intervals. (In this photograph, we 
have used 7=100 msec.) This photograph was taken under the 
following conditions: cell lining, tetracontane; buffer gas, neon 
at a pressure of 0.58 cm Hg; cell temperature, 48°C ; oscilloscope 
sweep used, 200 msec/scale division. 


The sweep of the oscilloscope is triggered by the photo- 
multiplier signal resulting from the sudden decrease of 
transmitted light intensity at the instant of shutter 
closing. The electron spot on the cathode-ray tube face 
thus suddenly moves downward from its previously 
stationary position in the upper left-hand corner. At 
the same time, the oscilloscope sweep circuit carries it 
to the right at a constant rate (thick trace on bottom 
of photograph). A moment later, the shutter opens 
again, but the light intensity passing through the cell 
has now fallen below its pre-closing value. However, 
the pumping effect of the light gradually realigns the 
vapor, and the transmitted light intensity returns to 
its original value after a short time (curved portion of 
trace in upper right-hand corner of photograph). The 
vertical motion of the oscilloscope trace at the instants 
of shutter opening and closing are not visible on this 





SPIN RELAXATION OF 
photograph because of the high writing speed resulting 
from the motion of the shutter and the relatively small 
aperture opening of the oscilloscope camera. 

Figure 3(b) is a photograph taken immediately after 
Fig. 3(a), with all conditions of operation unchanged, 
except that the vertical component of the earth’s 
magnetic field is now left uncompensated. Since the dip 
angle of the earth’s magnetic field is rather large (of 
the order of 75°) in Cambridge, Massachusetts, where 
this experiment was performed, the resultant field is 
nearly vertical, and no pumping alignment of the vapor 
takes place.? The light intensity therefore returns to 
its original value when the shutter opens, as indicated 
by the horizontal trace in the upper right hand corner. 
(It is also interesting to observe that the maximum 
deflection of the oscilloscope trace as a result of the 
closing of the shutter is now Jess than in Fig. 3(a). 
This corresponds to the fact that the vapor is more 
opaque in an unpolarized state. The difference between 
the levels of the traces at left bottom of the two photo- 
graphs corresponds exactly to the change in trans- 
parency brought about by optical pumping.) 

In Fig. 4, the gain of the vertical amplifier of the 
oscilloscope has been increased in order to emphasize 
the effect of relaxation. Furthermore, a number of 
shutter transients with a range of closing times are 
superimposed on a single photograph. We can regard 
these oscilloscope records as electronic enlargements of 
the uppermost portion of Fig. 3(a). 

Evidently, the loss in transparency of the vapor as a 
result of relaxation in the dark approaches a limiting 
value asymptotically, as we would expect. Super- 
imposed on the end points of the photographed shutter 
transients is an approximate smooth curve which has 
been drawn with ink through the beginning points of 
the thick “recovery” traces. The position of these 
beginning points on the photograph corresponds to the 
transmitted light intensity at the instant of shutter 
opening. We have assumed that the decay curve is 
exponential in every case. To determine the decay time, 
the logarithm of the average decrement of each curve 
has been measured, as shown in Fig. 4. 


RESULTS 


A summary of the most important results of this 
experiment is presented in Fig. 5. The experimentally 
determined spin relaxation time is plotted as a function 
of buffer gas pressure for an unlined glass cell filled 
with neon, argon, krypton, and xenon at various 
pressures, and for a tetracontane-lined cell filled with 
a variable pressure of neon. 

In cells filled with neon and argon (both lined and 
unlined), relaxation times were determined by meas- 
uring the logarithm of the average decrement of the 
experimentally recorded shutter transients, as explained 
previously. It is estimated that this procedure yields 
relaxation times accurate to about +10%. A constant 
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Fic. 5, Rubidium vapor spin relaxation time as a function of 
buffer gas pressure under various conditions. 


logarithmic decrement over the range of shutter 
intervals recorded on one photograph would be an 
indication that the relaxation of the vapor is indeed 
exponential. In practice, the decrement varied in some 
cases by as much as 20% over the decay curve, indi- 
cating some deviation from exponential decay. The 
series of shutter transients recorded on one photograph 
were usually taken as quickly as possible, in a time 
which rarely exceeded one minute. To check the 
constancy of the light source during this time, field- 
reversal transients were photographed before and after 
each series. The amplitude of the observed field-reversal 
transient is a very sensitive measure of light intensity. 
(Except for possible variations in light intensity during 
the process of photographing one series of shutter 
transients, the measured relaxation time is of course 
independent of the intensity of the pumping radiation.) 

In the case of the unlined cell filled with krypton and 
xenon, the relaxation times were so short that the 
shutter transient method could not be employed. In 
these cases, we therefore photographed field-reversal 
transients and deduced decay times from the extra- 
polated slope of such transients, as described by 
Dehmelt. 

Aside from the large differences observed in the 
effects of the various inert gases on the spin relaxation 
time, the effect of the tetracontane lining is particularly 
noteworthy. Evidently, in a cell lined with this material, 
the variation of relaxation time with buffer gas pressure 
has a character entirely different from that observed 
in an unlined glass cell. Furthermore, a considerable 
degree of alignment and an appreciable relaxation time 
are achieved in a high vacuum. 

Figure 6 shows the variation of the measured re- 
laxation time with cell temperature in an evacuated 
tetracontane-lined cell. In this case, as in all our 
observations, the temperature of the rubidium reservoir 
was maintained consistently about 2°C below the cell 
temperature. In the scale of vapor pressures indicated 
in Fig. 6, it has been assumed that the vapor pressure 
is given directly by the cell temperature. The relatively 
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Fic. 6. Variation of relaxation time with rubidium vapor pres- 
sure for an evacuated cell lined with tetracontane. 


weak dependence of the observed relaxation time on 
rubidium vapor pressure is remarkable. 

It may be of interest to note that a tetracontane-lined 
evacuated cell was closed off from the gas-filling and 
vacuum system and operated for several days without 
observable change in characteristics. 


ANALYSIS OF RESULTS AND DISCUSSION 


The relaxation of a partially oriented alkali metal 
vapor in a buffer gas would be expected to take place 
by electron exchange between colliding alkali atoms, as 
discussed by Wittke and Dicke® and Purcell,!° by 
collisions with buffer gas atoms, and by collisions with 
the cell walls. Experimental evidence for the influence 
of electron exchange on the width of the hyperfine 
resonance line in Rb*’ has been obtained by the 
Princeton group," who obtained an approximately 
linear relationship between line width and vapor 
pressure. From this relationship, they have deduced 
an effective cross section for exchange collisions ox in 
Rb*’ of 7 to 10X10- cm’. If our cell temperature can 
indeed be used to compute the rubidium vapor pressure, 
we would expect a mean time between collisions (corre- 
sponding to a relaxation time) of 


Tex = 1/(NOexire) = 6.5 X 107 sec 


at a cell temperature of 47°C. (This was our usual 
operating temperature, corresponding to a rubidium 
vapor pressure of approximately 1.5X10-* mm Hg.) 
The measured relaxation time in our experiment with 
an evacuated, tetracontane-lined cell at this tempera- 
ture was approximately 90X10-* sec, or 14 times as 
long, as can be seen by inspection of Fig. 6. (Since the 
cell is in a high vacuum, there is no contribution to the 
relaxation time from buffer gas collisions in this case, 
and the only effective relaxation mechanisms are spin 

® J. P. Wittke and R. H. Dicke, Phys. Rev. 103, 620 (1956). 

 R. M. Purcell and G. B. Field, Astrophys. J. 124, 542 (1956). 

1! Dicke, Carver, Alley and Van der Ven, Final Report to the 
U.S. Army Signal Corps Engineering Laboratory, September 30, 
1957 (unpublished). 


exchange collisions between rubidium atoms and wall 
collisions. The mean time between wall collisions is of 
the order of 0.2X10- sec in a cell of the dimensions 
used in this experiment.) 

Furthermore, the data of Fig. 6 seem to indicate a 
relatively small variation of relaxation time with vapor 
pressure. On increasing the rubidium vapor pressure 
from 8X 10-7 mm Hg to 8X10~* mm Hg, the relaxation 
time appears to decrease to about 3 of its maximum 
value, while the relationship observed by the Princeton 
group would predict a decrease by a factor of 10. 

We would like to suggest the following explanation 
for this discrepancy which is perhaps related to a 
suggestion made recently by Bender.” In a nonradiative 
binary collision, of which a spin exchange collision 
between two rubidium atoms is an example, the sum 
of the z components of the total angular momenta of 
the colliding atoms must be the same before and after 
the collision. This means in the first place that in a 
collision between two atoms which are both in the 
higher energy hyperfine state (F=7+}, where J isthe 
nuclear spin) and for which the magnetic quantum 
number has either its maximum or its minimum value 
(mr=F or mr=—F), spin exchange cannot affect the 
spin orientation of the two atoms. In the second place, 
if two atoms collide which are in the same hyperfine 
state both before and after the collision, their combined 
light absorption probability for D, radiation will remain 
unaffected by the collision. Thus for an atom with 
nuclear spin J=3, as Rb*’ or Na”, the absorption 
probability for D, radiation in the F=2 state is pro- 
portional to 2—m,; in the F=1 state it is proportional 
to 2+m,r. For two atoms, both of which are in the 
F=2 state, the combined absorption probability is 
therefore proportional to 4—[mr™+m,r® ], while if 
they are both in the F=1 state, it is proportional to 
4+[mp)+mp® ]. If [me+mp® ] is invariant, the 
amount of light absorbed by the two atoms in the same 
F state does not change as a result of the collision. 

The transmission monitoring technique therefore is 
not sensitive to Am-relaxation induced by binary 
collisions between atoms in the same hyperfine state. 
Undoubtedly, a certain proportion of the spin re- 
laxation events are of this type, and their occurrence 
could not be recognized in our experiment. However, 
such events do affect the mr=0 states which are of 
principal interest to the hyperfine resonance experi- 
ments. 

In view of these observations, we shall attempt to 
analyze the variation of relaxation time with buffer 
gas pressure in an unlined glass cell by neglecting the 
contribution of spin exchange collisions between 
rubidium atoms to the observed relaxation time. Thus 
we shall consider only wall and buffer gas collision 
disorientation in this case. 


2 P, L. Bender, Proceedings of the 12th Annual Frequency Control 
Symposium, Asbury Park, New Jersey, May 8, 1958 (unpub- 
lished), p. 593. 





SPIN RELAXATION 


Let us assume that every wall collision results in 
complete disorientation, i.e., an atom is randomly 
oriented after striking the glass wall of the cell. Let 
the density of aligned atoms be m, at the instant when 
the shutter closes. (We can regard “alignment” as 
being defined by the average value of the absorption 
probability for D, radiation at that instant, so that 
initially the entire population is “‘aligned”.) If m2 is the 
density of randomly oriented atoms which are produced 
by wall collisions, or by disorienting buffer gas collisions, 
then by definition 72.=0 initially. It is easy to show that 
the excess light transmission through the cell (in excess 
of the transmission through a cell containing only 
randomly oriented atoms) is proportional to 7. 

If only the two relaxation mechanisms mentioned 
above are operative, then m; can be described by a 
diffusion equation containing an absorption term: 


0n;/dt= DV?n,— kn. (1) 


The equation for m2 is redundant since m+n2.=n 
=constant. The constant k is given by 


k= N (ode (p/ Po), (2) 


where No is the density of buffer gas atoms at atmos- 
pheric pressure po and at the appropriate rubidium 
vapor temperature; the actual density at pressure p is 
N=No(p/po).¢ is the disorientation cross section which 
characterizes rubidium-buffer gas collisions, and d,e) is 
the mean relative velocity of rubidium and buffer gas 
atoms. 

D is the coefficient of diffusion for rubidium atoms in 
the buffer gas. The pressure dependence of D has the 
form 

D= D¢(po/p). (3) 
The solution of Eq. (1) in a cylindrical cell which 
satisfies the boundary condition that m, vanish at the 
walls is 


1y(r,2,l) = i > A;; exp{—[(u2+v;)D+k }h} 


i=1 j=1 


XJo(uir) cos(vjz), (4) 


where v;= (2j—1)x/L and y; is defined by Jo(u.a)=0, 
and ZL and a are the length and radius of the cell 
respectively. 

The simplest approximation that can be made in the 
absence of detailed knowledge of the initial distribution 
of ; is to consider only the first mode of (4). 

The relaxation time is then 

1 
Misia siihieepaitinaesia 
(ur+v2)D+k 
1 
oe (5) 


; 1.28 cm Do( po/p)-+ Notre p ‘ po) 


where we have set wa=2.405; a=2.15 cm; 4=2/L 
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Fic. 7. Relaxation time as a function of buffer gas pressure in 
an unlined cell filled with neon and argon. The indicated points 
are experimental points, but the smooth curves are theoretical 
curves computed on the basis of assumed diffusion coefficients and 
disorientation cross sections for the two gases, as explained in the 
text. The solid and open circles refer to the experimental points 
for neon and the open triangles to those for argon. 


and L= 20.0 cm, which describes the dimensions of our 
cell. The values of Do and o which give the best fit to 
the experimental points for neon are 0.31 cm?/sec and 
5.2 10-* cm’, respectively, and for argon, 0.24 cm?/sec 
and 3.7X10-" cm?, respectively. A plot of Eq. (5) 
using these parameters has been superimposed on the 
experimental points for neon and argon in Fig. 7. We 
have assumed a temperature of 47°C, for which 
No=2.29X10!" cm-*, and mean relative velocities of 
6.5 10! cm/sec for rubidium-neon and 5.0X 104 cm/sec 
for rubidium-argon. 

The diffusion coefficients for rubidium diffusing 
through neon and argon have not been measured 
previously. The values that we have derived are quite 
reasonable in comparison with known diffusion coeffi- 
cients in rare gases. This result, as well as the relatively 
good fit to the experimental points obtained in Fig. 7, 
seems to lend strong support to the assumption that 
complete disorientation is produced in every wall 
collision in a glass cell. 

The disorientation cross section o for rubidium col- 
liding with neon is astonishingly small; it is smaller 
than the gas-kinetic collision cross section by a factor 
of approximately 10%. In other words, 10° collisions with 
neon are necessary on the average in order to disorient 
the spin of an aligned rubidium atom in its electronic 
ground state. 

Equation (5) predicts that the relaxation time in a 
buffer gas should go through a maximum value at a 
certain gas pressure. For a cell of our geometry, the 
maximum occurs at 5.4 cm Hg neon pressure; in argon, 
it occurs at approximately 2.0 cm Hg pressure. 

In view of the extremely short relaxation times in 
krypton and xenon, it was not possible to make meas- 
urements over a wide range of pressures. For this 
reason, we were not able to fit a calculated curve to the 
experimental data in these cases. However, diffusion 
coefficients for rubidium in krypton and xenon can be 
computed from the coefficient in neon by assuming that 
Dy is inversely proportional to the product of the gas 
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kinetic collision cross section and the square root of 
the reduced mass, at a given temperature. (This would 
be true for a gas of hard spheres, which is a reasonable 
model for monatomic gases.) This argument leads to 
diffusion coefficients of 0.16 cm?/sec for rubidium in 
krypton, and 0.13 cm?*/sec for rubidium in xenon. (By 
the same argument, we would calculate a diffusion 
coefficient of 0.21 cm?/sec for rubidium in argon, as 
compared to a measured value of 0.24 cm?/sec.) 

We can then calculate approximate disorientation 
cross sections in krypton and xenon from the experi- 
mentally observed maximum relaxation time by use of 
Eq. (5). The resulting values are 5.9X10-* cm? for 
krypton and 1.3X10-* cm? for xenon. These cross 
sections are 100 and 200 times larger, respectively, than 
the value in neon. Such very large differences in the 
disorienting properties of the various inert gases are 
quite surprising. 

We shall now turn to a discussion of the relaxation 
time measured in a tetracontane-lined cell with variable 
neon buffer gas pressure. As can be seen from Fig. 5, 
the relaxation time slowly increased with increasing 
neon pressure, reaching a maximum value of about 0.4 
second at a pressure of 3 cm Hg. Evidently, the neon 
is again inhibiting diffusion to the walls, or to some 
portion of the walls. In view of the fact that about 1/200 
of the total wall area of the cell was left uncovered, as a 
result of the method of sealing-off the cell employed 
here, we are not able to judge conclusively whether 
tetracontane itself, or the uncovered portion of the cell, 
were the principal remaining causes of wall disorien- 
tation. 

However, since the ratio of the relaxation time 
observed in a vacuum (about 80 msec) to the mean cell 
crossing time for rubidium {n a high vacuum (0.2 msec) 
is about 400, while the ratio of covered to uncovered 
cell wall area is about 200, we are inclined to attribute 
the remaining wall relaxation to the uncovered glass. 
In that case, the variation of relaxation time with 
buffer gas pressure shown in Fig. 5 can be interpreted 
in terms of the inhibition of diffusion along the axis of 
the cell (the z direction) by the neon buffer gas. 

If this assumption is correct, considerably longer 
relaxation times should be observed in a completely 
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lined cell. It is important to emphasize, however, that 
in view of the need for a rubidium reservoir at one 
place in the cell, it is not possible to achieve complete 
coverage in practice; the surface of the liquid alkali 
metal in the reservoir will certainly always be a cause 
of complete disorientation. Our cell was constructed so 
as to enhance the frequency of wall collisions, since this 
was an important object of our study. In a spherical 
cell, the ratio of volume to surface area would be more 
favorable than in our cylindrical cell and still longer 
relaxation times should be easily attainable. 


CONCLUSION 


The various rare gases differ considerably in their 
effect on the spin orientation of ground-state rubidium 
atoms. This difference in behavior does not appear to 
have a physical explanation at the present time. Of the 
gases investigated, neon has by far the smallest dis- 
orientation cross section. 

The dependence of the observed relaxation time on 
rubidium vapor pressure is surprisingly weak. An 
attempt has been made to explain this effect on the 
basis of a distinction between Am-relaxation and AF- 
relaxation induced in spin-exchange collisions. 

Straight-chain hydrocarbon wall-linings such as 
tetracontane are very effective in inhibiting relaxation 
in wall collisions. Tetracontane is a particularly suitable 
substance in view of its high melting point and very 
low vapor pressure at rubidium or cesium vapor tem- 
peratures. Extremely narrow hyperfine resonance lines 
should be obtainable in a tetracontane-lined spherical 
cell filled with neon at a low pressure. 
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Common type I diamonds (as classified by Robertson et al.) have additional absorption in the infrared 
and ultraviolet. It is shown that the strongest absorption band in the infrared at 7.8 » and the ultraviolet 
absorption at 3065 A are proportional to the nitrogen concentration of the crystal. A corresponding increase 
in lattice constant is found to be as high as 0.01% for a nitrogen content of 0.2%. Concentration, X-ray, 
and density data suggest that nitrogen occupies a substitutional position in the diamond lattice. The 
infrared absorption bands at 7.8, 8.3, 9.1, and 20.8 u are considered to be C-N molecular vibrations. Several 
optical, electrical, and thermal properties of diamond are discussed in view of our findings. 





INTRODUCTION 


WENTY-FIVE years ago Robertson, Fox, and 
Martin' reported striking differences in the 
optical and photoconductive properties of diamonds. 
They classified diamonds into Type I and Type II 
according to their differences in the ultraviolet and 
infrared transmission. The rarer type II crystals exhibit 
absorption bands between 3 and 64 only and a sharp 
absorption edge in the ultraviolet below 2250 A. The 
more common (approximately 95%) specimens of 
Type I show additional absorption bands between 6 
and 13,4 and a tail on the absorption edge both of 
which vary considerably from specimen to specimen. 
With increasing absorption between 6 and 134, the 
absorption in the ultraviolet increases, shifting the 
tail of the absorption edge to approximately 3000 A.'*4 
Recent experimental and theoretical work has given 
strong evidence that the absorption bands between 
3 and 64u are lattice bands of the diamond lattice 
proper.°-* These absorption bands are found to be of 
the same intensity in all diamonds*® and the absorp- 
tion increases uniformly with increasing temperature 
similarly to the lattice bands in silicon and germanium.*® 
There has been a considerable amount of speculation 
as to the origin of the additional absorption in diamonds 
of Type I. Frequently, impurities were considered to 
be the cause. Extensive experimental work using 
spectrographic” and neutron activation techniques! 
revealed indeed considerable concentrations of impuri- 
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ties. Aluminum, calcium, silicon, and several other 
elements were found in diamonds of gem quality in 
concentrations as large as 10'* impurity atoms per cm’. 
However, these impurities were found in both types of 
diamonds in similar concentrations. They could not be 
related to the optical or electrical properties charac- 
teristic of Type I diamonds. 

Several authors suggested that carbon atoms in 
interstitial lattice positions or carbon vacancies® or 
clusters of vacancies or cavities’ in the diamond 
structure were responsible for the existence of Type I 
diamonds. As a test for this hypothesis diamonds were 
bombarded with fast electrons, neutrons, deuterons, 
and y rays.®!3.4 Measurements gave evidence for the 
formation of interstitial carbon atoms and carbon 
vacancies.“ Infrared absorption between 6 and 13 y, 
however, could not be produced in any of these bom- 
bardment experiments. 

Raman!® proposed a new theory of the diamond 
lattice and suggested the existence of two types of 
diamond lattices in order to solve the Type I problem 
in diamond. His theory of lattice dynamics, however, 
is not generally accepted.‘ 

Investigations on high-purity (electrically active im- 
purity concentration <10 cm-*) silicon'’'* and ger- 
manium” showed that these crystals can contain con- 
siderable amounts of dissolved gases. In particular 
oxygen in silicon has received considerable attention. 
Concentrations up to 210'* oxygen atoms per cm® 
were found in silicon single crystals.!” Infrared absorp- 
tion bands corresponding to silicon-oxygen molecular 
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vibrations were observed” and quantitatively related 
to the oxygen content of the specimen.'” 

We have investigated the gas content of diamond 
crystals. As a result of this investigation we found large 
nitrogen concentrations in diamonds of Type I. We are 
able to show that the nitrogen content can be quanti- 
tatively correlated with the infrared absorption around 
8 yu, the ultraviolet absorption below 4000 A, and with 
the expansion of the diamond lattice. These observa- 
tions are strong evidence that nitrogen as an impurity 
is the major cause for the properties characteristic for 
Type I diamonds. 


EXPERIMENTAL 


All the diamonds investigated were of gem quality, 
free of flaws or inclusions. Several crystals showed a 
slight yellow color due to absorption in the near ultra- 
violet.* Most specimens were completely colorless. 

Infrared measurements were made on_ polished 
crystals with thicknesses between 0.4 mm and 3 mm. 
A Perkin Elmer double-beam instrument was used to 
obtain a general picture of the absorption spectrum of 
the specimens. Quantitative measurements at significant 
wavelengths were made with a Perkin Elmer double- 
pass spectrometer. Ultraviolet data were obtained 
using a Cary recording spectrophotometer. The absorp- 
tion coefficients were calculated taking multiple reflec- 
tions into account with n= 2.39 between 6 and 13 u and 
n= 2.50 in the ultraviolet.” ” 

The gas content of diamond crystals was determined 
in a system which is normally used for vacuum fusion 
gas analysis. The specimen was heated to 2000°C in a 
carbon crucible and the gas content freed during the 
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Fic. 1. Absorption spectra of Type I and Type II diamonds. 
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Fic. 2. Absorption at 3065 A versus absorption 
at 7.8 u« for several diamonds. 


graphitization of the crystal was analyzed for CO, Ho, 
and residual gases. In several cases the gas evolved was 
investigated by means of a mass spectrometer. The 
residual gas was found to be nitrogen, N™. 

The lattice constant of diamonds was measured 
with a high-precision crystal spectrometer. On this 
instrument high orders of reflections on both sides of 
zero were measured by using a very fine beam and a 
circle which reads to one second. Eccentricity, absorp- 
tion, and radius errors are eliminated by this design. 
We used copper Ka radiation on the (331) plane, taking 
a mean of four determinations made on different parts 
of the divided circle. The temperature was carefully 
controlled. The instrument will be described in a forth- 
coming paper.” 

The difference in density between diamond crystals 
of varying nitrogen content was investigated in a 
system similar to that of Bearden.** A glass tube con- 
taining a solution of thallous formate in water and two 
diamond crystals were placed into a thermostated bath 
the temperature of which could be measured to better 
than 10-°°C. The density difference of the two crystals 
under consideration could be determined as follows: 


a. The temperature of the thermostat was adjusted 
in such a way that the two crystals just floated. After a 
small increase in the temperature of the bath, the 
crystal with the higher density starts to sink. The 
temperature difference necessary to make the second 
crystal sink is a measure of the density difference of 
the two crystals. The change in density of our solution 
as a function of temperature was determined separately. 

b. When both crystals sink simultaneously, their 
density difference can be estimated from the speed of 
sinking, the viscosity of the solution, and the crystal 
dimensions. 


2 W. Bond (to be a, 


4 J. A. Bearden, Phys. Rev. 54, 698 (1938). 
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RESULTS 


The optical spectrum between the ultraviolet absorp- 
tion edge and 10 uv of a Type I and a Type II diamond 
is presented in Fig. 1. As pointed out above, both 
crystals have the same absorption bands between 2 
and 6, but different absorption between 6 and 104 
and in the ultraviolet. 


Sutherland e¢ al.° subdivided the additional infrared 
absorption into group A with broad absorption bands 
at 7.8, 8.3, 9.1, and 20.84, and group B with sharper 
and generally smaller band at 7.0, 7.3, 7.5, 8.5, 10.0, 
12.9, and 30.54 (only the strongest at 7.3 u is shown 
in Fig. 1). The intensity of the group B bands is related 
to the strength of a group of absorption peaks following 
a main band at 4155 A. With increasing absorption 
of the group A bands, the ultraviolet absorption shifts 
to longer wavelengths.® At room temperature two bands 
at 3060 and at 3155 A can be seen in Fig. 1. We meas- 
ured the infrared and ultraviolet absorption of several 
diamond crystals in order to find a quantitative relation 
between these two properties. In Fig. 2 the absorption 
coefficient of the band maximum at 7.8 uw is plotted as 
a function of the absorption at 3060 A of the same speci- 
men. There is good proportionality between the group 
A absorption in the infrared and the ultraviolet. The 
absorption coefficient at 7.84 is twice the absorption 
coefficient at 3060 A. 
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Fic. 3. Absorption spectra for 3 diamonds showing 
constant form of A bands. 
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Fic. 4. Nitrogen content versus absorption coefficient at 7.8 yu. 


Figure 3 gives the absorption of three different 
diamond crystals between 7 and 10 yu. It appears from 
the semilog plot that the total absorption spectrum 
of the group A bands has the same form in all crystals 
after the small additions of group B bands are sub- 
tracted. The maximum of the strongest absorption 
band is located at 7.8 u. The group A absorption bands 
change very little with temperature. We found that 
the three group A bands at 7.8, 8.3, and 9.1 w shifted 
to shorter wavelength by only 10° y (~2X10~ ev) 
between 300°K and 5°K. The intensity of this absorp- 
tion was found to be independent of temperature. 

Several diamond crystals were analyzed for their 
gas content. Large concentrations of nitrogen were 
found besides small quantities of CO and Hg. In Fig. 4 
the absorption coefficient of the band maximum at 
7.8 uw is plotted as a function of the nitrogen concentra- 
tion of the same crystals. The empirical straight line 
connecting the experimental points goes through the 
origin indicating that the whole absorption of the 
group A bands is proportional to the nitrogen concen- 
tration in the specimen. It should be pointed out that 
the nitrogen concentration of 4X10” nitrogen atoms 
per cm’ found in the crystal with an absorption coeffi- 
cient of a(7.8 4)=70 cm™ is equivalent to the density 
of nitrogen atoms in a gas at seven atmospheres of 
pressure. 

In order to find out where the nitrogen is located in 
the diamond lattice, the changes in lattice constant 
and density were determined for a number of diamond 
crystals. In Fig. 5 the absorption coefficient at 7.8 u is 
plotted as a function of the lattice constant at room 
temperature. Figure 5 (together with Fig. 4) shows a 
distinct increase in lattice constant with increasing 
nitrogen content. A Type II crystal (no absorp- 
tion between 6 and 134, ultraviolet absorption edge 
at 2250A) had the smallest lattice constant of 
3.56683+ 1 10-* A while the most highly Type I crys- 
tal with a(7.8 n)=70 cm™ exhibited the largest lattice 
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Fic. 5. Lattice constant versus absorption coefficient at 7.8 y. 


constant®® of 3.5672543x10-' A. Thus the relative 
change in lattice constant can be as high as 10~. If 
nitrogen is substituted for a carbon atom in a normal 
lattice site, the relative change in density Ap/p is 
expected to be 


Ap My-M, Aa 
me — )-3(=). 
p M,. a 


where My and M, are the atomic masses of nitrogen 
and carbon, c is the nitrogen concentration and Aa/a 
the relative change in lattice constant. Since My and 
M.. are 14 and 12, respectively, we obtain, for c=0.1% 
and a corresponding Aa/a=5X10-°, 


Ap/p=1.67 XK 10*— 1.5K 10“210-” 


i.e., the increase in weight is very nearly compensated 
by an increase in lattice constant. On the other hand on 
the assumption of nitrogen in an interstitial position 


Ap/p=c(My/Mc)—3(Aa/a) 
= 11.6K 10-*—1.5& 1010-3, 


i.e., the expected density change in two orders of mag- 
nitude larger. Our density measurements did not show 
any change in density between a diamond of Type II 
and crystals with nitrogen concentrations up to 4X 10” 
atoms per cm*. Our experimental accuracy for Ap/p was 
better than 10~°. This result may be taken as experi- 
mental proof that nitrogen occupies a substitutional 
position in the diamond lattice. 


DISCUSSION 
Since the time of Robertson’s article,! extensive 
research has shown that a number of important 
physical properties of diamond vary considerably 
depending upon the type of diamond under investiga- 
tion. Several of these properties will be discussed now 
in view of our findings. 


% The lattice constant of this crystal could be determined to 
+3X10~* A only, because of a broadened x-ray reflection peak. 
The accuracy for most crystals was +1X1075 A. 
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Ultraviolet Absorption 


The band structure of diamond has received con- 
siderable theoretical attention. The most recent calcula- 
tions by Herman”® suggested an energy gap Eg of 
approximately 6ev. The sharp rise in the ultraviolet 
absorption of Type II diamonds at 2250 A (5.6 ev) can 
be considered as the true absorption edge of the pure 
diamond lattice. In diamond of Type I absorption 
extends to considerably longer wavelength.' The shift in 
absorption to longer wavelengths and the corresponding 
increase of the absorption of 3065 A is proportional to 
the intensity of the group A bands, i.e., to the nitrogen 
concentration (see Fig. 2 and 4). Using thin cleaved 
diamond specimens, Custers?” has shown that the addi- 
tional absorption of Type I diamonds merges into the 
main absorption edge for absorption coefficients of 
several hundred cm. The absorption of Type I 
diamonds for \> 2250 A has therefore to be considered 
as a tail on the true absorption edge of diamond. 
Two causes might be cited for the absorption in the 
ultraviolet. 


a. The lattice expansion of diamond with increasing 
nitrogen content indicates considerable changes of the 
normal diamond lattice in the neighborhood of the 
nitrogen impurity. Local deformation of the crystal 
lattice gives rise to a deformation of the electronic band 
structure in this region which can result in a decrease in 
the separation between conduction and valence band.”* 
As a result electronic transitions and a corresponding 
absorption for photons having energies for hy< Eg will 
be expected. 

b. Nitrogen in a substitutional lattice site will give 
rise to energy levels within the forbidden zone. Diamond 
shows no absorption in the visible or infrared which 
could be related to electronic transitions to these 
energy levels. This fact indicates that nitrogen forms 
deep-lying energy levels in diamond. (Note that 
diamond is an insulator with approximately 10!° ohm 
cm at 300°K). The absorption band at 3155 A (3.9 ev), 
however, which is superimposed on the absorption tail 
and which increases with increasing absorption at 
7.8 (i.e., with increasing nitrogen concentration) 
might correspond to transitions from the conduction 
band to these deep lying donor states. Robertson found 
indeed in Type I diamonds enhanced photoresponse 
around 3200A which would be expected from the 
photoionization of these impurity levels. 


26 F. Herman, Phys. Rev. 93, 1214 (1954). 

27 J. F. H. Custers and F. A. Raal, Nature 179, 268 (1957). 

28 The change in energy gap 5£¢ is given by: 5Eg=|Fig|6V/V. 
For diamond £g is of the order of 10 ev and 6V/V is approxi- 
mately 10%. Therefore 5Eg is estimated to be 1 ev. [For a dis- 
cussion of the deformation potentials see W. Shockley, Electrons 
and Holes in Semiconductors (D. Van Nostrand Company, New 
York, 1950) ]. 
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Infrared Absorption 


The absorption bands between 2 and 6y are true 
lattice bands as discussed above. They are independent 
of the nitrogen concentration of the crystal. A possible 
explanation for the infrared absorption resulting from 
the nitrogen content in diamond is as follows: If 
nitrogen is substitutionally bound to carbon atoms, 
then C-N molecular vibrations are expected. In a 
simplified picture one might assume the nitrogen atom 
to be located in the center of a tetrahedron of carbon 
atoms. The corresponding symmetry of point group 
Ta predicts two (triply degenerate) infrared active 
vibrations. The observed absorption bands at 7.84 
and 20.84 might be assigned to the C-N stretching 
(v3) and bending (v4) vibration, respectively.” This 
picture needs some refinement. Nitrogen [electronic 
state of the atom (1s)? (2s)? (2p)* ]is tetrahedrally bound 
in the diamond lattice by four sp* orbitals. Such a 
valence state of nitrogen requires that one nitrogen 
electron be promoted to the 3s orbital. In the electro- 
static field created by the four sp* bonds this 3s electron 
will be strongly polarized to minimize the Coulomb 
energy of the system. Symmetry arguments suggest 
that a minimum energy will be obtained when ths extra 
electron is more strongly concentrated around one of 
the four C-N bonds. This fact is evidenced by the deep- 
lying impurity levels discussed above and is sub- 
stantiated by paramagnetic resonance experiments.” 
The Coulomb repulsion resulting from this additional 
electron will serve to expand the C-N distances, with 
a particularly strong expansion of this C-N bond 
around which the 3s electron is concentrated. As a 
result the lattice constant of diamond increases when 
nitrogen is present in the lattice (see Fig. 5). The dis- 
torted tetrahedron around each nitrogen impurity 
belongs to the point group C;,, where six infrared active 
vibrations are expected.*' The three absorption bands 
at 7.8, 8.3, and 9.1 uw are considered to be the three C-N 
stretching vibrations, while the absorption band at 
20.8 u is the only bending vibration observed so far.® 

It is interesting to note that cyclic polyamines show 
a strong absorption band around 9,4 which has been 
attributed to a C-N stretching vibration. An absorption 
cross section of 10°cm*/mole was reported®* which 

29 For a valence force model reasonable values were calculated 
for k, the bond-stretching, and for k5//?, the bending force constant: 
k=4.8X105 dynes/cem and ké/?=0.46X105 dynes/cm. See 
reference 31. 
asa Gelles, and Sorokin, Bull. Am. Phys. Soc. Ser. IT, 4, 144 

1G. Herzberg, Molecular Spectra and Molecular Structure (D. 
Van Nostrand Company, New York, 1945). 

2 In going from the 74 symmetry to C3, the degeneracies are 
partly removed; each of the triply degenerate vibrations v3 and v4 
splits into a nondegenerate and a double-degenerate vibration. 


The two vibrations »; (pulsing) and vz (deformation), which are 
only Raman active in 74, become infrared active in the C3, point 


group. 

% Dietrich, Zahn, and Spoor, Z. Naturforsch. 12b, 665 (1957). 
An infrared absorption band 7.9 u, corresponding to a C-N vibra- 
tion has been observed in N(CHs)3. S. H. Bauer and M. Blander, 
J. Molecular Spectroscopy (to be published). 
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would predict an absorption coefficient of 66 cm for 
a nitrogen concentration of 4X10” nitrogen atoms per 
cm’, The agreement with our measured absorption 
coefficient of 70 cm™ is unexpectedly good. It indicates 
that molecular vibrations can account for the infrared 
absorption in diamond I. 

At present we cannot rule out the possibility that 
the infrared absorption corresponds to an otherwise 
forbidden lattice vibration of the diamond lattice®’ 
which is induced by the presence of nitrogen as an 
impurity. It is worth pointing out that plastic deforma- 
tion, bombardment with high-energy nucleons (pro- 
ducing 10" lattice defects per cm*), and doping with 
approximately 10'* impurity atoms per cm? did not 
alter the lattice absorption in germanium.’ 


Birefringence 


Because of the cubic symmetry of the diamond 
lattice, diamond crystals are expected to be optically 
isotropic. However, Robertson e al.! showed that 
Type I diamonds exhibit patterns of birefringence when 
viewed between crossed nicols. In fact, all our crystals 
with absorption bands between 6 and 104 are bire- 
fringent. This observation can be explained as follows. 
It was shown above that the diamond lattice expands 
with increasing nitrogen concentration. Local fluctua- 
tions in the nitrogen content will introduce strain into 
the crystal and give rise to a birefringence pattern. 
One diamond which showed distinct birefringence lines 
was examined more quantitatively (with a Berek 
compensator). The difference in index of refraction, of 
two perpendicularly, polarized rays was found to be 
An=1.9X 10-°. 

Diamond is known to be isotropic in its stress-bire- 
fringence behavior.* The stress birefringence constant 
is g=3X10-" cm*/dyne. Hence we can calculate the 
stress in the bright lamination*®: 


T = 2An/qn*=1.4X 108 dynes/cm’. 


Knowing the elastic constants of diamond, ¢,,;= 10.8 
X10” dynes/cm? and ¢y.= 1.2510" dynes/cm?,** the 
corresponding strain Aa/a is determined from elastic 


theory*’ to be 


Aa Cul 
‘== 1,2x10-. 
a (C11 — C12) (C11 — 2€12) 


From Fig. 4 and Fig. 5 it can be inferred that a difference 
of Ac=4 X10" nitrogen atoms per cm? in various parts 
of the crystal will change the lattice constant by 
Aa/a=1.2X10-°. Therefore, fluctuation of the nitrogen 


34 E. Poindexter, Am. Mineralogist 40, 1032 (1955). 

35 W. Bond, Bell System Tech. J. 22, 1 (1943). Equation (18.1) 
can be rewritten: gx T=1/n.?—1/n,?~2An/n'; n, and my are 
the refractive indices as altered by the applied stress. 

36H. J. McSkimin and W. L. Bond, Phys. Rev. 105, 116 (1957). 

37 C, Kittel, Solid-State Physics (John Wiley & Sons, Inc., New 
York, 1953); and reference 35. 
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concentration in neighboring regions of the crystal can 
account for the observed birefringence effects.** Ob- 
viously varying amounts of nitrogen are incorporated 
into diamond crystals during the growth process. In 
this connection it should be mentioned that birefringence 
has been observed in silicon crystals which were 
pulled from a melt (which was contained in a quartz 
crucible'’). Birefringence patterns were found corre- 
sponding to fluctuations of Ac~10'" oxygen atoms per 
cm? in the crystal. 


Photoconductivity and Crystal Counting 


It has been known for many years that diamond is 
photoconductive when irradiated with ultraviolet 
light.!*.° The photoconductive response (photo- 
current per incident energy versus wavelength) was 
found to be smaller in Type I diamonds.’ Extensive in- 
vestigations are reported on the application of diamonds 
as crystal counters." It was shown that the counting 
efficiency varies strongly from diamond to diamond 
and in some cases strong fluctuations were observed 
even within the same specimen.” The counting efficiency 
decreases with increasing ultraviolet absorption below 
3000 A.“ From Ahearn’s data and from infrared 
measurements on the same crystal, one can estimate 
that the counting efficiency decreases by two orders 
of magnitude in that part of the crystal where the 
nitrogen content increases to approximately 10” nitro- 
gen atoms per cm’ in the crystal. All the present in- 
formation seems to indicate that nitrogen as an impurity 
has a deteriorating effect on the photoconductivity and 
counting efficiency of diamond crystals. This is not sur- 
prising since the large impurity concentration found 
will not only reduce lifetime® and charge carrier mo- 
bility,“ but also may produce variations in the trap 
density. More quantitative experimental data correlat- 


58 Optical measurements on the (inhomogeneous) crystal dis- 
cussed here indicate an average nitrogen concentration of approxi- 
mately 2X 10” nitrogen atoms per cm’. In this specimen the bire- 
fringence pattern was particularly strong. Birefringence caused 
by Ac of the order of 10'* nitrogen atoms per cm* should be 
detectable in diamond crystals. 

*®W. C. Dash, Proceedings of the International Conference on 
Crystal Growth and Perfection of Crystals (John Wiley & Sons, 
Inc., New York, 1958), p. 383. 

“B. Gudden and R. Pohl, Z. Physik 16, 170 (1923); A. G. 
Redfield, Phys. Rev. 94, 526 (1954). 

“t Wooldridge, Ahearn, and Burton, Phys. Rev. 71, 913 (1947) ; 
K. G. McKay, Phys. Rev. 74, 1606 (1948); and 77, 816 (1950). 
A. G. Chynoweth, Phys. Rev. 83, 254 and 264 (1951); G. P. 
Freeman and H. A. van der Velde, Physica 16, 486 (1950) ; 17, 565 
(1951). 

# F.C. Champion, Proc. Phys. Soc. (London) B65, 465 (1952); 
A. J. Ahearn, Phys. Rev. 96, 828 (1954). 

“ J. H. Wayland and W. J. Leivo, Bull. Am. Phys. Soc. 3, 400 
(1958). 

“ Hole mobilities of 1500 cm?/v sec were found in semiconduct- 
ing diamonds (IIb) [J. F. H. Custers, Physica 18, 489 (1954); 
and 20, 183 (1955); Nature 176, 173 (1955); W. J. Leivo and R. 
Smoluchowski, Phys. Rev. 98, 1532 (1955); I. G. Austin and 
R. Wolfe Proc. Phys. Soc. B69, 329 (1956) ]. Similar mobility 
values were estimated from photoconductivity and crystal 
counting studies. 
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ing the electrical and optical properties of diamond 
crystals are urgently needed. 


Thermal Conductivity 


The theory of conductivity of dielectrics predicts a 
strong maximum of thermal conductivity at low 
temperature.*®46 Such a maximum has been observed 
for a number of dielectrics.” Diamond crystals of 
Type I, however, show an unexpectedly low (29 w/cm 
deg) thermal conductivity, which is nearly constant be- 
tween 20 and 120°K.** It was pointed out by Pomeran- 
chuck that scattering of phonons at point imperfections 
can account for the observed temperature conductivity.” 
In fact, Pomeranchuck estimated a defect concentration 
of 4X10~ from the experimental data.** It was shown 
above that nitrogen in concentrations up to 2X10~% 
was found in diamond crystals. Therefore nitrogen has 
to be considered as a possible cause for the abnormal 
thermal conductivity in Type I diamonds. It is of great 
interest in this respect that Berman ef al. reported more 
recently on measurements on Type IIa crystals. They 
found indeed a pronounced maximum of thermal con- 
ductivity (~ 150 w/cm deg) at 80°K. 


FINAL REMARKS 


In this article we have concentrated on the relation 
between the nitrogen concentration and the group A 
absorption in Type I diamond. Most of our crystals 
had relatively small absorption corresponding to group 
B bands. At present there is no indication that nitrogen 
is connected with the group B absorption in diamond. 
The possibility that oxygen (or hydrogen) is involved in 
the group B absorption has to be substantiated by more 
experimental work. 

There are several properties of diamond which were 
reported to depend upon the type of diamond under 
investigation. Extra streaks in the Laue pattern 
(secondary extra reflections), 222 reflections, fluo- 


457. Pomeranchuk, J. Phys. U.S.S.R. 6, 237 (1942). 

46 P. G. Klemens, Proc. Roy. Soc. (London) A208, 108 (1951). 

47R, Berman, in Advances in Physics, edited by N. F. Mott 
(Taylor and Francis, Ltd., London, 1953), Vol. 2, p. 103; Car- 
ruthers, Geballe, Rosenberg, and Ziman, Proc. Roy. Soc. (London) 
A238, 502 (1957); T. H. Geballe and G. Hull, Phys. Rev. 110, 773 
(1958). 

48 A. Euken, Verhandl. deut. physik. Ges. 13, 829 (1911); W. J. 
de Hass and T. Biermasz, Physica 5, 47 and 619 (1938) ; Berman, 
Simon, and Ziman, Proc. Roy. Soc. (London) A220, 170 (1953). 

49 Berman, Schneidmesser, and Tirmizi, Conference de Physique 
des Basses Temperatures, Paris, 1955 (Centre National de la 
Recherche Scientifique, and UNESCO, Paris, 1956). 

5 C, V. Raman and P. Nilakantan, Proc. Indian Acad. Sci. 11, 
379 (1940); K. Lonsdale and H. Smith, Nature 148, 112 (1941); 
K. Lonsdale, Reports on Progress in Physics (The Physical Society, 
London, 1942), Vol. 9, p. 256; J. Hoerni and W. A. Wooster, 
Experimentia 8, 297 (1952). 

51 P, P. Ewald and H. Hoehl, Ann. Physik 25, 281 (1936); H. J. 
Grenville-Wells, Proc. Phys. Soc. (London) B65, 313 (1952); M. 
Renninger, Acta Cryst. 8, 603 (1955), reported recently that the 
222 reflection is not related to the type of diamond (after con- 
sideration of simultaneous reflections). 
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rescence,':” and polarized luminescence™ were observed 
in Type I diamonds but data concerning the intensity 
of the ultraviolet or infrared absorption of the same 
specimen are usually lacking. More quantitative meas- 
urements are necessary before possible connections 
between the effects mentioned and the nitrogen con- 


82 C. V. Raman and A. Jayaraman, Proc. Indian Acad. Sci. A32, 
65 (1950); B. M. Bishui, Indian J. Phys. 24, 441 (1950); H. B. 
Dyer and I. G. Matthews, Proc. Roy. Soc. (London) A243, 320 
(1958); I. G. Matthews, Proc. Phys. Soc. (London) 72, 1074 
(1958). 

53 Elliott, Matthews, and Mitchell, Phil. Mag. 28, 360 (1958). 
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centration of the crystal can be established. The data 
reported here should facilitate such investigations. 
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Audio-frequency spin absorption has been observed in the nuclear spin systems of the metals lithium, 
sodium, and aluminum. In lithium and sodium, the observed second moment of the absorption line at zero 
dc magnetic field is in agreement with calculations assuming only magnetic dipole-dipole interactions; in 
aluminum the zero-field absorption extends to frequencies as high as 50 kc/sec and the second moment of 
the absorption line appears to be about 50% larger than expected. Spin absorption has also been observed 
at small applied de magnetic fields, Ho, for audio-frequency magnetic excitation both parallel to and perpen- 
dicular to Ho. In both of these cases, absorption occurs at yH» and 2yHp in agreement with theory. 


INTRODUCTION 


HE well-known phenomenon of nuclear magnetic 
resonance in nuclear spin systems in solids is 
characterized by the use of applied dc magnetic fields 
which are large in comparison with the internal dipole- 
dipole fields and by absorption of energy from an rf 
magnetic field at the Larmor frequency. This absorption 
has a line width determined by the internal fields, if 
one neglects relaxation effects, and characterized by 
{((AH)*)w, the second moment of the line in gauss. As 
Van Vleck! has shown, ((AH)*)4 can be calculated from 
basic principles. 

At dc magnetic fields which are not large in com- 
parison with the internal fields, the nature of the 
absorption spectrum changes significantly. In_par- 
ticular, at zero dc field the absorption spectrum is 
determined solely by the spin-spin interactions, assum- 
ing that electric quadrupole interactions with the lattice 
are negligible. In this case the spectrum extends from 
zero frequency to frequencies of order (y?((AH)?)w)}, 
where y is the nuclear gyromagnetic ratio. At dc 
magnetic fields, 7», which are comparable with the 
internal fields, the spectrum is composed of several 
parts. First, it is characterized by absorption with the 
applied ac magnetic field, , either parallel to or 
perpendicular to the dc field. Second, the spectrum is 
composed of several lines; the dipole-dipole interaction 


1J. H. Van Vleck, Phys. Rev. 74, 1168 (1948). 


contains matrix elements which allow transitions and 
absorption of energy around zero frequency, at yHo, 
at 2yHo, and at higher frequencies. The intensity of 
absorption in the parallel case, and of the absorption 
at frequencies other than yHo in the perpendicular case, 
decreases as a power of ((AH)*),,/Ho?. At high field all 
lines except the Larmor line are of low intensity and 
one has the usual magnetic resonance case. 

The theory of spin absorption at small de fields has 
been treated by Broer? and Wright.’ These authors 
calculate properties of the spin system by the diagonal 
sum method and, although the problem cannot be 
solved exactly, are able to derive the nth moments of 
the zero-field line and the variation of the lines with 
field. Experimental results in electron paramagnetic 
systems, obtained by Gorter‘ and co-workers and others, 
have been compared with the theory with limited 
agreement. In the systems reported, spin absorption at 
zero field extends from zero to hundreds of megacycles 
and the experimental investigations have usually been 
limited to the low-frequency part of the line. Nuclear 

2L, J. F. Broer, Physica 10, 801 (1943); L. J. F. Broer, thesis, 
Amsterdam, 1945 (unpublished). 

3A. Wright, Phys. Rev. 76, 1826 (1949); A. Wright, thesis, 
Harvard University, 1948 (unpublished). 

4 For a review of the experiments and a summary of the litera- 
ture, see C. J. Gorter, Paramagnetic Relaxation (Elsevier Pub- 
lishing Company, New York, 1947); C. J. Gorter, Progress in 
Low-Temperature Physics, II ,(Interscience, Publishers, Inc.,\New 
York, 1957), pp. 267 ff. 
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spin systems offer an ideal case for experimental study 
of the problem since the frequencies involved in the 
zero-field line extend from zero to tens of kilocycles. It 
is simple to instrument a system in which frequency 
can be varied over this range and in which the relative 
values of ac field are well known. 

The experimental method, similar to that of Ramsey 
and Pound,' consists of the following steps (Fig. 1): 

The nuclear spin system is polarized at a large value 
of magnetic field for a period of time which is long 
compared to the nuclear spin-lattice relaxation time, 
T;. This magnetic field is chosen large enough so that 
nuclear spin temperature or magnetization can be 
easily measured with conventional nuclear magnetic 
resonance techniques. The lattice temperature is chosen 
so that 7; is of the order of seconds. After the spin 
system has reached equilibrium the magnetic field is 
adiabatically and within a short period of time, say 
10 milliseconds, lowered to a small field, Ho, and left 
there for a period of time 7». During this interval, an 
audio-frequency magnetic field is applied to the spin 
system. At the end of the period JT» the magnetic field 
applied to the spin system is adiabatically raised to its 
original value and the nuclear spin system temperature 
is measured. By varying To, a relaxation time at field 
Ho (in terms of the magnitude of the applied audio- 
frequency magnetic field and its frequency) may be 
obtained. When this relaxation time is compared with 
the spin-lattice relaxation time obtained when the 
audio-frequency field is absent, the absorption of energy 
by the spin system from the audio-frequency field is 
determined. 

One describes the measurement cycle by the following 
steps: The spin system is initially at temperature 7, 
equal to the lattice temperature T,; it is then adiabati- 
cally demagnetized and cooled below the lattice tem- 
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Fic. 1. Timing diagram of the method used. Audio-frequency spin 
absorption in the nuclear spin system occurs during the 7) period. 


5N. F. Ramsey and R. V. Pound, Phys. Rev. 81, 278 (1951); 
A. G. Anderson, Bull. Am. Phys. Soc. 3, 324 (1958). 
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perature; following this demagnetization the spin 
system is warmed by absorption of energy from the 
audio-frequency radiation field; finally, the spin system 
is adiabatically remagnetized. The spin system tem- 
perature immediately after remagnetization is a meas- 
ure of the absorption. 

For the metals which were used in this experiment, 
it was necessary to work in the range of 1° Kelvin to 
obtain the desired spin-lattice relaxation times. Pre- 
vious work®’ had indicated that quadrupole inter- 
actions were small in lithium and sodium and that these 
metals should be ideal for study. 


EXPERIMENTAL METHOD 


The timing diagram of the method used is shown in 
Fig. 1. A brief description of the method is included 
below. Further details are to be published elsewhere.’ 

A nitrogen-cooled air-core solenoid supplied both the 
Hop field of about 1000 gauss and the small Hp field of 
0 to 10 gauss. Heavy-duty relays were used to switch 
the 20-ampere currents required to supply Hoo. A stable 
current supply was obtained by the use of large- 
capacity storage batteries, variable resistors, and by 
insuring constant battery drain with the use of a dummy 
load during the 7» period. The magnetic field modu- 
lation was at 280 cycles per second with a peak-to-peak 
amplitude of several gauss. A linear sweep field of 100 
gauss was provided by a transistor current supply of 
2-ampere capacity which was connected in parallel 
with the main magnet power supply. In the method of 
Fig. 1 small shifts in the Hoo field are unimportant since 
they produce only a small change in the time of obser- 
vation of the signal. 

The rf frequency was 1.16 megacycles per second and 
the rf field was about } gauss. A crossed-coil rf head 
was used and the signal was observed in the dispersion® 
mode. With the values of field modulation used, the 
magnetization decayed to zero during the passage 
through resonance; the use of a high modulation field, 
however, resulted in a better signal-to-noise ratio than 


Fic. 2. Spin ab- 
sorption in Na® at 
zero external field. 
The solid line is the 
theoretical curve 
A(v), Eq. (6). 
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6A. G. Anderson and A. G. Redfield, Proceedings of the Fifth 


Physics and 


International Conference of Low-Temperature 
Madison, 


Chemistry, 1957 (University of Wisconsin Press, 
Wisconsin, 1958), p. 616. 

7 A. G. Anderson and A. G. Redfield (to be published). 

8’ Block, Hansen, and Packard, Phys. Rev. 70, 474 (1946). 
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was obtained in the true “fast passage’’** case. The 
signal output from the receiver was fed through a 
fast-response lock-in and was then recorded on a 
Sanborn recorder. Signal widths were of the order of 
50 to 100 milliseconds and the signal-to-noise ratio was 
approximately 50 to 1. 

The audio-frequency magnetic field either parallel 
to or perpendicular to Hy was provided by means of a 
coil wrapped around the rf head. A variable-frequency, 
variable-amplitude, audio oscillator was coupled 
through relays to these coils. Maximum fields were of 
the order of 10 milligauss. The 280-cycle/sec sweep 
field was provided with relay gating to prevent absorp- 
tion from this source during the 7» period. 

The rf head was inserted into a liquid helium bath 
and temperature was established by pumping. 

Aluminum samples were provided by filing and 
sieving aluminum of 99.99% purity and by then 
annealing in vacuum for a period of several hours at 
700°F. The sodium of 99.99% purity and lithium of 
99.8% purity were obtained in the form of dispersions 
in oil. Particle sizes in all cases were between 10 and 25 
microns. 


EXPERIMENTAL RESULTS AND DISCUSSION 


Experimental values of spin absorption are shown in 
Figs. 2, 3, 4, and 5. The spin absorption, A, is computed 
from the data in the following manner: the spin system 
is considered to be at all times in a state of internal 
equilibrium at a temperature 7,.!° At the beginning of 
the To period, Fig. 1, 7,<7 1. Thereafter, the rate at 
which the energy" of the spin system (or 1/7,) changes 
is composed of one part due to the thermal relaxation 
toward the lattice temperature at the low field, and a 
second part due to the relaxation toward infinite tem- 


u’ 
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Fic. 3. Spin absorption in lithium at zero external field. The 
solid line, Eq. (6), is drawn assuming only Li’ present with a 
(v®)4y= (6.2 kc/sec)?, while the dotted curve includes corrections 
for the Li® present. 


9A. G. Redfield, Phys. Rev. 101, 67 (1956). 

10 The justification of the spin temperature approximation for 
the systems and methods used here is considered in A. G. Anderson 
and A. G. Redfield (to be published) and L. C. Hebel and C. P. 
Slichter, Phys. Rev. 113, 1504 (1959). 

1 Jn order to avoid confusion at low field, we shall refer to 
energy rather than the more usual description of relaxation in 
terms of populations. 
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Fic. 4. Spin absorption in Al?’ at zero external field. The 
solid line is the theoretical curve A (v), Eq. (6). 


perature produced by absorption of energy from the 
audio-frequency radiation field. 
That is, 


dE, (E,— Ew) E 
dt 


for |Ew|«|£,|, (1) 


where £, is the spin system energy,” E,o is the spin 
system energy when spin system and lattice have been 
brought into equilibrium through the spin-lattice 
relaxation time, 7}, and 7,’ is an effective relaxation 
time produced by the absorption of energy A(v), per 
unit time from the radiation field. The energy | E,o| 
is always small compared to |£,| in the experiments 
to be described here since the maximum field at which 
spin absorption was observed was about ten gauss, 
whereas the initial field was about one thousand gauss; 
the initial value of | Z,| at the start of the spin absorp- 
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Fic. 5. (a) Spin absorption in Na® at small external field with 
audio-frequency excitation parallel to the dc field. The Larmor 
frequency is about 8 kc/sec. The curve is drawn to fit the experi- 
mental points. The second moment of the 27/o line is greater 
than that for the Larmor line in Fig. 5(b). (b) Spin absorption 
with audio-frequency excitation perpendicular to the dc field. The 
curve is drawn to fit the experimental points. 

2A. G. Redfield, IBM J. Research Develop. 1, 19 (1957), see 
Ds 25: 
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tion period is thus about one hundred times greater 
than | £,o|, while the decay of E, is followed over only 
one or two time constants. The factor A (v), 


—E, 
A(v)=- 
1 
1 ¢+g°6°7(7+1)[(10/3)((AH)?) w+ He? | 


Ew ’ 


7,’ SRT, 


is determined from the experimental determination of 
T;’. In (2), J is the spin angular momentum of the 
nucleus, g is the nuclear g factor, 8 is the nuclear 
magneton, (10/3)((AH)*), is the second moment of 
the zero-field line in gauss’, and & is the Boltzmann 
constant. 

The Hamiltonian of the spin system is* 


H= — g8H D I2;+ % g°B'r,; ss 


i>j 


3(rij-1) (15-1) 


2 
={—g8Hy > I2:+ » geri; * 
i  X<EByladey+Cale ls) (3) 
+E 9°6'r.j [Dis iin + Dij*sL) 
Big T ig Det Tel jy) + Fist Tey + Ted j-)), 


By=—3(G75—3); Cu=—3 Bus, 


Dj;= —3(ai?—B,7—2ia;8:;); Eig= —3yij(aij—18 3), 
where the magnetic field Ho lies along the ¢ axis, a;;, 
8.;, yij are the direction cosines of (r/r);; with respect 
to the x, y, 2 axes, and /,=/,+i/,. Equation (3) 
assumes that only Zeeman and magnetic-dipole-dipole 
energies are important. The term in curly brackets is 
the term responsible for the absorption and line width 
which characterize the resonance at high field (with 
the ac field, H,, perpendicular to Ho) with allowed 
transitions Am=+1. The remaining terms allow 
transitions (H, perpendicular or parallel to Ho) with 
Am=0, +1, +2, and higher, as can readily be shown 
by means of perturbation theory.® 

With this Hamiltonian, the factor A(v) has been 
calculated by Broer*® for various cases; it is composed 
of a factor hv for each photon absorbed, a factor hv/kT, 
for the relative probability of absorption compared 
with stimulated emission at frequency »v, a distribution 
function f(v), and a factor H,’, proportional to the 
energy density of the radiation field. One finds 


A(v)= (29 /RT,) f(v) A? (4) 


per unit time. The distribution function f(y) is defined 
by this equation. Broer® has shown that f(v) can be 
calculated from the matrix elements, M,., of the total 
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magnetic moment between two states, k and /. The 
argument is familiar; by first-order perturbation theory 
the transition probability from state k to state / is 
proportional to |M;,,|?, where k#/. Assuming a Av 
which is large in the sense of containing a large number 
of pairs of discrete states, & and /, but which is small 
from the macroscopic standpoint, one obtains 
v+Av/2 


f(vdv= DY |Muil?. (5) 


v—Av/2 


Zero External Field 


The function f(v) at zero external field has been 
treated by Broer’ and Wright.’ Assuming a large number 
of levels, summations are replaced by integrals. The 
functions f f(v)dv, f f(v)v*dv, and J f(v)v‘dv are calcu- 
lated by the method of moments giving, for a random 
distribution of small particles as used here (we assume 
nH ;?=1), 


ftow- ® | Mxi|?=tr| M?| =kT Xo, 


k+l 


(5a) 


1 
for v)dv=— tr| M?) =kT X(v")w 
4? 
kT, 
= facrur 
2 


(v2) = (10/3)((AH)2)wg?B?/h? 


2g48*T (+1) 
—s 6 Ue 
2 


fou v)dv=kT Xo((v?))?(2.640.65), 


where Xo is the susceptibility of the nuclear spin system. 
Table I lists theoretical values of (v?)w. 

Wright’s calculations, Eq. (5b), with Hamiltonian 
(3) show that a Gaussian fits the theoretical Oth, 2nd, 
and 4th moments to within the error of the calculations. 
If an exchange contribution is included in (3), the 
second moment is unchanged while the fourth moment 
increases, and the line becomes more sharply peaked 
than a Gaussian. Assuming only dipole-dipole 
interaction, 

2 \) 
f(y)= (. - ~) (kT Xo) exp(—v?/2(v*)m), 
™(v") wy 


(6) 


i 


8r \? 
A(v)=v? exp(— 7/2) ( ) %| 
(v?) wy 


These equations, with the value of (v*)« obtained 
from (Sb), show that the function f(y) is appreciable 
out to frequencies of the order of y, the nuclear gyro- 
magnetic ratio, multiplied by the rms local field which 
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is [(10/3)((AH)?)w ]!. The v? dependene in A (v) indicates 
that A(v) varies as v? for frequencies small compared 
to ((v*)w)4; this is the common region of spin absorption 
investigation for spin systems, such as paramagnetic 
salts, with electronic moments. In the nuclear spin 
systems reported here, it was possible to cover the 
complete range of A (v). 

The solid line in Figs. 2, 3, and 4 is the function A (v) : 
using the theoretical (v*),,, and normalized so that the 
maximum of A(v) is equal to the experimentally ob- 
served maximum. The fit is considered to be quite good 
in the case of sodium. Since sodium has spin 3 and a 
large quadrupole moment, the evidence of Fig. 2 indi- 
cates that electric field gradients at the Na” sites are 
small compared with the dipole-dipole interaction. 
This evidence that lattice strain is small is in agreement 
with the statement by Barrett'® that particles of the 
size used here do not undergo the phase transformation" 
reported for sodium in larger samples. 

For lithium, the solid curve in Fig. 3 is drawn 
assuming that the effect of Li® can be neglected. Since 
Li® is present in about 7.5% abundance, one can make 
corrections to include the spin absorption by Li®. This 
correction is small because of the small moment of Li® 
and the v? dependence in the absorption. Corrections 
can also be made to include the spread in frequency of 
spin absorption due to the presence of Li’ ensembles 
with no Li® in nearest-neighbor positions, with one Li® 
nearest neighbor, with two Li® nearest neighbors, and 
so forth. In this case each of these ensembles is assumed 
to have a Gaussian f(v) with a unique second moment 
and the whole system is assumed in equilibrium at 
temperature 7,. The dotted curve in Fig. 3 is drawn to 
include these corrections; the corrections in this case 
are quite small, but would become appreciable in cases 
such as tin where a large percentage of the nuclei have 
zero moment. Since the quadrupole moment of Li’ is 
fairly large, the evidence is that the lithium lattice is 
also free of strain. 

In the case of aluminum, the absorption extends to 
higher frequencies than can be justified by the magnetic 
dipole-dipole interaction alone. Presumably there were 
residual quadrupole interactions due to dislocations or 
strains, though care was taken to anneal the sample 
well. Such interactions might be important, since Al*’ 
has an 7=$, and a large quadrupole moment. Residual 
nuclear magnetic resonance line width at high tem- 
perature'® and unexplained variations of spin-lattice 
relaxation time with field® also indicate that additional 
broadening is present in aluminum. 

As mentioned in the introduction to Eq. (1), one 
assumes that the spin system is in internal equilibrium 
with the distribution f(v) and temperature 7,. The 


18 C, S. Barrett (private communication). 
4C, S. Barrett, Acta Cryst. 9, 671 (1956). 
15 J. J. Spokas and C. P. Slichter, Phys. Rev. 113, 1462 (1959). 
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Na” 
Al?? 
* Lattice parameters for Li and Na are taken from C. S. Barrett, Acta 
Cryst. 9, 671 (1956); those for Al are taken from Handbook of Chemistry 


and Physics, edited by C. D. Hodgman (Chemical Rubber Publishing 
Company, Cleveland, 1956), thirty-eighth edition. 


spin absorption A (v), Eq. (4), will be proportional to 
the square of the audio-frequency magnetic field, so 
long as this is true. This 1,’ dependence was observed 
within experimental error of 5%, throughout the range 
of observations at zero field. In this range the effective 
relaxation time could be varied by a factor of as large 
as 100X1. 

The exponential variation of A(v) was followed for 
Na” and Li’ out to frequencies of the order of 8 kc/sec 
and 25 kc/sec, respectively. 


Spin Absorption in Constant Magnetic Fields 


With an applied de magnetic field, Ho, spin absorp- 
tion can occur both when #, is parallel to Hy and when 
H, is perpendicular to Ho. The intensities will be differ- 
ent in the two cases, of course, and in the limit of large 
external field the absorption in parallel field will not 
be observed, while the observed absorption in perpen- 
dicular field will consist of absorption at the Larmor 
frequency only. The experimental observations shown 
in Fig. 5(a) and 5(b) show spin absorption in a case 
where the Larmor frequency in the external field is 
approximately 8 kc/sec. 

In the parallel field case, absorption is allowed at 
frequencies near 0, (y/2m)Ho, (2y/2m)Ho, and at higher 
frequencies with reduced probability. This can be seen 
by examination of the Hamiltonian in Eq. (3). 

In Fig. 5(a) the zero-frequency line is not observed ; 
theory?* predicts a fall of this line as [((AH)*)w/Ho? ? 
at constant 7,. The experimental data indicates that 
the fall must be faster than [((AH)*)y/H¢?], but 
detailed experiments remain to be made. 

Now, tr|M?| in Eq. (5a) is always given by kT,Xo, 
but to obtain /f(v)dv the diagonal elements where 
k=Ihave to be subtracted ; consequently, the remaining 
nondiagonal elements vanish as ((AH)*)x,/Ho?. Wright® 
finds that in the limit of high field the lines /;, at 
yHo/2n, and fe, at 2yHo/2m, are described by 


(10/3)((AH)?)w 
J fade f fad—0.4%, ’ 


HH’? 
[tate f tat, 


while the fall? of f(v) is compensated by the shift in 
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frequency to give 


(7b) 


fa (v)dv=24Xo(v*) a, 


exactly as in Eq. (5b). Since ffidv and / fedv are 
equal, f-A,(v)dv and / A2(v)dv should differ by a factor 
of about 1:4; experimentally a factor of 1:3, which is 
in agreement within the experimental accuracy and 
the approximations involved, is observed. 

In the perpendicular case, the absorption spectrum 
shifts to v=yHo/2r. One finds* 


f A(v)dv= 20x (at ()] (8) 


where the second term arises from the shift of the 
spectrum. The lines other than the Larmor line fall as 
((4H)*)4/Ho?. In Fig. 5(b) the lines at yHo and 2yH» 
are shown. The lines at low frequency and at 3(yHo/27) 
were of insufficient intensity for comparison on the 
linear scale of Fig. 5(b). A run at large values of the H, 
field indicated that the low-frequency line appears to 
be in agreement with calculations of Wright* who 
calculated a fall in intensity as ((AH)*)./H¢ for f(v). 

A comparison of the H,’ field needed to obtain equal 
J A(v)dv in the parallel case as compared with the 
perpendicular case for the line at yHo/2m shows that, 
from Eqs. (7) and (8), this should be equal to about 
100X1. Within the experimental accuracy this was 
observed. 

CONCLUSION 


In the alkali metals lithium and sodium, despite spin 
angular momentum of $, quadrupole interactions are 
evidently low enough so that the nuclear spin system 
is well described by the magnetic dipole-dipole inter- 
action. The spin absorption experiment described here 
in this case is well described by the spin temperature 
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approximation. The zero-field lines observed in spin 
absorption are in agreement with the theory in these 
systems and the absorption at yHo and 2yHp in small 
applied magnetic fields appears also to be in agreement 
with theory. 

At the time of this writing, further experimental work 
remains to be done on the aperiodic or “‘zero-frequency” 
line to determine its variation with field. According to 
current theories,'®!” being considered for explanation 
of data in paramagnetic salts, the line should change 
shape with field as well as fall off in intensity; this is in 
contrast with Broer’s? assumptions and Wright’s® 
calculations of approximately constant width of these 
lines. 

Preliminary experiments on spin absorption at zero 
field in alloys have indicated the possibility of studying 
quadrupole splittings in these systems along a line 
somewhat parallel to that taken by Bloembergen and 
Rowland.'* It is hoped that greater detail will be 
obtained at zero field by direct observation of quad- 
rupole lines (as first suggested by Redfield) and by 
study of zero-field second moment as a function of 
impurity content. 

Single crystals, particularly those having spin } as the 
only magnetic species, offer interesting possibilities for 
the study of the variation of zero-field absorption as a 
function of orientation. Such variations have been 
previously observed" at high field. It would probably 
be necessary to work with nonmetallic single crystals 
because of skin effect limitations. 
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The characteristic electron energy loss spectrum of aluminum has been measured by analyzing the energy 
distribution of 760-, 1000-, 1520-, and 2020-ev electrons scattered by an evaporated specimen through 90°. 
Twelve loss peaks were observed, made up of combinations of elementary 10.3- and 15.3-ev losses. The 
former, the low-lying loss, is identified with the lowered plasma loss proposed by Ritchie, and the latter 
with the plasma loss proposed by Bohm and Pines and previously observed by many other workers. In 
measurements made with very thin evaporated targets, it was found that the low-lying loss changed con- 
siderably in position, as well as in intensity relative to the 15.3-ev loss. These changes, which are interpreted 
in terms of Ritchie’s theory, definitely indicate that the low-lying loss is influenced by the surface layers 
of the specimen. As targets of high surface and volume purity could be prepared, it is concluded that results 
obtained by the present reflection technique, when examining loss behavior affected by surface phenomena, 
are superior to measurements of the characteristic loss spectrum of electrons transmitted through thin films. 


SUMMARY OF PREVIOUS WORK 


HE first systematic measurements of characteristic 
electron energy losses were carried out by 
Rudberg! who analyzed the energy distribution of 
50-400 ev electrons scattered from the surfaces of a 
number of metals. In each energy distribution he found 
peaks which occurred at fixed energy displacements 
from the peak of elastically scattered electrons, 
irrespective of the primary bombarding energy or the 
scattering angle. These peaks therefore corresponded 
to electrons which had lost definite amounts of energy 
in the material. Rudberg and Slater? proposed that the 
energy losses were due to excitation of conduction 
electrons, to higher allowed energy levels, and calculated 
the form of the characteristic loss spectrum of copper, 
in fair agreement with Rudberg’s results. 

Ruthemann’ was the first to extend the measurements 
to the energy analysis of electrons transmitted through 
thin films of various materials. Since then, nearly all 
of the published work has been concerned with the 
latter type of measurement, and in this paper the two 
techniques will be referred to as reflection and trans- 
mission experiments, respectively. 

A large number of workers*~** has investigated the 

* Work supported by the Research Grants Committee of the 
University of Western Australia. 
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characteristic electron energy loss spectrum of alumi- 
num, and the published loss values are shown in Table I. 
These results of energy analysis of the scattered electron 
beam have been obtained by using one or other of the 
following experimental techniques: (a) deflection by 
electrict'® or magnetic®:®” fields with or without prior 
deceleration; (b) chromatic aberration effects of an 
electron lens’—'®; (c) the retarding potential method 
with electrical!*® or numerical**-* differentiation. It 
may be seen that the loss spectrum is made up of 
combinations of ~ 15-ev and ~7-ev losses, though the 
various reported loss values differ considerably. 

There have been a number of attempts to explain 
the origin of the loss lines in aluminum and other 
materials. Cauchois,?”? Watanabe* and Leder, Mend- 
lowitz, and Marton* have revived the suggestion of 
Rudberg and Slater that the energy losses might be 
due to interband electronic transitions. If this were so, 
one might expect to find some similarity between the 
characteristic losses and the absorption maxima found 
on the short-wavelength side of the various x-ray 
absorption edges. The comparison is rendered difficult 
due to the differing electronic states before excitation, 
which lead to different transition probabilities and line 
shapes in the two cases. Leder ef al.** made such a 
comparison for a number of materials and found a fair 
degree of correlation between the loss values and the 
displacements of the absorption maxima from the 
K-edges, as well as an indication of a dependence of 
the former on the inverse square of the lattice constant 
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in materials of similar structure. A summary of measure- 
ments of the displacements of the absorption maxima 
from the K and J»; absorption edges for aluminum is 
given in Table II.??-* It will be seen that there is 
some degree of correlation between these values and 
the characteristic loss values shown in Table I. 

It is interesting to note here that Tomboulian and 
Pell® report the observation of anomalous x-ray 
absorption peaks in aluminum deposited by evaporation 
onto a Zapon support. These peaks were not present in 
freely supported films nor in the Zapon alone. The 
anomalous absorption was shown to be due in some 
manner to a surface contamination of the aluminum 
foil at the metal-backing interface. 

In some materials (Al, Mg, Be), the loss lines are 
much narrower than might be expected from the widths 
of the energy bands concerned. Tredgold® has indicated 
qualitatively that the sharp lines and the dispersion of 
energy loss with scattering angle obtained in these 
materials*® can be satisfactorily accounted for. 

Sternglass“ has proposed that the characteristic 
energy losses can be interpreted in terms of individual 
atomic ionization and excitation, and has calculated 
the form of the energy loss spectrum of aluminum in 
good agreement with the results of Ruthemann® and 
Marton and Leder." It could be expected that similar 
losses would occur when the material was in the vapor 
state. A series of measurements of electron energy 
losses* in the vapors of a number of materials (excluding 
Al) has confirmed the known atomic transitions and 
has shown no correlation with the energy losses in the 
solid state. 

The plasma oscillation theory of Pines and others** 
has yielded a more satisfactory understanding of the 
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loss mechanism. The energy losses are assumed to be 
due to collective excitation of the conduction electrons, 
the magnitude of the elementary loss being given by 
hw,=h(4rne?/m)', where w, is the plasma oscillation 
frequency and n is the density of free electrons in the 
material. For aluminum, fw,= 15.8 ev assuming three 
free electrons per atom. 

Pines has shown that the energy loss AE should 
vary with scattering angle 6 in the manner 


3E oP? 
AE=hwp+——®, (1) 
5mhw» 


where P is the momentum of the incident primary 
electron and £p is the energy of an electron at the top 
of the Fermi band. This equation neglects the effects of 
electron exchange and departures from free-electron 
behavior caused by the positive-ion lattice.*’7 The form 
of the relation, however, has been verified experi- 
mentally by Watanabe,* Meyer,” and Marton*® for 
aluminum and a number of other elements. 

The plasma theory predicts a maximum energy loss 
and hence a maximum angle of scattering 6. given by 


6.=hk./P, (2) 


where k, is the cutoff wave number for collective 
excitation given by Pines as 


k.=0.353kor., (3) 


where ko is the wave number of an electron at the top 
of the Fermi band and ,, is the average interelectronic 
spacing in units of the Bohr radius. Taking account of 
exchange, Ferrell*? has modified Eq. (3) and finds better 
agreement with the cutoff angles observed by Watanabe 
and Meyer. Ferrell® has also shown that the differential 
cross section per valence electron for scattering through 
an angle 6(<8@.) is given by 


dQ Oz 
v(oyan=( )( ), (4) 
oe 2xnao/ \P+6;z" 
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where 6g is given by hw,/2E, E is the energy of the 
primary electron, and do is the Bohr radius. Experiment® 
indicates that the loss intensity may decrease more 
rapidly with angle than suggested by (4). 

Gabor has proposed a model for collective excitation 
applicable to the interaction of electrons with thin films 
of solids. The theory predicts a nonlinear increase in 
plasma loss intensity with film thickness as well as 
suggesting two crucial experimental tests. Jull* has 
shown, however, that the ~15-ev loss intensity in 
aluminum increases more rapidly with thickness than 
indicated by Gabor’s theory. The discrepancy was 
considered to be due to the existence of disturbed 
surface layers which could cause a reduction in the 
effective film thickness. 

Ritchie" and Ferrell have criticized Gabor’s theory. 
Ritchie, describing the conduction electrons in a thin 
film by the hydrodynamical equations of Bloch, has 
found that the effect of the film boundaries is to cause 
a decrease in intensity of the plasma loss and the 
appearance of an additional loss at hw,/Vv2 if the foil 
can be represented as a plane parallel-sided film, or at 
hw,/V3 if the foil consists of spherical grains. This 
behavior is attributed to the depolarizing effect of the 
film or grain boundaries. Ritchie proposed that the 
low-lying losses observed in many materials (~7 ev in 
Al) are due to this mechanism and has calculated the 
probabilities of energy losses at the plasma and lowered 
plasma frequencies as a function of foil thickness. 
Marton ef al. have investigated experimentally the 
applicability of Ritchie’s theory to aluminum, and 
have concluded that the low-lying loss is not a lowered 
plasma loss. Though the position of the loss found by 
them did not agree with the theory, they reported that 
their measurements of the intensity variations of the 
~ 15-ev loss and the low-lying losses could be made to 
agree better with the theory if the angular aperture of 
their detector was taken into account, together with 
the angular distribution given by the plasma theory. 
In a recent abstract by Marton’s group, Wagner ef al.“ 
conclude that “the preponderance of evidence argues 
against the hypothesis of surface polarization causing 
the low-lying losses.” 

Ferrell e¢ al.4 have considered that the ~7-ev loss 
in aluminum might be due to a band-band transition 
and have shown that, if this were so, the transition 
probability would be 0.7% of the plasma excitation 
probability. They concluded that the loss might be 
due to carbonaceous contamination on the surface of 
the specimen. 
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TABLE II. Displacements of the absorption maxima from the 
K and Ly»; edges in the x-ray absorption spectrum of aluminum 
(in ev). The column headings are reference numbers. 





A separate determination of the plasma frequency 
in metals may be made by the measurement of that 
radiation frequency at which the material becomes 
transparent.*® Sabine*® has shown that the reflectivity 
of aluminum decreases with wavelength from 2000 A, 
reaching zero at about 800A (15.5 ev). Walker, 
Rustgi, and Weissler? have recently measured the 
reflectivity and transmittivity of unbacked evaporated 
aluminum films in the soft x-ray region. They find the 
onset of transparency at 14.6 ev, in fair agreement 
with the energy loss measurements. 

Ferrell has proposed that an excited plasma in a 
thin film can, under the proper circumstances, lose 
energy by the emission of a photon of frequency w,. 
Rudberg** made an unsuccessful attempt to detect 
radiation from thick targets and no reports of the 
detection of radiation emitted in the manner described 
by Ferrell have yet appeared. 

It has not been possible to explain all of the observed 
characteristic energy losses in terms of plasma excita- 
tion. Pines** has shown that for small scattering angles 
plasma excitation should predominate over interband 
transitions, and considers therefore that the dominant 
loss in each substance is due to the former mechanism 
and that any other losses might be due to the latter. 
He and Sobelman® have suggested that the correlation 
between the x-ray fine structure and the dominant 
characteristic losses can be explained by plasma 
excitation. 

It has been suggested that the medium with which 
the primary electrons interact can be represented as a 
dielectric.” By considering the frequency dependence 


that the ~7-ev loss is due to the carbon alone (in most cases), 
though it will be shown that such surface contamination may act 
to modify the low-lying loss. 

‘6G. B. Sabine, Phys. Rev. 55, 1064 (1939). 

‘7 Walker, Rustgi, and Weissler, Bull. Am. Phys. Soc. Ser. II, 
3, 414 (1958). 

48 E. Rudberg, Proc. Roy. Soc. (London) A129, 652 (1930). 

“T. I. Sobelman and E. L. Feinberg, Zhur. Eksptl. i teoret. 
Fiz. 34, 494 (1958). 

J. Hubbard, Proc. Phys. Soc. (London) A68, 976 (1955). 

5! Marton, Leder, and Mendlowitz, Advances in Electronics, 
and Electron Physics, edited by L. Marton (Academic Press, 
Inc., New York, 1955), Vol. 7, p. 183. 

8H. Mendlowitz, Bull. Am. Phys. Soc. Ser. IT, 3, 191 (1958); 
4, 44 (1959). 
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of the dielectric constant, the electron energy losses 
may be calculated for metals and_ insulators. 
Mendlowitz™ has recently stated that both the ~7-ev 
and ~15-ev losses in aluminum can be explained in 
this manner, and that Ritchie’s theory of the origin of 
the low-lying losses is “‘untenable.” 

Experimentally, it has generally been difficult to 
determine the precise origin of any energy loss because 
of the lack of knowledge about the electronic structure 
in the various materials and also because of the fact 
that often the various theories predict energy losses 
and relative intensities of about the same value. The 
lack of optical data in the ultraviolet and soft x-ray 
regions has also hindered possible identification of the 
electron energy loss mechanism. 


INTRODUCTION TO PRESENT WORK 


Other workers have previously found that similar 
energy losses are observed in both reflection and 
transmission work. For the primary electron energies 
used in this experiment, the maximum scattering angles 
which could result from each plasma excitation would, 
by (2), be 3-5 degrees, and therefore the electrons 
reaching the analyzer must also have suffered single or 
multiple scattering through a large angle (in this case 
~90°). It is thus evident that the loss spectrum 
observed in reflection work gives a representation of 
the plasma excitation integrated over all plasma 
scattering angles; i.e., the electron spectrometer has, 
effectively, a large angular aperture for electrons that 
have lost energy by plasma excitation. 

This paper describes a measurement of the char- 
acteristic loss spectrum of aluminum at low primary 
energies in a reflection type experiment. Reflection 





E = 2020 ev 


Fic. 1. Characteristic 
electron energy loss 
spectra for primary elec- 
tron energies of 760, 
1000, 1520, and 2020 ev. 
The peak of elastically 
scattered electrons (not 
shown) has been ad- 
justed to an intensity 
of 25 units in each case. 
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work has the advantage that the specimens may 
generally be more easily prepared with high purity. 
In the transmission work, the films (of the order of a 
hundred angstroms in thickness) are usually prepared 
by vacuum evaporation onto a substrate, and the 
subsequent electron energy loss determinations are 
made either with the film on the substrate or with the 
film stripped from the backing and freely mounted on 
a suitable holder. The foils are often exposed to air 
before analysis, leading to unknown surface oxidation 
and contamination. Though the backing or small 
layer of oxide may contribute only a negligible amount 
to the background scattering, it will be shown that the 
observed loss spectra may be modified considerably. 
In particular, the present work has been undertaken 
with specimens of high surface and volume purity in 
an endeavor to investigate the surface-sensitive 
properties discussed in the preceding section. 

One drawback to the reflection technique is that only 
the integrated scattering through a large angle can be 
observed, and scattering probability will vary with 
angle and electron energy. It does constitute a con- 
venient method, however, for examining the general 
features of characteristic loss spectra at low primary 
energies. 

APPARATUS 


The 127° electrostatic electron spectrometer is the 
same as that described previously, except for a 
replacement of the target chamber. New facilities 
provide for vacuum evaporation of target material 
from either of two furnaces onto a tantalum substrate, 
the plane surface of which is inclined at 45° both to 
the direction of the incident electron beam and to the 
direction taken by the scattered electrons entering the 
spectrometer. Provision is also made for target heating 
and temperature control, and the target is surrounded 
by an earthed liquid air trap to reduce the carbonaceous 
contamination rate and to act as an electrostatic 
shield. The pressure in the target chamber was normally 
less than 2X10~-* mm Hg, except during evaporations 
when it was less than 10-5 mm Hg. 

The spectrometer entrance and exit slit widths were 
set at 5X10- in. and a collimating slit, two inches 
from the entrance slit and set at 15X10- in., limits 
the angular divergence of electrons entering the 


TABLE III. Measured widths at half maximum intensity of the 
elastically scattered electron peaks and the 15.3-ev characteristic 
electron loss peaks for the primary electron energies indicated. 





15.3-ev loss peak 
width (ev) 
2.83 
3.03 
3.24 
3.57 


Primary energy Elastic peak 
(ev) width (ev) 


769 1.35 
1000 1.62 
1520 1.97 
2020 2.22 








53 Powell, Robins, and Swan, Phys. Rev. 110, 657 (1958). 
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TABLE IV. Measured mean values of the characteristic electron energy losses in aluminum, together with the probable errors 


and number of measurements associated with each mean. The energy losses and errors are expressed in ev. 








Loss value 10.3 ; , 0.5 
Probable error 4 : ; 0.1 
Number 22 256 


77.0 


41.1 56.0 61.4 91.8 108.6 
0.2 0.1 0.2 0.2 0.2 0.3 0.3 
202 115 56 24 5 


46.1 











spectrometer. The target-collimating slit distance is 
1.5 in., and all slits are 0.5 in. in length. The width at 
half maximum intensity of the peak of elastically 
scattered electrons is given in Table III for each 
primary energy used, and includes instrumental and 
primary energy spread effects. 

A characteristic loss spectrum can be obtained in a 
few minutes by using a motor-driven helical potentiome- 
ter to continuously vary the spectrometer deflector 
plate potential difference, and by simultaneously 
recording on a chart recorder the output of the counting 
rate meter. Rotation of the potentiometer shaft is 
converted to an energy loss scale by potentiometric 
reference to a standard cell. 


EXPERIMENTAL PROCEDURE 


The target surfaces were prepared by evaporation of 
spectroscopically pure aluminum from a helical 3-strand 
tungsten filament, and were believed to be of high 
volume and surface purity. The evaporation time was 
purposely made short, a fresh film of estimated thick- 
ness 50 to 100 A being deposited in a few seconds; such 
films were found to give spectra similar to those of 
thicker films. It was further observed that spectra 
were not sensitive to substrate temperature during 
evaporation, and generally both evaporation and 
scanning were performed at target temperatures of 
about 200°C. 

Several preliminary evaporations of aluminum were 
used to getter the chamber. The target oxidation and 
carbonaceous contamination rates were small enough 
to permit a spectrum to be recorded and then repeated 
without any significant change taking place. No effects 
which might be ascribed to evaporation of the tungsten 
filament or its supports were observable, and while it 
is possible there may have been a monolayer of adsorbed 
gas on the target suface, results indicate that the 
effects of any such contamination are small. 


RESULTS AND DISCUSSION 
(a) Thick Films 


The characteristic electron energy loss spectrum of 
aluminum was measured for primary electron energies 
of 760, 1000, 1520, and 2020 ev. The normalized 
spectra are shown in Fig. 1 with the intensity scales 
adjusted so that the peak of elastically scattered 
electrons has an intensity of 25 units in each case. 
The loss spectrum at 760-ev primary energy is in- 
complete as it was experimentally inconvenient to 


extend the energy loss scan at this primary energy. 
Mean energy loss values are shown in Table IV to- 
gether with the probable errors and the number of 
measurements associated with each mean. In agree- 
ment with other authors, no significant difference was 
found in the energy loss values for the different 
primary energies. No correction has been made for 
any shift in peak positions due to the background, as 
the peaks are sharp and the background slowly varying. 

It is clear that the loss spectra are composed entirely 
of combinations of 15.3- and 10.3-ev losses. The former 
is identified as the ~15-ev plasma loss observed in 
transmission and the low-lying loss tentatively as the 
lowéred plasma loss proposed by Ritchie.’ The ratio 
of these energy losses is then 1.49, slightly greater than 
the ratio 1.41 predicted by Ritchie. It should be noted 
here that the latter ratio refers to energy losses in the 
forward direction, whereas the measured ratio compares 
the mean energy losses of electrons scattered through 
all plasma scattering angles. Agglomeration in the target 
film may also affect the measured ratio, and will be 
discussed later. 

The widths of the 15.3-ev peak at the different 
primary energies are shown in Table III. This table 
indicates that, taking into account the spectrometer 
resolution and the energy spread of the primary 
electron beam, the width of the plasma line is 1.4+0.1 
ev. This width is consistent with the dispersion of 
the energy loss and the distribution of intensity with 
plasma scattering angle [ Eqs. (1) and (4) ]. 

If it is assumed that the 10.3- and 15.3-ev losses can 
only be excited in single quantum units and that the 
probability of excitation per unit distance traveled in 
the specimen is constant over the total path in the 
specimen, then it can be shown that the probability of 
occurrence of an energy loss involving m quanta of 
the 10.3-ev loss and m quanta of the 15.3-ev loss is 
given by 


1 d m d n 
P\0.3m415.3n(@) o ; ( 4 ) é . m( ) e mm, (5) 
(m+n)! \X10 Ars 


where d is the average distance traveled by an electron 
in the target and Ajo and Ays5 are the mean free paths 
for the 10.3- and 15.3-ev losses, respectively, for a 
given primary energy. From this relation it is possible 
to determine the relative probabilities of the various 
losses and, by comparing these with the areas under 
the appropriate peaks, a number of independent values 
of the ratios d/Ayo and d/),s can be obtained for each 
primary energy. However, as no background could be 
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drawn which would give, for a particular primary 
energy, consistent values of both d/Ajo and d/A4s, it was 
therefore concluded that the simple assumptions were 
incorrect. Further analysis of the observed spectra indi- 
cated that the probability of a 10.3-ev loss may be 
higher, and the probability of a 15.3-ev loss is lower, 
in the vicinity of the target surface. This conclusion is 
in agreement with the predictions of Ritchie. 

It can be seen from Fig. 1 that the ratio of intensities 
of the 15.3- and 10.3-ev losses changes considerably 
with primary electron energy. Ritchie has calculated 
the relative probabilities of the plasma and lowered 
plasma losses in a thin film (of thickness a) as a function 
of the parameter ‘=aw,/v, where v is the primary 
electron velocity. If a is replaced by d, the average 
electron path length, and this is assumed to vary with 
primary energy in the manner indicated by the work of 
Young,“ the present results qualitatively verify 
Ritchie’s calculations. 


(b) Thin Films 


To investigate further the theories of Gabor and 
Ritchie, measurements were made of the characteristic 
loss spectra of much thinner films. These were pre- 
pared by evaporation of a known mass of aluminum 
onto the target, the substrate generally being a layer 
of carbonaceous contamination. As before, several 
evaporations of aluminum were carried out from one 
furnace (with the target suitably shielded) prior to the 
evaporation of the known mass from the other furnace. 
As it was easier to handle, aluminum of commercial 
purity was used here, for it had previously been shown 
that this gave results identical to those of the spectro- 
scopically pure material. 

The average thickness of each deposit was calculated 
assuming isotropic evaporation and total condensation 
on the target. The latter assumption would appear to 
be justified in view of the results of Chandra and 
Scott®® and the fact that no reflected deposits of 
aluminum were seen on the inside of the cold-trap. It 





E=1510 ev 
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FILM THICKNESS (A) 


Fic. 2. The ratio (AE,:/AEu) of the plasma (15.3 ev) loss to 
the low-lying loss as a function of average film thickness for 
primary electron energies of 760 and 1510 ev. The dashed line 
corresponds to the measured value of this ratio for much thicker 
films. 


4 J. Young, J. Appl. Phys. 27, 1 (1956). 
56S, Chandra and G. D. Scott, Can. J. Phys. 36, 1148 (1958). 
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is realized that the average thickness calculated in this 
way may be in considerable error; the results, however, 
are internally consistent and are indicative of the loss 
behavior for small thicknesses. 

As mentioned earlier, Ritchie has stated that the 
low-lying loss should occur at hw,/V2 for a plane 
parallel-sided film or at hw,/V3 for a film of spherical 
grains. This former predicted behavior is generally 
verified as, for a thick film, the loss occurs at AF ,;/1.49, 
where AF, is the measured value of the plasma energy 
loss. As the average film thickness was decreased, it was 
observed that the plasma loss remained at the same 
position (AE,:) but the position of the low-lying loss 
peak (AE;,) changed to smaller energy loss values. In 
Fig. 2, the ratio AE,;/AEx is plotted against estimated 
average film thickness for primary electron energies of 
760 and 1510 ev. Agglomeration would be expected to 
become much more pronounced in these thin films, 
and to shift the low-lying loss in the manner observed. 
It may be seen that for the thinner films AZ, decreases 
to a value less than hw,/v3. At such thicknesses, the 
loss spectrum of the substrate predominates over that 
of the aluminum and it is conceivable that the extra 
shift might be due in some manner to the substrate. 
Though the plasma loss is unchanged in position 
(thereby proving that the volume purity of the alumi- 
num is not changed), the aluminum-substrate interface 
may, in effect, contaminate the aluminum surface. As 
in the transmission experiments, such surface con- 
tamination is possibly the cause of part of the observed 
shift. It is important to note, however, that in the 
case of the thick films the low-lying loss is observed 
near its predicted position. 

It is interesting to determine the minimum film 
thickness at which the loss spectrum is characteristic 
of a thicker specimen. It is seen from Fig. 2 that this 
minimum is 15-20 A for a primary energy of 760 ev 
and 25-30A for a primary energy of 1510 ev. The 
average electron path length in the material would 
reasonably be expected to be about twice this distance, 
and this estimate, together with the estimate for the 
mean free path for plasma excitation, agrees with 
approximate calculations of d/)45. 

Measurements have also been made on the plasma 
and low-lying loss intensities as a function of average 
film thickness; these measurements were subject to 
considerable error as it was difficult to locate the 
background, which includes an unknown contribution 
from the substrate. Nevertheless, the results are 
interesting in that they are again consistent and do 
indicate the following trend of the intensity changes. 
For the two primary energies concerned, the plasma 
and low-lying loss intensities were seen to increase 
nearly linearly with average film thickness, approaching 
a maximum at the same value of film thickness as that 
for which the low-lying loss approached its thick-film 
position. The ratio of the low-lying loss intensity to 
that of the plasma loss was, however, seen to increase 
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significantly as the film thickness decreased, in the 
manner predicted by Ritchie. It was noted that the 
maximum peak intensities in the thickest of the thin 
films investigated (i.e., ~20 A) were slightly different 
to those observed for much thicker films; similar 
fluctuations of the peak intensities (<+5%) in the 
thick films were attributed to differences in structure 
following slightly different evaporation conditions.” 

The change in plasma loss intensity with thickness 
may be of the same form as indicated by Gabor’s 
Q-function (for the appropriate electron energy), but 
the results are not sufficiently precise for detailed 
comparison. The change in the low-lying loss intensity 
may also be slightly nonlinear but with the curvature 
in the opposite direction, the net result being the 
change in the ratio of the two intensities just mentioned. 
The strong nonlinear increase in intensity of the plasma 
loss with thickness found by Jull with 10-kev primary 
electrons was not observed. 

It is necessary to discuss the likely structure of the 
evaporated films.** For the thicker films (50 to 100 A) 
and for the rates of evaporation used, the deposits are 
probably agglomerated to some extent but are definitely 
continuous, as no electrons scattered by the substrate 
are detected. As the average film thickness decreases, 
the films would be expected to become more strongly 
agglomerated, but are probably continuous down to 
about 10 A. In future experimental investigations of 
the theories of Gabor and Ritchie, it would be desirable 
to use primary electrons of higher energy, in order that 
agglomeration and structure changes in the target 
film would be of lesser effect. 


CONCLUSION 
Experiments of the reflection type are desirable in 
studies of characteristic electron energy losses involving 


66 L, Holland, Vacuum Deposition of Thin Films (Chapman and 
Hall Ltd., London, 1956), pp. 207, 327. 
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surface properties, as the targets can be made thick 
enough to eliminate all possible effects of the support. 
The present work indicates the necessity of using 
specimens of high volume and surface purity. 

While the transmission technique is useful in work 
where the scattering angle for characteristic loss 
excitation needs to be unambiguously known, it has 
been shown that in this type of experiment there could 
always be doubt as to the surface purity of the specimen. 
Even when the specimen has been prepared (on a 
substrate) and analyzed in the same vacuum, it is 
probable that the substrate influences the low-lying 
losses as well as sometimes the main losses,®! and it is 
perhaps not surprising that the former have been 
observed in different positions by different workers. 

The results obtained in this work show that the 
characteristic loss spectrum of thick films of aluminum 
is made up of component losses of 10.3 and 15.3 ev; 
the former is associated with the surface layers and the 
latter with the bulk material. 

The observed loss behavior for both thin and thick 
films may be readily interpreted in terms of Ritchie’s 
theory. The change with film thickness in the position 
and intensity of the low-lying loss, and in the ratio of 
intensities of the two fundamental components, 
indicates that the 15.3-ev loss arises from plasma 
excitation and that the low-lying loss is a lowered 
plasma loss arising from surface phenomena. 
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A study of metal to semiconductor contacts has been carried 
out using infrared radiation to measure the current versus added 
carrier density (J-Ap) characteristics. It is found that the nature 
of the semiconductor surface rather than the metal is the major 
factor in controlling the characteristics of the metal to semi- 
conductor contact. Two unusual classes of results are described ; 
viz., where injection into the semiconductor bulk is observed re- 
gardless of the direction of current flow and where extraction is 
observed regardless of the direction current flow. The model pro- 
posed to explain these unusual results utilizes an insulating film 
between the metal and the semiconductor. Two competing effects, 
voltage controlled injection and extraction, which can explain 
these results, are discussed. Extraction for either direction of 


INTRODUCTION 


HE nature of a metal to semiconductor contact 
has been a subject under investigation for a long 
time. Numerous theories! have been advanced but none 
has proved to be wholly satisfactory. Improvement in 
theoretical understanding should now be possible on the 
basis of recent studies of semiconductor surfaces and 
the nature of the surface as a controlling factor in the 
properties of the contact. Recently, it was demonstrated 
directly that the semiconductor surface can be responsi- 
ble for injection-extraction effects in the semiconductor 
bulk.2 Thus, the nature of the semiconductor surface 
plays a role in the explanations of the results. 

While investigating carrier transport phenomena in 
bulk germanium by means of the infrared technique,’ 
some metal to semiconductor contacts were prepared 
which injected strongly regardless of the direction of 
current flow through them. The current-voltage charac- 
teristics of these contacts appeared to be linear (ohmic) 
and would not by themselves lead one to suspect that 
these contacts were in any way unusual. Thus, it became 
evident that the current versus added carrier density 
(J-Ap) characteristic may provide a more sensitive test 
of the nature of a contact than the more usual current- 
voltage (J-V) characteristic. Furthermore, it is difficult 
to measure the voltage only across the junction. For 
these reasons, the infrared technique, used to measure 
the added carrier density near the contact when a cur- 
rent is flowing through it, is a powerful technique for the 
investigation of metal to semiconductor contacts. 

This paper is concerned mostly with unusual charac- 
teristics observed at metal to semiconductor contacts. 


1See for example, H. K. Henisch, Rectifying Semiconductor 
Contacts, (Clarendon Press, Oxford, 1957) ; or E. Spenke, Electronic 
Semiconductors (English translation published by McGraw-Hill 
Book Company, Inc., New York, 1958). 

2N. J. Harrick, Phys. Rev. Letters 2, 199 (1959). 

3N. J. Harrick, Phys, Rev. 103, 1173 (1956). 


current flow is explained by the occurrence of the field-effect at 
the metal] to semiconductor contact. Injection for either direction 
of current flow is explained by a change, due to the applied 
voltage, in the communication of the current carriers in metal 
with the valence and conduction bands of the semiconductor, 
resulting in a change of the current composition entering the 
semiconductor. Relaxation effects, which are attributed to the 
action of slow surface states on the charge induced in the surface 
barrier, have also been observed in the J-Ap characteristics. The 
predominance of injection after relaxation is thus attributed to a 
reduction of the magnitude of the field effect through the shielding 
effect of the charge in the surface states. 


They are unusual in that injection or extraction is ob- 
served regardless of the direction of current flow. It is 
found, for these results, that the insulating layer be- 
tween the metal and the semiconductor plays a major 
role. 

EXPERIMENTAL TECHNIQUE 


The apparatus and technique used here were identical 
to those described elsewhere®* except for the way in 
which the metal to semiconductor contact was made. 
Because of the possible nonuniformity (mechanical) of 
the surface and because of the desirability of easily 
breaking the contact, liquid metals (Hg and Ga) were 
used. The metal was placed in a reservoir where, by 
adjusting the position of a plunger, its level could be 
changed to make or break contact with the end of the 
germanium bar. In this way the surface of the sample 
could be exposed to different gases without removing 
the sample from the holder. Large area contacts, instead 
of point contacts, were used as they lend themselves 
more readily to theoretical analysis. The experimental 
results consisted mostly of measurements of current 
versus added carrier density characteristics. The added 
carrier density was measured just inside the semicon- 
ductor near the metal contact by observing changes in 
infrared absorption as a current was passed through the 
contact. In some cases, the current-voltage (J-V) char- 
acteristic was also measured to provide a supplement 
to the J-Ap measurement. Here the voltage was meas- 
ured between the metal and a point on the semicon- 
ductor one-half cm away from the contact. 


RESULTS 


A. General Observations 


Neutral (noninjecting and nonextracting), m-type, or 
p-type contacts can be made to a given piece of ger- 


4N. J. Harrick, J. Appl. Phys. 29, 764 (1958). 
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ADDED CARRIER DENSITY 


CURRENT DENSITY 


Fic. 1. Comparison of a 
metal to semiconductor con- 
tact with a p-m junction. 
(a) J-Ap characteristics for 
junctions in germanium. (b) 
Energy level diagram of a 
p-m junction. (c) Energy 
level diagram of a metal 
making contact to an n- 
type semiconductor with a 
p-type surface. 


(c) 


manium with the same metal by etching the surface 
differently or changing the gaseous ambient. For such 
metal to semiconductor contacts, it is useful to compare 
the J-Ap characteristics to those of p-n junctions.‘ For 
example, with the aid of Fig. 1, the J-Ap characteristic, 
c-d, is obtained if the Ap measurements are made on the 
n-side of a p-n junction. If a similar curve is obtained 
when metallic contact is made to an n-type semicon- 
ductor, it can be inferred that the contact is p-type 
relative to the bulk because of the possible injection- 
extraction effects of the surface. If, however, the charac- 
teristic a-b is obtained, the contact can be said to be of 
an n+ nature. Thus, it is convenient to compare the 
energy level diagram of a metal to semiconductor con- 
tact [Fig. 1(c)] with that of a p-n junction [Fig. 1(b) ]. 
Any injected carriers exhibit distributions of a field- 
aided or field-opposed character (see, for example, 
curves a and ¢ in Fig. 3 of reference 4). The resulting 
curves resemble those already described for grown or 
alloyed junctions.* We shall not discuss such contacts 
further. 

The results to be described here deal more specifically 
with the unusual characteristics where injection is ob- 
served regardless of the direction of current flow or 
where extraction is observed regardless of the direction 
of current flow. Hence, the type of characteristics for the 
metal to semiconductor contact to be described consist 
of branches a-c and branches d-b of Fig. 1(a). These 
J-Ap curves thus exhibit injection or extraction, respec- 
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Fic. 2. Current vs added carrier density characteristics exhibit- 
ing injection for either direction of current flow for a metal in 
contact with near intrinsic germanium. 


tively, for either direction of current flow.’ For such 
contacts it will become evident that the comparison to 
the p-n junction type of structure as shown in Fig. 1 is 
useful to detect any initial surface barrier and for the 
d-b type of characteristic but not for the a-c type of 
characteristic. 


B. Injection for Either Direction of Current Flow 


The results given in Figs. 2 and 3 are typical of the 
present observations on near intrinsic and extrinsic ger- 
manium, respectively, where injection occurs in the 
semiconductor bulk regardless of the direction of current 
flow. The curve of Fig. 2(a) is symmetrical while all of 
the other curves represent various types and degrees of 
asymmetry. The asymmetry may appear as a simple 
shift in the minimum of the J-Ap curve with some ex- 
traction, or as a difference in the slope of the J-Ap curve 
for positive and negative currents, or as a combination 
of these two effects. 

The J-Ap characteristic cannot be readily inferred 


5 Injection with either polarity has been observed before but 
with a metal point making contact to the space charge region. 
Pearson, Read, and Shockley, Phys. Rev. 85, 1055 (1952); W. G. 
Matthei and F. A. Brand, J. Appl. Phys. 28, 513 (1957); Statz, 
Pucel, and Lanza, Proc. Inst. Radio Engrs. 45, 1475 (1957). 
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Fic. 3. Current vs added carrier density characteristics exhibit- 
ing injection for either direction of current flow for a metal in 
contact with extrinsic germanium. 


from the J-V characteristic. Three distinctly different 
classes of J-V characteristics can, however, be observed. 
Such curves for a 47 ohm-cm, n-type sample are shown 
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Fic. 4. Current vs voltage characteristics and accompanying 
current vs added carrier density characteristics for a metal making 
contact to a near-intrinsic, n-type germanium sample. Three 
distinctly different J-V characteristics are shown here; viz., linear, 
rectifying, and symmetrical. 


in the upper part of Fig. 4 while the accompanying J-Ap 
characteristics are shown in the lower part of Fig. 4. 

1. A normal rectifying characteristic was observed 
when a p-type surface was established by exposure to 
ozone (circles in Fig. 4). A J-Ap characteristic similar 
to that of a p-n junction was also observed over the 
range of current of —10 ma to +25 ma. 

2. A freshly etched surface often exhibited a linear 
J-V characteristic and Ap was virtually zero for all 
values of the current, positive and negative (crosses 
in Fig. 4). 

3. When the oxidized surface was exposed to ammonia, 
a symmetrical J-V characteristic was observed and the 
J-Ap characteristic exhibited injection for either direc- 
tion of current flow (triangles in Fig. 4). 

Although three distinctly different J-V characteristics 
may be observed, there are many instances when it is 
not clearly evident to which class a given curve should 
be assigned. For example, it is not always easy to de- 
termine whether a given curve is of the linear or sym- 
metrical type. 


C. Extraction for Either Direction of Current Flow 


It is to be expected that extraction results might be 
observed more readily for near intrinsic samples where 
the level of extraction can be large. Typical examples of 
curves exhibiting extraction for either direction of cur- 
rent flow are shown in Figs. 5 and 6 for a 48 ohm-cm, 
p-type sample. Similar results were obtained for a 
47 ohm-cm, n-type sample. 
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Fic. 5. Current vs added carrier density characteristics exhibit- 
ing extraction for either direction of current flow and accompany- 
ing current vs voltage characteristics for a metal in contact with 
a near-intrinsic p-type germanium sample. 
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Figure 5 shows symmetrical J-Ap characteristics. For 
curve a, extraction is observed over the range of currents 
plotted, while in curve 6, there is a turnover from ex- 
traction to injection at a current of 10 ma/cm*. The 
accompanying J-V characteristics are linear through the 
origin over the range where extraction is taking place. 

The J-Ap curves b and c of Fig. 6 are asymmetrical 
and resemble those for grown or alloyed junctions for 
small currents. At higher currents, extraction is observed 
for either direction of current flow. 


D. Insulating Film 


From numerous observations made throughout the 
course of this work, it is concluded that an insulating 
film plays an important role in determining the nature 
of the metal to semiconductor contact characteristics. 
Often following a fresh etch, the metal to semiconductor 
contact exhibited a linear J-V characteristic and Ap 
was virtually zero for all currents. Such observations 
were made on 0.5 ohm-cm, 4 ohm-cm, and near intrinsic 
n- or p-type samples. From this observation it might be 
concluded that when intimate contact is established 
between the metal and the semiconductor and the sur- 
face potential is zero, no injection or extraction is ob- 
served and the J-V characteristic is linear. 

The injection-extraction results described in Secs. B 
and C were observed when an insulating layer of inter- 
mediate thickness was known to be present; i.e., after 
the sample was exposed to the atmosphere for a long 
time or purposely oxidized. 

An attempt was made to determine what thickness of 
insulating layer is required for the unusual effects de- 
scribed here to occur. Various thicknesses of sodium 
fluoride were deposited by evaporation on the semi- 
conductor before the metal was brought into contact. 
At a thickness of insulating film of about 10~° cm the 
unusual effects described in Secs. B and C were observed. 
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Fic. 6. Current vs added carrier density characteristics exhibit- 
ing extraction for either direction of current flow for a near in- 
trinsic p-type sample whose surface was initially pt. 
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Fic. 7. Reproduction of oscilloscope traces showing relaxation 
effects at a metal to semiconductor contact. For the above traces, 
abscissa represents time of 2 seconds per division, ordinate repre- 
sents added carrier density of 2X10" per cm’ per division. The 
current density, J, for a, 6, and c, equals —2.5 ma per cm?; for 
d, J equals —40 ma/cm?. (a) Current 1 second on, 3 seconds off. 
(b) Current 10 seconds on. (c) Current 10 seconds on following a 
current pulse of 10 ma per cm?. (d) Relaxation in extraction signal 
for an oxidized surface. 


Perhaps the most striking result was the occurrence 
of the injection-extraction effects similar to those de- 
scribed in Secs. B and C with a predominance of the 
injection effect, for a ground surface when an interven- 
ing insulating layer was present. No injection or extrac- 
tion was observed when contact was made directly to 
the ground surface without the intervening insulating 
layer. The thickness requirement for the insulating film 
was again about 10-° cm. These observations further 
serve to emphasize the importance of the insulating 
layer for the occurrence of the effects described in 
Secs. B and C. 


E. Relaxation Effects 


Relaxation effects were often observed in the charac- 
teristics described here. In general, they were reflected 
in an increase of the injection level or decrease of the 
extraction level with time. Figure 7 gives reproductions 
of typical oscilloscope traces exhibiting relaxation effects. 
Curve d represents a decrease in the extraction level 
while a, 6, and ¢ represent a continuous change from 
extraction to injection. An increase in the level of in- 
jection with no initial extraction was also observed but 
is not shown here. The effects shown in Figs. 7(a), (b), 
and (c), may be observed near the minima of the curves 
shown in Figs. 2(b), (c), and (d). In Fig. 7(a), it is 
shown that if the current is turned on repetitively for 
short intervals, the signal changed from an extraction 
signal to an injection signal after a number of pulses. 
After such a series of pulses it took many minutes before 
the surface relaxed to its original condition and a signal 
due only to extraction was again observed. In Fig. 7(b), 
where the current was left on continuously for 10 seconds, 
the continuous change from extraction to injection is 
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shown more clearly. Incomplete relaxation of the surface 
to its original condition is also evident in Fig. 7(c) 
where the signals shown were obtained following a 
current pulse of 10 ma/cm?. 


EXPLANATION OF THE RESULTS 
A. General Discussion 


Part of the difficulty in the understanding of the 
present results is due to the inherent uncertainty in the 
preparation of the contacts. For example, after a CP-4 
etch the contact may turn out to be injecting, extract- 
ing, or neutral. Furthermore, these contacts are not 
always stable. Their characteristics can be altered by 
the passage of large currents, by changing the ambient, 
or by not allowing sufficient time to elapse between 
measurements. 

A common explanation in the past for results which 
did not fit the theory in question was that the contact 
involved was patchy; i.e., the nature of the contact was 
different from point to point. The uniformity of the 
surface could be checked in the present experiments by 
probing various regions of the contact with the infrared 
or by measuring the change of the contact potential 
with light from point to point for the semiconductor 
surface in question. Occasionally, indeed, the contact 
was found to be patchy; i.e., one region was found to be 
extracting at the same time that another was injecting. 
The results described herein, however, were observed 
when the contacts were believed to be uniform, since 
the probing with the infrared did not reveal any non- 
uniformity. The size of the infrared probing beam was 
().0025 cm? compared to an area of the contact of 1 cm?. 
In addition, the distributions along the current axis of 
the added carriers were checked and found to be con- 
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Fic. 8. Energy level diagrams depicting the model proposed to 
explain injection or extraction for either direction of current flow 
for a metal in contact with a semiconductor. (a) Equilibrium. 
(b) Field effect after initial application of field. (c) Collapse of 
induced space charge resulting from action of slow surface states. 
(d) Injection arising from increased communication with valence 
band. 
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sistent with those of alloyed or grown junctions. This 
observation indicated that the injection or extraction 
was occurring at the contact under investigation and 
not at some distant surface through a “channel” effect, 
for example. 

The discussion here is not meant to imply that strong 
and stable inversion and accumulation layers cannot be 
developed. With appropriate surface treatments, con- 
tacts were prepared which exhibited J-V and J-Ap 
characteristics similar to those of grown or alloyed 
junctions.‘ For such contacts it was believed that m- or 
p-type surfaces relative to the bulk were present and 
that the surface barrier potential could not easily be 
manipulated by the applied voltage. Such contacts will 
not be discussed here. The contacts under consideration 
here are ones which exhibited characteristics of the 
type described in Secs. B and C. 

Neutral contacts are sometimes made to freshly 
etched surfaces as described in Secs. A and D. It is 
assumed that in this case the contact between the metal 
and semiconductor is intimate (i.e., no applied voltage 
exists between the metal and the semiconductor surface 
when a current is flowing) and it is further assumed that 
there is no semiconductor surface barrier. The metal 
may thus communicate with the semiconductor via the 
conduction and valence bands in such a manner that 
the current composition entering the semiconductor is 
identical to the current composition in the semiconduc- 
tor bulk. Thus no injection or extraction occurs. For n- 
and p-type semiconductors, the communication between 
the metal and the semiconductor takes place largely 
via the conduction and valence bands, respectively. 

The model of the metal to semiconductor contact 
proposed to explain the effects described in Secs. B and 
C is shown in Fig. 8(a). An insulating film of thickness 
of about 10-° cm separates the metal and the semi- 
conductor. This model is similar to that used by earlier 
workers® to explain rectification effects for a one carrier 
system. The effects discussed here, however, do not 
lead to rectification. 


B. Extraction for Either Direction of Current Flow 


The results exhibiting extraction regardless of the 
direction of current flow can be explained by the oc- 
currence of the so-called “field-effect” at the metal to 
semiconductor contact; i.e., a negative charge is induced 
in the semiconductor surface when the metal is made 
positive as shown in Fig. 8(b), and vice versa. Such 
charges can be induced because of the presence of the 
insulating film. Knowing the surface type resulting from 
the induced charge and the direction of current flow, it 
is evident that extraction must occur regardless of the 
direction of current flow, as shown in Fig. 5. If the 
surface is initially m- or p-type with respect to the bulk, 
injection will be observed (for the right polarity) until 


6 See, for example, R. H. Fowler, Statistical Mechanics (Cam- 
bridge University Press, Cambridge, 1936). 
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a sufficient charge is induced to reverse the surface type. 
Such a situation is shown in Fig. 6. It has already been 
shown in the modified drift mobility experiment? that 
the field at the surface may control its injection proper- 
ties. In particular, it was shown that when the field 
effect is the controlling factor (i.e., if the applied field 
is sufficiently strong to cancel any initial surface barrier 
potential), extraction regardless of the direction of cur- 
rent flow will be observed. Further support of this ex- 
planation is found in the measurements of photovoltages 
for such contacts while a current is flowing. Firstly, the 
photovoltage is of such a sign as to indicate that a space 
charge of the same type as expected from the field-effect 
is induced (i.e., the photovoltage tends to decrease the 
applied voltage across the junction). Secondly, the in- 
duced space charge may be of much greater magnitude 
than any initially present. Thus, it is understandable 
that an inversion of any initial surface barrier may occur 
as shown in Fig. 6. 


C. Relaxation Effects 


If surface states are present, the relaxation effects 
described in Sec. E can be explained. The relaxation 
effects are always in a direction of decreasing extraction 
level or increasing injection level. This observation is 
consistent with the concept of a reduction of the field 
induced surface barrier as the charge induced in the 
surface barrier is absorbed by the surface states, and 


thereby the bulk is shielded from the applied field. This 
too, is consistent with the observations described in the 
experiment of reference 2. Because of the slowness 
(about one second) of the detector system used in the 
present apparatus, the relaxation effects observed must 
be associated with the slow surface states. 


D. Injection for Either Direction of Current Flow 


An explanation for the results exhibiting injection 
regardless of the direction of current flow is proposed 
here which does not depend on the formation of space 
charge. Some support for this point of view is obtained 
from the following observations on the photovoltage. 
As the contact changed from an extracting to an in- 
jecting type, a reversal in the sign of the photovoltage 
was not observed. Thus, it is assumed that a space 
charge of sign opposite to that induced in the field-effect 
is not responsible for the results where injection is ob- 
served regardless of the direction of current flow. 

The explanation proposed for the injection results is 
in essence the following: For the model shown in Fig. 
8(a), the electron distribution in the metal is raised or 
lowered with respect to the semiconductor energy levels 
when an abrupt difference in applied voltage exists be- 
tween the metal and the semiconductor. Communica- 
tion is thus made easier with the conduction or valence 
band. For example, if the metal is positive, the Fermi 
level of the metal is shifted nearer to the valence band 
of the semiconductor. It is then assumed that the hole 
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current entering the semiconductor is greater than that 
corresponding to the semiconductor bulk while the elec- 
tron current is less. Thus, accumulation of holes and 
electrons will occur near the semiconductor surface. 

If we assume that conduction by the insulating layer 
is explained by the same mechanism’ and that the in- 
sulating layer and semiconductor are in intimate con- 
tact, we can describe in more detail how injection with 
either polarity might occur. Figure 8(a) shows the metal 
and semiconductor in equilibrium with an intervening 
insulating layer. Slow surface states are placed in the 
insulating layer while fast states are omitted to simplify 
the picture. When the field is initially applied, a space 
charge is induced [ Fig. 8(b) ] in the semiconductor and 
extraction will be observed in the bulk. This induced 
space charge collapses as the induced charge is absorbed 
by the slow surface states [Fig. 8(c) ]. Now there is an 
abrupt change in applied voltage between the metal and 
the semiconductor [Fig. 8(d)]. This discontinuity re- 
sults in a shift of the valence bands of the insulator and 
semiconductor (for the polarity shown) nearer to the 
electron distribution (Fermi level) in the metal. In this 
way the communication via the valence band is in- 
creased while the communication via the conduction 
band is decreased. The current composition in the semi- 
conductor bulk remains unaffected. Holes and electrons 
will now accumulate in the semiconductor near the sur- 
face in the manner shown in Fig. 8(d). A similar argu- 
ment can be used for the opposite polarity when injec- 
tion will again occur at the contact. This model re- 
sembles that used by Statz, Pucel, and Lanza® for 
explaining injection with either polarity into a space 
charge region. 

The above argument leads to the conclusion that for 
intrinsic samples quite symmetrical curves for injection 
should be observed, with the minimum occurring at zero 
current if the surface potential is initially zero. If the 
surface is initially slightly n- or p-type, the minimum 
will be displaced to the right or left of zero. These con- 
clusions are consistent with the experimental observa- 
tions as shown in Fig. 2. 

For extrinsic material, it would be expected that the 
injection curve will be of an asymmetrical nature. 
Because of the difficulty of injecting majority carriers 
to form large accumulation layers, it is to be expected 
that injection for this polarity will be low. This con- 
clusion is consistent with the experimental observations 
shown in Fig. 3. The above proposal thus appears to 
account qualitatively for the experimental results ex- 
hibiting injection for either direction of current flow. 

The relaxation associated with the field effect enables 
us to separate the two competing effects, injection and 
extraction for either direction of current flow. In many 


7 The insulating layer is assumed to be too thick for a tunneling 
mechanism to occur. Conduction through an insulator may take 
place via injection into the valence and conduction bands. This 
process has been described for CdS. See R. W. Smith, Phys. Rev. 
105, 900 (1957). 
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instances, the field effect predominates initially (Fig. 7). 
Injection for either direction of current flow predomi- 
nates after the surface states absorb the induced charge 
and at high currents. There is a point where the injection 
and extraction effects will just cancel. This point, how- 
ever, is not a stable one because it is associated with 
the relaxation of the slow surface states. 


CONCLUSION 


The experiments discussed here have served to stress 
the importance of the surface in determining the nature 
of the characteristics for a metal to semiconductor con- 
tact. They have further served to clarify to some extent 
the role an insulating layer plays between the metal and 
the semiconductor. If an insulating layer of an appropri- 
ate thickness is present, the applied voltage can control 
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the injection-extraction properties of the metal to semi- 
conductor contact and unusual characteristics such as 
injection or extraction regardless of the direction of 
current flow may be exhibited by the contact. Such 
contacts do not lead to rectification. The purpose of 
these and other experiments now in progress is to de- 
velop a model which will form the basis for a more 
complete and quantitative theory of the metal to semi- 
conductor contact for a two carrier system. 
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Effects of MnO and CoO on the 0.24-ev NiO Absorption Line 


R. NEwMAN* AND R. M. CHRENKO 
General Electric Research Laboratory, Schenectady, New York 
(Received March 10, 1959) 


Measurements are reported of the change in the 0.24-ev NiO absorption band due to additions of MnO 
and CoO to NiO crystals. The results support the interpretation that the band has its origin in an anti 


ferromagnetic effect. 


INTRODUCTION 


RECENT paper! reported the temperature de- 

pendence of an absorption band of NiO which is 
centered at 0.24 ev at 300°K.? Those measurements 
suggested that the band was connected with antiferro- 
magnetic ordering in this crystal. A mechanism, due to 
Kane,’ was proposed which involved the simultaneous 
optical excitation of spin waves and phonons of large 
k vector. Some preliminary calculations by Kane? indi- 
cated a rough agreement between the observed energy 
of the line and that calculated from a spin wave model. 
This interpretation of an optical absorption process is, 
to our knowledge, novel. It is therefore desirable to 
find additional supporting evidence for it in other sys- 
tems. Obvious analogs to NiO are CoO and MnO. 
However, neither of these crystals shows an absorption 
band similar to that of the 0.24-ev band of NiO.* The 
Néel temperature, which may be taken as a measure of 
the antiferromagnetic interaction, is considerably lower 
in both MnO (120°K) and CoO (290°K) than in NiO 


* Present address: Materials Research Laboratory, Hughes 
Products, Newport Beach, California. 

1 R. Newman and R. M. Chrenko, Phys. Rev. 114, 1507 (1959). 

2R. W. Johnson and D. C. Cronemeyer, Phys. Rev. 93, 634 
(1954). 

3 E. O. Kane (private communication). 

*R. Newman and R. M. Chrenko (unpublished). 


(640°K).°° It would, therefore, be expected, according 
to the proposed model for the absorption, that the 
energy of the absorption line would be lower than that 
which obtained in NiO. However, between 0.1 and 
0.03 ev the strong lattice vibration absorption in these 
crystals eliminates the possibility of observation of such 
an absorption line‘ in either MnO or CoO. Also analo- 
gous to NiO are the mixed crystals of NiO and other 
transition metal monoxides. For example, mixed crys- 
tals of the type Ni,Coqg-zO or NizMnqg_.z)O form 
homogeneous solid solutions having the same crystal 
structure as NiO (i.e., NaCl structure). Such mixed 
crystals afford the opportunity for observing the effects 
on the 0.24-ev NiO band of small constitutional per- 
turbations from pure NiO. Accordingly, a study of the 
effects on the 0.24-ev NiO band in such mixtures was 
undertaken. 


EXPERIMENTAL 


Crystals of NiO mixed with either MnO or CoO were 
prepared by the flame fusion technique.’ Their compo- 
sition is assumed to be that of the original powder 
charge. All showed good perpendicular cleavage. X-ray 


5 American Institute of Physics Handbook (McGraw-Hill Book 
Company, Inc., New York, 1957), pp. 5-226. 

6 J. R. Singer, Phys. Rev. 104, 929 (1956). 

7E. J. Scott, J. Chem. Phys. 23, 2459 (1955). 





0.24-ev NiO 
diffraction measurements indicated that the boules 
were single crystals constituted as homogeneous solid 
solutions with lattice constants calculable by linear in- 
terpolation between the lattice constants of the pure 
components. 


RESULTS AND DISCUSSION 


Figure 1 shows representative absorption spectra in 
the 0.15- to 0.35-ev spectral range of crystals of 
NizMnq_.)O of various compositions. This system was 
examined more extensively both as to the number of 
crystals studied and the temperature dependence of 
their spectra than was the NiO-CoO case. Several gen- 
eral comments about these spectra can be made. First 
it can be noted that there is a gradual decrease in the 
energy and intensity of the absorption line with de- 
creasing concentration of NiO. The band shape, as 
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Fic. 1. Absorption spectra of crystals of NizMn_z)O in the 
0.15- to 0.35-ev region at 77°K and 300°K. 


characterized by the width at half-height, is not ap- 
preciably altered. Comparing the effects of added MnO 
and CoO it was noted that for a given concentration of 
either substituent the effects of the MnO are larger 
than those of the CoO. In Figs. 2 and 3 the aforemen- 
tioned comparisons are shown in graphical form. As 
mentioned above, the Néel temperature of MnO (120°K) 
is below that of CoO (290°K) and both are below that 
of NiO (640°K). The Néel temperature may be taken 
as a measure of the antiferromagnetic interaction 
energy. It would seem reasonable that the average 
antiferromagnetic interaction in mixed NiO crystals 
will be reduced by adding either CoO or MnO, but that 
it will be reduced more by the presence of a given mole 
fraction of MnO than by the same fraction of CoO. In 
this way the decreases in the energy of_the_band and 
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Fic. 2. Effects of 
the addition of MnO 
and CoO on the posi- 
tion of the 0.24-ev 
NiO absorption 
band. 
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the larger effects of the MnO than the CoO may be 
qualitatively understood. 

We are not aware of any work describing the anti- 
ferromagnetism in the system we have chosen to study 
most intensively, i.e., NiO-MnO. Therefore we do not 
know the values of the Néel temperatures in our crys- 
tals. However, in similar systems (e.g., CoO-MnQ) it 
would appear that the Néel temperature was a linear 
function of composition.** We will assume this to be 
true for our system as well. In the work on pure NiO! 
it was pointed out that the temperature dependence of 
the observed line intensity and that of the calculated 
magnetization of a magnetic sublattice were the same. 
In other words, the two quantities appear to be pro- 
portional to one another. We will assume in the present 
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Fic. 3. Effects of the 
addition of MnO and 
CoO on the absorption 
coefficient of the 0.24- 
ev NiO absorption band. 
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252 (1953). 
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Fic. 4. Ratio of 
absorption _coeffi- 
cients — a300°k/an°k 
in the Ni,Mnq_.)O 
system. 
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case that for a material of any given composition 
that a similar relationship holds. For all the samples 
studied the estimated Néel temperature is large com- 
pared to 77°K (the lowest would be Nio.sMno,sO where 
Ty~380°K). At 77°K then, the sublattice magnetiza- 
tion and the band intensity are close to the asymptotic 
values characterizing the ordered state. (For example, 
measurement at 20°K on a Nio.7s5Mno.2s0 sample indi- 
cated no change in the absorption band from that at 
77°K). Therefore, for a material of given composition, 
the ratio of the absorption coefficient at 300°K to that 
at 77°K will be proportional to the degree of sublattice 
magnetization at 300°K. In Fig. 4 the ratio a300°k/a77°x 
is plotted against composition for the NiO-MnO sys- 
tem. The extrapolation of the optical data to the com- 
position having a a@300°K/a77°x Value of zero would char- 
acterize a material for which the Néel temperature was 
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300°K. The composition corresponding to this extra- 
polation occurs approximately at the composition for 
which a 300°K Néel temperature would be predicted 
by linear interpolation between the Néel temperatures 
of the pure oxides, namely Nio.ssMno.650. 

The line shape is the same for either the pure NiO or 
the various mixed crystals. This can be cited as some 
support for a spin wave interpretation of the absorption 
line. A mechanism which involved only a local interac- 
tion between nearest or next nearest neighbors would 
be more sensitive to disorder than would a mechanism 
which involved long-range averaging of the interactions. 

There is a close similarity of the crystals NiO, CoO, 
and MnO and their mixtures with respect to such pa- 
rameters as lattice constant, crystal structure, dielectric 
constants, and lattice frequencies. To account for our 
observation of differences in the optical absorption in 
these crystals it seems necessary to introduce the de- 
tailed electronic structure of the metal ion and its in- 
teraction with its environment. The various observa- 
tions on the 0.24-ev line both in the pure NiO and in the 
mixtures suggest that this interaction may be most 
directly interpreted as arising from an antiferromag- 
netic effect. 
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Magnetic Susceptibility of Thorium Metal in the Range 130-300°K 
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The magnetic susceptibility of thorium has been measured in the temperature range, 130-300°K. Within 
the precision of measurement, the susceptibility was found to remain constant at a value of +0.410+0.002 
emu/g. This susceptibility behavior is in contrast to the elastic behavior which indicates a change in the 


character of the interaction forces near 253°K. 


HE elastic parameters of thorium have recently 

been measured. It was found that the curves 
representing the temperature dependence of Cj. and 
Cy cross? at 253°K, with Cy. being greater than C4, 
above this temperature and less below. Since thorium 
is face-centered cubic with all atoms at centers of 
symmetry, one of the Cauchy conditions is fulfilled and 
the difference in magnitude of Cy. and C4, must be a 
parameter associated with noncentral-force contribu- 


1 Armstrong, Carlson, and Smith, J. Appl. Phys. 30, 36 (1959). 

2 The temperature of equality of Cy2 and Cy, was erroneously 
quoted in the abstract of the original paper as 271°K instead of 
253°K. 


tions. Starting with a model of a point lattice embedded 
in an electron gas, de Launay’® has developed for fcc and 
bec lattices relationships which equate the bulk modulus 
of the electron gas to Cy2— C4, and which show that the 
bulk modulus of the gas is proportional to the product 
of the electron density and the Fermi energy. Since the 
paramagnetism of the valence electrons is proportional 
to the density of states at the Fermi level, the simple 
electron gas approximation also leads to an expression‘ 

3 J. de Launay, Solid State Physics, edited by F. Seitz and D. 
or (Academic Press, Inc., New York, 1956), Vol. 2, pp. 


4F. Seitz, Modern Theory of Solids (McGraw-Hill Book Com- 
pany, Inc., New York, 1940), p. 160. 





Th SUSCEPTIBILITY 
which represents the magnetic susceptibility as pro- 
portional to the ratio of the electron density and the 
Fermi energy. 

Of course the simple electron gas approximation was 
not expected to be a good approximation when applied 
to thorium; in particular the negative value of Ci2a—Cas 
below 253°K is not explicable on the basis of such a 
simple model. Nonetheless, it was anticipated that the 
factors affecting the noncentral elastic interactions 
might also influence the magnetic behavior. On this 
basis, the magnetic susceptibility of thorium was meas- 
ured in the temperature range 130-300°K. In Fig. 1 is 
shown a graphical comparison of the bulk modulus of 
thorium, the resolved components of the bulk modulus, 
and the measured values for the magnetic susceptibility. 
Within the precision of the measurements the magnetic 
susceptibility was found to be temperature independent 
with a mean value of +0.410+0.002 emu per gram, 
and no peculiar behavior was observed in the vicinity 
of 253°K. 

The results indicate that any correlation between the 
elastic and magnetic behavior of thorium must be based 
on a more sophisticated model. A qualitative compati- 
bility between the temperature dependence of Cy,—Cay 
and of the magnetic susceptibility seems possible on the 
basis of Lehman’s calculation® of the band structure of 
thorium. Lehman’s calculation indicates that a small 
degree of band overlap occurs in thorium giving rise to 
“hole” pocket distributions in the [100] and [110] 
directions and electron pocket distributions in the [111 ] 
directions. The effective masses of the electrons were 
found to be appreciably greater than the effective 
masses of the “holes.” To the extent that the effective 
mass tensors may be interpreted as a measure of the 
strength and directionality of the interactions between 
the valence electrons and the metal lattice, thermal 
promotion of relatively few electrons from the lower to 
the upper band could cause a significant shift in the 
degree and directionality of the lattice-valence electron 
interactions which would, in turn, reflect in the values 
of the elastic parameters. The magnetic behavior would 
not be expected to show a similar temperature sensi- 
tivity since the thermal promotion of a few electrons 


5G. W. Lehman, Atomic Energy Commission Reports No. 
NAA-SR-1839 and No. NAA-SR-1885, 1957 (unpublished). 
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Fic. 1. The upper curve represents the temperature dependence 
of the bulk modulus of thorium; the central two curves represent 
the resolved components of the bulk modulus with the scale for 
K, at the left and the scale for K—K, at the right ; and the bottom 
curve illustrates the measured values of the magnetic susceptibility. 


would not significantly affect the density of states at 
the Fermi level. 

No field dependence of the susceptibility was ob- 
served in any of the thorium measurements. Measure- 
ments on arc-melted metal and on metal in the ‘as 
prepared” condition agreed within the precision of 
measurement. The lack of agreement between the pres- 
ent susceptibility data and the earlier values of Honda,*® 
Owen,’ and Klemm® undoubtedly results for the most 
part from the differences in purity which have occurred 
as the technology of thorium production has improved. 
The present results are in very good agreement with 
the unpublished results of Leach’ who obtained a value 
of +0.422+0.003 emu per gram at room temperature 
and who observed the susceptibility to be practically 
temperature independent. 


6K. Honda, Ann. Physik 32, 1027 (1910). 

7M. Owen, Ann. Physik 37, 657 (1912). 

8’ L. Klemm, Z. Elektrochem. 45, 354 (1939). 

9S. J. Leach, thesis, University of Nottingham; quoted by L. 
F. Bates and M. M. Newmann, Proc. Phys. Soc. (London) 72, 345 
(1958). 
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Fluorescent Response of Cesium Iodide Crystals to Heavy Ions* 


A. R. Quinton, C. E. ANDERSON, AND W. J. Knox 
Heavy Ion Accelerator Laboratory, Yale University, New Haven, Connecticut 
(Received March 23, 1959) 


The light output from thallium-activated cesium iodide crystals has been determined using C*, N", 
and O"€ as incident particles, with energies up to 10 Mev per nucleon. A photocathode with S-11 response 
viewed the scintillator light and the photomultiplier pulses were compared with those produced by 
alpha particles and protons of known energies. There is evidence that low-energy heavy ions are in- 


efficient producers of light in this spectral region. 


INTRODUCTION 

F a scintillation spectrometer is selected for detection 
purposes in nuclear reaction studies, it is clearly 
important to measure the response of the scintillating 
material for various particles as a function of energy. 
When the reactions are brought about by heavy ions 
there is an increased need for such a calibration because 
of the variety of scattered particles and reaction pro- 
ducts expected. Because of its ease in handling, cesium 
iodide suggests itself as a suitable phosphor even though 
its light output is less than that from sodium iodide 
under the same conditions. Wher. one wishes to detect 
low-energy particles in a spectrometer which may in- 
volve, say, gas flow also, then cesium iodide becomes 
the obvious choice and is currently being used in this 

way in this laboratory. 
Apart from these considerations, a study of the light 
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Fic. 1. The relative pulse-height response of CsI versus 
particle energy. (Halbert’s data O .) 
* This work was supported by the U. S. Atomic Energy 
Commission. 


output from a scintillator has intrinsic interest. One 
might hope to learn from such work, for example, 
details of the mechanism of energy transfer from a 
charged particle to its crystal environment. 
EXPERIMENTAL METHOD 

At the time of this work the Yale heavy-ion accel- 
erator was capable of producing beams of helium, 
carbon, nitrogen, and oxygen ions at energies of about 
10 Mev per nucleon. The charge states for acceleration 
were mainly 2+, 5+, 5+, and 6*, respectively, and beam 
currents were typically 10-° ampere when time-averaged. 
The appropriate beam was stripped of its remaining 
electrons by allowing it to pass through a 4-mil Melinex 
foil and then was degraded in energy by aluminum foils. 
The particles were next deflected by a calibrated analyz- 
ing magnet and collimated onto a thin gold target of 
about 180 wg/cm? superficial density in a simple scat- 
tering chamber. Elastically scattered heavy ions of 
known energy, corrected for recoil, could then enter the 
cessium iodide detecting crystal, placed at a selected 
angle, usually 25°, with respect to the beam. 

The scintillator was about #5 in. thick and was opti- 
cally coupled by silicone oil onto a Lucite light pipe which 
in its turn was coupled in the standard fashion to an 
RCA6342 10-stage phototube. The incident-particle 
face of the crystal was polished, in some cases with a 
moistened soft cloth and in others with cerium oxide. 
Experimental results did not appear sensitive to this 
surface treatment. No front face reflector was used. 

The phototube was operated at 750 volts and care 
taken not to overload the cathode follower which was 
used to couple the pulses to the transmission cable. The 
pulses, integrated to a length of about 50 usec, were 
amplified and clipped to 1 sec by a Baird-Atomic 218 
amplifier and analyzed by a 20-channel pulse sorter 
made by the same company. 

In practice two detectors were used, largely for check 
purposes. Each used a thick thallium-activated cesium 
iodide crystal made by the Harshaw Chemical Company. 
However, in front of one a gas proportional counter was 
mounted. This counter was used for gating purposes 
occasionally, although it was constructed primarily for 
proton and alpha-particle identification in other experi- 
ments. It contained P-10 counter gas and had a }-mil 
aluminized Mylar window. The energy of the detected 
particles was corrected, using our own data, for energy 
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losses in the window and the gas. Good agreement was 
obtained between the results for the two crystals. 

The range of input pulse heights over which the elec- 
tronics remained linear was checked using a thorium 
C—C’ source. The ratio of the 8.8-Mev alpha-particle 
pulse height to that from the 6.1-Mev particles was 
measured as the high voltage on the phototube was 
varied. A lowering of this ratio indicated the onset of 
nonlinearity and suggested a safe maximum input pulse 
height. 

An essential part of the experiment was the calibra- 
tion of the analyzing magnet. This was done using the 
helium beam and finding the absorber thickness such 
that scattered particles produced the same pulse height 
in the detector as the 8.8-Mev natural alpha particles. 
Then the published range-energy relation for helium 
ions! allowed one to deduce the incident beam energy 
or to send into the magnet alpha particles of any de- 
sired energy up to the maximum. Observation of the 
corresponding magnet currents resulted in a magnet 
calibration. At the same time the scintillation response 
of cesium iodide to helium ions was obtained. 
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Fic. 2. The low-energy response to alpha particles (all pulse 
heights are plotted relative to that from 8.8-Mev alpha 
particles). 


The presumption was made that at 10 Mev per 
nucleon the ions were completely stripped of their 
electrons if allowed to pass through a } mil of Melinex. 
Hence the charge state was always known. For a few 
low-energy points, ions carrying one electron passed 
through the magnet but this condition was readily de- 
tected by the trend of the curve of pulse height versus 
energy. 

The proton curve was determined by substituting a 
thin polyethylene foil for the gold target and using a 
full-energy helium beam. Recoiling protons were then 
detected at a variety of angles and their energies inferred 
from kinematical considerations. 

It was found more convenient for energies of alpha 
particles less than 8 Mev to use a natural source of 
particles and air for energy degradation. The results 
are shown in Fig. 2. Besides its intrinsic interest it was 
felt that low-energy alpha data would show up surface 
effects such as a nonscintillating layer of significant 
thickness. 

1W. Whaling, Handbuch der Physik (Springer-Verlag, Berlin, 
1957), Vol. 34, p. 210. 
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Fic. 3. Plots of the differential light output versus differential 
energy loss of the ions in aluminum. 


RESULTS 

The experimental results are shown in Figs. 1 and 2. 
Within the accuracy of our measurements the proton 
response curve is linear and passes through the origin. 
The helium curve is displaced about 2 Mev from the 
proton curve with the linear region starting near 8 Mev. 
Considerable nonlinearity is apparent with the heavier 
particles at low energies but the response becomes close 
to linear above about 70 Mev. Our results stop at a 
degraded energy near 30 Mev but in the case of N“ the 
work of Halbert? is available and has been suitably 
normalized and added to our curve. 

Data of this type are frequently analyzed by plotting 
the light output per unit path (dL/dx), in the scintil- 
lator, as a function of the energy loss per unit path 
(dE/dx). Unfortunately at this time range-energy re- 
lations are not available for heavy ions in cesium iodide 
or in fact for any material other than aluminum at 
energies of interest here. However, if one assumes that 
the stopping-power velocity dependence is the same for 
heavy ions as for alpha particles, then a plot of dL/dx 
versus dE/dx can be made using the available range- 
energy relations in aluminum.’ When this is done it is 
strongly suggested by the curves that, besides a satura- 
tion effect at high dE/dx, some other competing energy- 
loss mechanism, less efficient in the production of light, 
comes into play, at an energy specific to each ionic 
species. Alternatively as in Fig. 3, a plot of dL/dE as a 
function of dE/dx in aluminum can be made. Again it 
is clear that the differential light output does not depend 
only on the differential energy loss. 

The light output response of cesium iodide and other 
scintillators to a variety of incident particles is being 
studied in more detail by others in this laboratory and 
will be published later. 
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Thermal Conductivity of Indium Antimonide at Low Temperatures 


EuGENIE V. MIELCZAREK*:t AND H. P. R. FREDERIKSE 
National Bureau of Standards, Washington, D. C. 
(Received March 27, 1959) 


Thermal conductivity measurements were made on a monocrystalline sample of indium antimonide 
from 10 to 50°K. Umklapp, isotope, and boundary scattering contributions to the thermal resistivity were 
calculated from theoretical expressions and then subtracted from the measured value of thermal resistivity. 
The subsequent deduction of impurity scattering gives a value for the number of point impurities which is 


compatible with that given by electrical measurements. 


INTRODUCTION 


NDIUM antimonide is a semiconductor crystallizing 

in a zinc blende structure. Its electrical and optical 
properties have been intensively investigated! and 
measurements of its thermoelectric power have been 
reported by Frederikse and Mielczarek,? Geballe,’ and 
Barrie and Edmond.‘ This investigation was under- 
taken in order to determine the magnitudes of the 
various scattering mechanisms contributing to the low- 
temperature thermal conductivity. Previous measure- 
ments of its thermal conductivity have been made 
above room temperature by Stuckes,® and Geballe has 
reported in an abstract* on measurements below 300°K. 
Allowing for differences in impurity concentration, 
Geballe’s measurements agree with ours. 


EXPERIMENTAL DETAILS 
Apparatus 


Figure 1 shows the sample holder and sample. The 
sample was a single crystal of p-type InSb, which had 
been cut in the shape of an I by means of an ultra- 
sonically driven die. The heat source, i.e., the heater 
which provided the thermal gradient, was wound 
directly onto the sample so as to insure the best 
possible thermal contact between the source and the 
sample. The heater was composed of No. 40 enamel- 
coated manganin wire held in place on the sample by 
G.E. 7031 Glyptal and wrapped with gold foil which 
served as a radiation shield. The other end of the sample 
was soldered with indium to a small tungsten bar which 
was screwed to the heat sink. In order to cut down on 
heat leakage to the sample all leads were first wound 
around the upper set of rods to bring them to bath 
temperature and then to the lower set of rods to bring 
them to the temperature of the heat sink. 


* Part of this work was submitted by E. V. Mielczarek in 
partial fulfillment of the requirements for the degree of Master 
of Science at The Catholic University of America. 

¢ Present address: Physics Department, The Catholic Uni- 
versity of America, Washington, D. C. 

'L. Pincherle and J. M. Radcliffe, Suppl. Phil. Mag. 5, 271 
(1956). 

2H. P. R. Frederikse and E. V. Mielczarek, Phys. Rev. 99, 
1889 (1955). 

8 T. Geballe, Bull. Am. Phys. Soc. Ser. II, 2, 56 (1957). 

*R. Barrie and J. T. Edmond, J. Electronics 1, 161 (1955). 

5 A. Stuckes, Phys. Rev. 107, 427 (1957). 


The sample holder was placed in a Dewar containing 
either liquid helium or liquid hydrogen. The sample 
and bath temperatures were equalized by introducing 
helium gas in the container; however, during the 
measurements a vacuum of 10-* mm Hg was main- 
tained. Temperatures higher than bath temperature 
were obtained by controlling the power into the heat 
sink. 


Thermometry 


In order to determine the thermal conductivity one 
must measure the thermal gradient developed when a 
known amount of power per unit area flows through a 
sample. In this experiment Allen Bradley resistors 
(150 ohms, 4} watt) were used as thermometers. The 
ceramic coating of the resistors was ground off. Then 
the resistors were cemented with Glyptal into small 
copper cylinders. In order to provide electrical insula- 
tion between the copper cylinder and the resistor, the 
resistor was wrapped with cigarette paper and a thin 
coat of Glyptal applied. A copper band 1 mm wide 
was wrapped and soft-soldered in place around the 
copper cylinder, the free ends of the band were tinned 
with indium using lactic acid as a flux and soldered to 
the sample. 

The resistance of the carbon thermometer as a func- 
tion of temperature can be expressed by the equation® 


[ (logR)/T]}!=a+6 logR. (1) 


This relationship gives sufficient accuracy in the region 
from 70°K to 4°K. The thermometers were calibrated 
at 4.22°K and at 20.4°K; at the beginning of each run 
this calibration was checked at the former temperature. 
The sensitivity of the resistors was approximately 4000 
ohms/deg at 4°K and 2.22 ohms/deg at 60°K. Typical 
resistance values were 6700 ohms at 4.2°K, 554 ohms 
at 20°K, and 280 ohms at 57°K. 


Electrical Measurements 


The resistance of the carbon thermometers was 
measured using a Leeds and Northrup Wheatstone 
Bridge. Care was taken to keep the current in the 
resistor small so that joule heating would be negligible. 


®P. H. Keesom and N. Pearlman, Handbuch der Physik 
(Springer-Verlag, Berlin, 1956), Vol. 14, No. 1, p. 297. 
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With this precaution one can measure to an accuracy 
of 0.001° at 4°K and 0.2° at 60°K. 

The power in the source heater, i.e., the heat trans- 
ported through the sample, was measured using a four 
probe potentiometric method. The voltage was meas- 
ured with an accuracy of 0.1% with a K-2 potentiometer 
and the current with an accuracy of 2% with a precision 
milliammeter. 


THEORY 


In insulators and semiconductors the thermal con- 
ductivity at low temperatures is determined by the 
heat transported by the lattice. This lattice conduc- 
tivity involves three main scattering mechanisms: 
(1) Umklapp processes, (2) scattering by crystalline 
boundaries, and (3) scattering by point imperfections, 
i.e., isotopes and impurity atoms. The total heat re- 
sistance can then be written as follows: 


W totat = Woumkt+ W isot W impt WY ian (2) 


The contributions of the different scattering mecha- 
nisms to the heat resistivity have recently been dis- 
cussed by Klemens’ and by Slack.**® The thermal 

7P. G. Klemens, Handbuch der Physik (Springer-Verlag, Berlin, 
1956), Vol. 14, No. 1, p. 198. 


*G. Slack, Phys. Rev. 105, 832 (1957). 
®G, Slack, Phys. Rev. 105, 829 (1957), 


conductivity as limited by Umklapp processes is given 
by the following expressions’ : 


(a) for T>8, 
3 k®Maé® 

Kum ————, (3) 

102° h'y?T 
where & is Boltzmann’s constant, M is the mass of a 
unit cell, @ is the lattice constant, @ is the Debye tem- 
perature, / is Planck’s constant divided by 27, T is the 
temperature, and y is the Griineisen constant. The 
Griineisen constant can be determined from the bulk 
modulus A, the volumetric coefficient of expansion 
dA/dT, and the specific heat C,: 
y= (1/C,A)dA/dT. (4) 
(b) for T<@, 

Kumx® (6/T)*e"'2", (5) 
where a@ is a parameter approximately equal to 2. No 
expression for the absolute value of Kumx has been 
calculated for 7<«6. Leibfried and Schlémann” have 
shown that a relation exists between the Umklapp 
conductivity at low temperature (Kum«x) and that at 

1G. Leibfried and E. Schlémann, Nachr. Akad. Wiss, Gét- 
tingen, Math.-physik. KI. 4, 71 (1954), 
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Fic. 2. Thermal resistivity of InSb at low temperatures. Isotope, 
Umklapp, and boundary resistivity were calculated from theo- 
retical expressions. Impurity conductivity was deduced by sub- 
tracting the isotope, Umklapp and boundary resistivity from the 
otal resistivity as measured experimentally. 


T=0( Keo) 
Kum/Ke=f(0/T). (6) 


f(0/T) is a universal function which may be found from 
experimental results on other materials. 

If boundary scattering were the only resistance to the 
phonon flow, one would find 


3 a 
i —- 
0 (e7— 


where L is the smallest linear dimension of the crystal, 
x is hv/kT, and the value of the integral is 25.658.!! 

In the case of point imperfections, the thermal con- 
ductivity is given by 


: 1 h® G 1 xtetdx 
Kye. Se | f memenere 
T (2m)*3 VS? 9 (e— 1)? 


© eds 
+f hs | (8) 
1 (e7—1)? 


where Vo is the volume of a unit cell, G~' is the con- 
centration of impurities per unit cell, S is a scattering 
parameter which can usually be taken as equal to 1. 
The value of the integral is 0,897.!* 


4rk'T* 
Kbouna= tiny 


hy? 


"DP. K. C. MacDonald and L. T. Towle, Can. J. Phys. 34, 
418 (1956). 
12 P. G. Klemens, Proc. Phys. Soc. (London) A68, 1113 (1955). 
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Fic. 3. The universal 
function 
W./We=f(T/8). 








For isotope scattering one finds 


0.897 hv? 
=—____—__. (9) 
129r°TV Br 


iso 


This formula is identical with the one for point im- 
perfections, Eq. (8), only now G/S? has been replaced 
by 1/(BP), where B is a numerical parameter evaluated 
by Slack® to be 0.33, and T=)>0; fi(1—M;/M)? where 
M; is the mass of a unit cell, M is the average mass for 
all unit cells, and f; is the fraction of unit cells with 
mass M;. A perusal of Klemens’ paper! (especially 
Sec. 7) shows how Eq. (8) can be adapted to Eq. (9), 
a form more convenient for handling isotope scattering, 
i.e., use of the natural abundances. 


RESULTS 


Figure 2 shows the experimentally measured thermal 
resistance of a sample of InSb as a function of tem- 
perature. Also shown in Fig. 2 are the Umklapp, isotope, 
and boundary contributions as calculated from the 
theory outlined in the previous section. 

The Umklapp contribution at T=6(=205+5°K) was 
evaluated using values for the bulk modulus and the 
thermal expansion coefficient as given by Potter.” 
Since InSb is diatomic, the specific heat at T=@ was 
assumed to be 6R, where R is the gas constant. For 
T<@ the contribution of Umklapp scattering to the 
thermal resistance was calculated on the basis of the 
relation by Leibfried and Schlémann" [Eq. (6) ]. The 
universal function of (6/7) was deduced from Slack’s 
paper’; this function is plotted in Fig. 3. 

The thermal resistance due to the presence of different 
isotopes was calculated using the natural abundances 
as given in a tabulation of nuclear spins, moments, 
natural abundances, etc. (article by Pake™), and 

13 R. F. Potter, Phys. Rev. 103, 42 (1956). 


4G. E. Pake, in Solid State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1956), Vol. 2. 
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TABLE I. Comparison of calculations with electrical data. 





Electrical 
conduc- 
tivity 
(ohm 
cm) 
at 78°K 


Hall 
coefficient Mobility 
cm3/ cm?/volt 
coulomb sec at 
at 78°K 78°K 


Impurity 
concen- 
tration 
from 
Hall data 


Impurity 
concentration 
from thermal 
conductivity 





1.44 X10!7 cm=3 
1.80 X10!7 cm~* 


2.26 X10!7 cn 
2.52 K10!7 at 5.1 X10! em=3 14.1 


3.76 X10"? cm=3 
Av 2.89 X10!7 cm= 


assuming that at T<6 the indium and antimony vibrate 
as a single mass point. 
Thermal resistance caused by boundary scattering 
was computed and found to be negligible above 30°K. 
All the contributions to the thermal resistivity have 


CONDUCTIVITY 


OF InSb 891 
now been evaluated except Wimp. Using our experi- 
mentally measured value for Wtota: in Eq. (2), we can 
then solve for Wimpy. The number of impurities can be 
calculated from Eq. (8). This value can then be com- 
pared with that derived from Hall effect and electrical 
conductivity measurements! made on the same sample. 
(The electrical measurements give only a lower limit 
because the sample might be compensated.) This com- 
parison is given in Table I. 

The thermal conductivity data lead to an impurity 
concentration which is 4 or 5 times larger than is 
indicated by Hall data. The hole mobility (2450 cm?/ 
volt sec at 78°K) shows, however, that the acceptors 
are considerably compensated by donor impurities. 

It is our feeling that the agreement is quite satis- 
factory. 


15 Electrical measurements were made by Mr. W. R. Hosler. 
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Influence of Collective Effects on the Magnetoresistance of Metals 


RosEMARY A. COLDWELL-HorSFALL* AND D. TER HAAR 
The Clarendon Laboratory, Oxford, England 
(Received March 30, 1959) 


We have investigated the influence of the correlations between carriers on the magnetoresistance 8 of 
metals. Using the expressions derived by Fletcher and Larson, the change in 8 is evaluated for a one-band 
model. We have also used Landau’s theory of a Fermi-liquid as modified by Silin to apply to the conduction 
electrons in a metal. The change in 8 both in a one-band and in a two-band model is considered. It is found 
that for a semiconductor like InSb the change would be negligible, but that for a metal such as Al there 


would be a change of about ten percent. 


T is by now a well-established fact that the corre- 
lation between the conduction electrons in a metal, 
which are due to their long-range Coulomb interactions, 
have an important bearing on the various properties of 
a metal. Some of the changes to be introduced in the 
theory of transport properties and of specific heats and 
x-ray band widths have been discussed by a number of 
people'> on the basis of the Bohm-Pines theory (for 
an account of this theory see, for instance, reference 1). 
In the present paper we shall only be concerned with 
the magnetoresistance and we shall attack the problem 
using two different methods. The first one is the one 
used by Blatt, Barrie, or Fletcher and Larson, while the 
second one uses Landau’s theory® of a Fermi liquid as 


* Present address: Department of Physics, University of Mary- 
land, College Park, Maryland. 

11. Pines, Solid State Physics edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1955), Vol. 1, p. 367. 

2F. J. Blatt, Phys. Rev. 99, 1735 (1955). 

3R. Barrie, Phys. Rev. 103, 1581 (1956). 

4M. Tsuji, J. Phys. Soc. Japan 13, 133 (1958). 

5 J. G. Fletcher and D. C. Larson, Phys. Rev. 111, 455 (1958). 

6. D. Landau, J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 1058 
(1956) [translation: Soviet Phys. JETP 3, 920 (1956) ]. 


extended by Silin? to a Fermi-system with long-range 
interactions. 

In applying the Bohm-Pines theory to magneto- 
resistance, we shall follow the procedure adopted by 
Blatt,’ Barrie,’ and Fletcher and Larson,’ and use the 
standard expressions for spherical energy surfaces, but 
in evaluating these expressions we shall use the energy- 
wave number relation obtained by splitting off the 
long-range plasmon modes. If there is only one band 
which gives a contribution to the transport properties, 


we have for the magnetoresistance 8 the expression*’ 


B=[e(H)—p(0)Vo(0) = BH/[1+CH?], (1) 


where p(0) and p(#) are the resistivities in zero mag- 
netic field and magnetic field H, respectively, while B 

7V. P. Silin, J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 495, 1282 
(1957) [translation: Soviet Phys. JETP 6, 387, 985 (1958) ]. 

8 F. Seitz, The Modern Theory of Solids (McGraw-Hill Book 
Company, New York, 1940), p. 184. 

9R. A. Coldwell-Horsfall and D. ter Haar, Phil. Mag. 46, 1149 
(1955); the factor 4 in front of d In\/d Ine should in this reference 
be replaced by 2. 
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TABLE I. Values of magnetoresistance obtained in a one-band 
model under various assumptions. Values in parentheses were 
obtained by use of Eq. (4b), others by Eq. (4a). 








Metal £8/fo(y =0.353) 8/Bo(y =0.400) 8/Bo(y =0.471) 8/Bo(Barrie) 


Li 0.32 (3.1) 0.48 (2.1) 0.61 (1.6) 1.4 (0.70) 
Na 0.41 (2.4) 0.54 (1.8) 0.66 (1.5) 1.2 (0.81) 
K 0.34 (2.9) 0.49 (2.1) 0.61 (1.6) 1 (0.88) 
Rb 0.34 (3.0) 0.48 (2.1) 
Cs 0.34 (2.9) 0.49 (2.1) 
Be 0.72 (1.4) 0.81 (1.2) 0.88 (1.1) 
Al 0.69 (1.5) 


0.78 (1.3) 0.85 (1.2) 
Mg 0.59 (1.7) 








1. 
0.61 (1.6) 1.1 (0.89) 
1.1 (0.93) 


0.61 (1.6) 


0.70 (1.4) 0.78 (1.3) 


and C are given by the equations, 
B=4(rkT)*(ero'/m*c)’, 
C= (er/m*c)?, (3) 


where e is the electronic charge, 7 the relaxation time of 
the carriers and 79’ the value of its derivative with 
respect to energy at the Fermi surface, m* their effective 
mass, ¢ the velocity of light, & Boltzmann’s constant, 
and T the absolute temperature. 

Using Fletcher and Larson’s notation, we get for the 
ratio of 8 to its value for the standard spherical band, Bo, 


B/Bo=™, (4a) 


B/Bo=r~*, (4b) 


where J is the ratio of the first derivative of the energy 
with respect to the wave number to its value for the 
standard band. In deriving Eq. (4a) we have used 
Wilson’s results” for r and we have taken into account 
that the Fermi energy ¢ will vary as m*—', while m* 
itself is proportional to A~'. Moreover, we have corrected 
an error in Fletcher and Larson’s expressions, which 
also occurred in Barrie’s paper (see reference 4). In 
writing down their equation for the relaxation time 
they did not take into account the fact that Wilson’s 
D contains a factor m* [see reference 10, Eq. (9.34.11) ]. 
If that is taken into account one finds, instead of the 
equations on p. 459 of Fletcher and Larson’s paper,® 


t/to=A, o/oo=d*. 
Equation (4b) was derived assuming a constant mean- 
free-path which leads to +/ro>=A~ instead of r/ro=X. 
In Table I we have given the values of 8/8» using the 
values of \ evaluated by Fletcher and Larson. The 
first three columns correspond to the three different 
values of the cutoff wave number &, chosen by these 
authors, that is, to values of their parameter y equal 
to 0.353, 0.400, and 0.471. The values in brackets were 
evaluated using Eq. (4b) and the others by using 
Eq. (4a). 

If we compare these values with the values given in 
the last column of Table I which we would have ob- 

A. H. Wilson, The Theory of Metals (Cambridge University 
Press, Cambridge, 1953), pp. 264 and 278. 


COLDWELL-HORSFALL 


AND D. TER HAAR 

tained if we had used Barrie’s values of \, we see first 
of all that the second order corrections to the energy 
expression which were introduced by Fletcher and 
Larson change an increase (decrease) in 8 to a decrease 
(increase). Moreover, the influence of the correlations 
also depends on the assumptions made about the 
dependence of the relaxation time on energy and mass 
[see Eqs. (4a), (4b) ]. Finally, the corrections are at 
most of the order of a factor 3 and as the one-band 
model used to derive Eq. (1) is notoriously inadequate 
to explain the observed magnitude of 8—a factor 10* 
being the discrepancy between theoretical and experi- 
mental values—it is clearly necessary to consider a 
two-band model, since such a model will lead to a much 
larger value of 8 (see, reference 10, p. 216). Using the 
same assumptions as are made by Wilson and, more- 
over, assuming rather rashly that the two energy bands 
are affected in the same way by the plasma effects, one 
finds for 8/8» the same values as for the one-band case. 
Whether this improves the agreement between experi- 
mental and theoretical data is difficult to ascertain, as 
there are insufficient data available for a detailed, 
quantitative comparison, even if we knew which of the 
various columns of Table I to use as a basis for the 
theoretical data. One might also argue that it seems 
highly unlikely that both bands will be affected in 
exactly the same way by the plasma effects. It is 
difficult to make a more accurate estimate of the ratio 
8/Bo and as long as there are so few reliable data on the 
band parameters, we shall not attempt to give such an 
estimate. 

As a second attempt to evaluate the influence of 
long-range correlations on the magnetoresistance, we 
use Landau’s Fermi liquid theory, as extended by Silin 
to long-range interactions. The transport equation is 
of the form 


{{eE+ (e/c) (VX H) ]}: (0f/Op)} = (Af/At) cou, (5) 


where E and H are the electric and magnetic field 
strengths, v is the velocity and p the momentum of the 
particles, and f the distribution function which for 
our problem depends on p only. We shall put 


f=fotv (0fo/de), (6) 


where fo is the equilibrium (Fermi) distribution, and 
the energy of the particles. This energy consists of two 
parts, the ordinary energy € 9 which normally enters 
in the free electron theory of metals, and a term de 
describing the effect of correlations, 


€= eg tde. (7) 


The quantity de is related to the correlation function 
(p,p’) as follows 


b= (2/It) f 5(pp'W(p)(afo/adatp’, (8) 


where / is Planck’s constant. Silin has shown that in the 
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TaBTe IT. Values of magnetoresistance in a Fermi-liquid model under various assumptions. 





¥y =0.353 
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Metal Pe/ po B/Bo pe/ po —Ao 
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Li 0.6 0.49 
Na 0.7 0.52 
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0.45 
0.45 
0.55 
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Born approximation, ®(p,p’) is the Fourier component 
of the interaction energy, and taking in our case a 
screened Coulomb interaction, we have 


P(p,p’) = (e*h?/w)|p—p'|?+p2}". (9) 


From Eqs. (5), (6), and (7) it follows that the 
transport equation, to a first approximation, can be 
written in the form [compare Silin’s equation (23) 
on p. 988 ] 


e(E-v)+ (e/c)[ (VX H)- (0/dp) (¥+5e) ]=—¥/r7, (10) 


where 7 is the relaxation time which we have assumed 
to exist in order to simplify the collision term. We shall 
solve Eq. (10) in the normal way by making the 
Lorentz assumption. Taking H in the z-direction and 
E in the xy-plane, we write 


y=ap.t+bp,, 


where a and 6 are functions of |p}. 
In that case Eq. (8) can be evaluated and leads to 


be= Ay, (12) 
where 


2e?m* pe 4p? 
A= -—"|-24-(1+=) in(——+1) | (13) 
wh! p| 2p? pe 


[We note that the sign of A is opposite to that given 
by Silin’s Eq. (23) which from the context of his paper 
seems to be in error. ] 

The transport equation now takes on the form 


e(E-v)+ (e/c){[vxXH]- (0/dp)(1+A)¥} = —¥/r, 


(11) 


(14) 


and we see that using the Lorentz assumption (11) we 
get the usual solution® but with 7 replaced by r(1+-A). 
This leads to 


B/Bo= (1+Ao)’, (15) 


where Ao is the value of A(p) for p equal to its value 
po at the Fermi surface. 

In Table II we have assembled the values of 8/8» for 
several metals, again using the three different values of 
cutoff, used in Table I, and also the values of p./po 
and of — Ap. 


The values of p./po and thus of Ao and 8/8» were 
obtained from the known values of the Fermi energy ¢ 
(reference 10, pp. 270 and 94) and the values of Pines’ 
dimensionless parameter r,, which is related both to 
the electron density m and to p./po by the equations 


4rrfapn/3=1, p2=ypo'rs, (16) 


where dp is the Bohr radius. The values of r, for the 
alkali metals were taken from Barrie’s paper® and those 
for Be, Al, and Mg were calculated from the band 
widths using the Hartree-Fock approximation and 
Pines’ data (reference 1, p. 411). In the last two 
columns of Table II we have given the values of ¢ and 
r, which were used. 

We also considered the two-band model, but now we 
assumed that the cutoff for the holes would be es- 
sentially infinite, which means that A =0 for the holes, 
and the only change will occur in those quantities in 
Wilson’s formula (reference 10, p. 216) which refer to 
the electrons. We may remark here that A is approxi- 
mately equal to (16e?m*/3hpr)(p/p-.)* if p/p. is small. 
For a semiconductor such as InSb we would get a value 
of A of the order of 10-*, so that this effect would not be 
measurable. For a reasonably good metal, however, p. 
might well be of the order of or less than po and we might 
get a reasonable effect (compare the values in Table II). 
To estimate the effect for a metal we shall use the data 
about Al, which has reasonably spherical energy 
surfaces and two bands about which details are known. 
This metal was investigated by Shoenberg" and 
Gunnersen” and theoretically treated by Heine.” 
Using Heine’s data, assuming the electron and hole 
mobilities to be inversely proportional to their effective 
masses, and using for the electron mobility the value 
given by Seitz (reference 8, p. 173) we get p./po=0.5, 
and Ao~—0.4, and finally 8/8o~0.9. The effect is, of 
course, less than in the one-band model, but still 
appreciable. 


TD). Shoenberg, Trans. Roy. Soc. (London) A245, 1 (1952). 

12. M. Gunnersen, Trans. Roy. Soc. (London) A249, 299 
(1957). 

3 V. Heine, Proc. Roy. Soc. (London) A240, 340 (1957). 
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The relaxation time of a photoconductor with space-charge- 
limited dark current is shown to be less than or equal to the 
transit time under space-charge-limited current conditions for an 
arbitrary distribution of impurity levels. Thus the gain band-width 
product of a photoconductor with space-charge-limited dark 
current is always less than or equal to the reciprocal of the relaxa- 
time. This inclusion of arbitrary impurity levels in the derivation 
gives a firm upper limit for the gain band-width product in the 
space-charge-limited dark current region. Rose and Lampert 
concluded that under some conditions this performance in the 


INTRODUCTION 


HE maximum performance of photoconductors 

has been the subject of several recent papers, 
starting with Stockman’s! treatment of the neutral 
contact, and followed by Rose? and Redington,’ who 
both discussed the space-charge contact. These papers 
showed that for certain types of contacts and restricted 
distributions of impurity levels that the gain band-width 
product was equal to the reciprocal of the relaxation 
time. Further, the argument was presented to indicate 
that in many other cases the product was less than this. 
The main purpose of this paper is to extend the treat- 
ment of the space-charge contact to include an arbitrary 
distribution of impurity levels. Since the argument has 
been previously presented that a space-charge contact 
is required for maximum gain of the photoconductor,’ 
the present derivation leads to a firm upper limit for 
the gain, and removes the possibility that some particu- 
lar distribution of impurity levels would lead to a gain 
larger than this. While the gain of the photoconductor 
is not expected to be larger than that calculated in the 
region of space-charge-limited dark current (with the 
exception of impact ionization in a photoconductor 
with blocking contacts) the gain band-width product 
can exceed the value calculated for the space-charge 
region. This, of course, can be the case for the photo- 
conductor with blocking contacts. This has also been 
shown recently by Rose and Lampert‘ to be possible 
for photoconductors with Ohmic contacts, if the 
recombination centers near the Fermi level outnumber 
the traps. Gain band-width products, larger than the 
reciprocal of the relaxation time in the Ohmic current 
region, have been observed by Smith.’ Rose and 
Lampert also show that under some conditions the 
gain band-width product can exceed the reciprocal of 


1 F, Stockman, Proceedings of the Conference on Photoconductivity, 
Adlantic City, 1954, edited by Breckenridge, Russel, and Hahn 
(John Wiley and Sons, New York, 1956), pp. 269-286. 

2 A. Rose, Helv. Phys. Acta 30, 242 (1957). 

3R. W. Redington, J. Appl. Phys. 29, 189 (1958). 

* A. Rose and M. A. Lampert, Phys. Rev. 113, 1227 (1959). 

5R. W. Smith, RCA Rev. 20, 69 (1959). 


space-charge-limited current region could be exceeded. The 
difference between these two conclusions results entirely from a 
different choice of measure of the relaxation time. The arguments 
presented suggest that most photoconductors with space-charge- 
limited dark current closely approach this maximum performance. 

In addition, a relation between the variation with light level of 
the photocurrent, relaxation time, and response time is noted and 
its usefulness in predicting the performance of photoconductors 
is suggested. 


the relaxation time even in the region of space-charge- 
limited dark current. In this paper it is shown that 
with a different choice of measure of the relaxation 
time, the gain band-width product is always less than 
the reciprocal of the relaxation time for photoconductors 
operated in the region of space-charge-limited dark 
current. Rose and Lampert did not take the relaxation 
time as the RC time constant of the photoconductor 
at the operating conditions (say the capacitance times 
the derivative of voltage with respect to current), but 
instead took it as the capacitance times the voltage 
divided by the current. (The same measure of the 
relaxation time was used by the author in reference 3.) 
For Ohmic currents the two are equivalent, and differ 
by only a factor of 2 for space-charge-limited current 
in a trap-free material, but for operating conditions 
where the current voltage curve is very steep, this 
measure of the relaxation time overestimates the RC 
time constant of the photoconductor by just their 
factor M, and thus leads to the conclusion that under 
these circumstances the gain band-width product may 
be M times larger than the reciprocal of the relaxation 
time. 
GAIN BAND-WIDTH PRODUCT 


The physical argument is simple. A photoelectron, 
a thermally generated electron, or an electron injected 
as space charge all have the same transit time. More- 
over, for space-charge-limited current, the relaxation 
time for a space charge in excess of the steady state 
value should be equal to the transit time, since this 
excess charge is injected near the cathode electrode 
and can only disappear by traveling to the anode. 
Thus in the space-charge-limited case, the transit 
time can be estimated from the relaxation time, and 
further, it can be argued that this estimate of the 
transit time is a lower limit for the other case of interest, 
namely Ohmic currents. Thus the gain band-width 
product should always be less than or equal to the 
reciprocal of the relaxation time evaluated dynamically 
under the operating conditions in the range of space- 
charge-limited current. 
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GAIN BAND-WIDTH 


The relaxation time, 7,, can be expressed as 


1 460) ” 
ek aeadies 


where 6Q is a departure from the steady-state space 
charge, induced for example by a voltage pulse. 6Q can 
be expressed as 


60=eA J 5(n+m,)dx, (2) 
0 


where a is the thickness of the photoconductor, e is the 
electron charge, A is the area, m is the density of 
carriers, say electrons in the conduction band, and 
n, is the density of trapped electrons which have 
ready access to the conduction band. m, will depend 
on the trap distribution and the rate at which electrons 
in these various traps interchange with conduction 
band electrons. An explicit definition of this quantity 
is not required for this argument as long as it is used 
consistently. 

The derivative with respect to time of this excess 


charge is 
d(6Q) 


od 
a eA f —{6 ( n+ nN 1) |dx, (3) 
dt o dl 


which by conservation of charge is 


d(6Q) “dj 
——=A f —dx 
dt 0 dx 


as A si (4) 
= AL j(a)+8j—j(0) J. 


Now j(a) equals 7(0) since they are both just the 
steady state current density, and thus 
d(5Q) /dt= bj. (5) 


* 6(n+n,)dx 
Tr=€ f —, (6) 
0 5] 


This gives 


The current density, j, is given by 
j= Eeus(n+n,), (7) 


where £ is the field and y; is the drift mobility including 
the effects of trapping. Eu; is the average velocity of 
the electrons at x, the average being extended over 
the conduction band and the same electrons in impurity 
levels considered before in the discussion of the relaxa- 
tion time. Substituting 


5j= Feué(n+n,), (8) 


© dx 
0 Eur 


in Eq. (6) gives 


PRODUCT 
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But this is just the transit time, and thus the relaxa- 
tion time and transit time are identical under these 
conditions. 

Some comment about yu; and m; is probably desirable. 
As far as the expression for the current density is 
concerned, the usual combination of drift mobility and 
free carrier density could be used. However, it is 
convenient to use the mobility corresponding to the 
average velocity of an electron passing through the 
sample. For this average mobility, the same electrons 
are considered as for the transit time, and in fact the 
averaging procedure is identical. Thus for any trap 
level, only that fraction of electrons which is likely to 
interchange with conduction band electrons in times 
comparable to the transit time is counted in m. These 
are clearly the same electrons which one must count 
in the relaxation time, since the time scale is the same. 
Thus m; always refers to the same electrons, and so the 
proof should hold for arbitrary trap distributions. 

These arguments show that with space-charge- 
limited currents, the transit time and the relaxation 
time are the same, whether or not the traps are deep 
or shallow and whether or not the steady-state Fermi 
level is near the trap level. This seems an intuitively 
satisfying picture, since the injected space charge can 
disappear by traveling to the anode, and since most of 
the space charge is near the cathode electrode, the 
time for this should be just the transit time. 

The presence of recombination levels in the material 
does not affect the relaxation time since it is the 
neutralized charge which recombines. The inclusion of 
a diffusion term would tend to make the relaxation 
time smaller than the transit time. Thus the relaxation 
time should always be equal to or less than the transit 
time. Since the relaxation time, if anything, is less 
than the transit time, the gain band-width product 
must be less than or equal to the reciprocal of the 
relaxation time. That is 


G/r<1/r,, (9) 


where G is the gain, electrons per photon, and 7 is the 
response time. The difference between this conclusion 
and Rose and Lampert’s‘ results entirely from the 
method suggested for measuring the relaxation time. 
The actual RC time constant chosen here seems 
intrinsically preferable, and allows the intuitively 
satisfying identification of the relaxation time with 
the transit time in many cases of interest, and further 
leads to a firm upper limit for the gain-bandwidth 
product in the space-charge-limited region. Below 
voltages at which space-charge-limited current starts, 
the relaxation time used here is the same as Rose and 
Lampert’s. Thus these results agree with theirs at the 
start of space-charge-limited current, even though 
their M factor may be required in the Ohmic region at 
lower voltages. 

The practical importance of this result is that if the 
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relaxation time is important for a given application, 
any photoconductor with a space-charge-limited dark 
current should have approximately the same gain- 
bandwidth product as any other with the same relaxa- 
time. If, however, the ratio of voltage to current is 
important for the application, then a photoconductor 
with a very steep voltage current curve at the operating 
point will be superior. In either case the expected 
performance can be calculated if the response time 
and the current voltage characteristics of the photo- 
conductor are known. 


VARIATION OF PERFORMANCE WITH 
LIGHT LEVEL 


The expression given here for the gain band-width 
product should be correct for any signal level, provided 
that the relaxation time is measured using currents 
comparable to the photocurrent. However, it is some- 
times desired to predict high-level performance from 
low-level data, or to predict the performance in voltage 
ranges where the data are incomplete. A simple relation 
between the light intensity dependences of the photo- 
current, the relaxation time, and the response time of 
the photoconductor which is useful for these purposes 
can be derived from the two common ways of describing 
a photoconductor’s performance. 

For many photoconductors it is observed that both 
the photocurrent J and the response time + (say the 
time for the signal to decay to } for nonexponential 
decay) are proportional to some power of the light 
intensity over a considerable range of intensity. That is, 

I=K,L’, (10) 
and 


T= K.I-8, (11) 


where ZL is the light intensity and the K’s are constants. 

To be consistent with these, the relaxation time 

should also have a power law dependence, 
T= K3L*. 


The photocurrent can also be described in terms of 
the gain, 


(12) 


1=Gel.=eL1/1,=eK2KyL*. (13) 


Comparing the exponents of Z in Eqs. (13) and (10) 


REDINGTON 


shows that 
atpB+y=1. 


For example, for antimony trisulfide y is about 0.65,° 
and the response time decreases with increasing light 
level with a 8 of about 0.25.7 These add up to 0.9, and 
thus the relaxation time varies as about the 7g power 
of the light intensity. In this case, the small signal 
estimates of the gain band-width product should be 
correct within a factor of about 1} over the entire 
range of light intensities of practical interest. 

For many photoconductors, a is at least this small so 


B+y~l, (14) 


and a knowledge of one permits an estimate of the 
other. For simple monomolecular decay, y is one and 
the response time is independent of light level. For 
bimolecular decay, y is 4 and the response time de- 
creases as the —} power of the light intensity. For 
many photoconductors, y is between } and 1 and the 
response time decreases slowly with increasing light 
level. For photoconductivity with y>1, either or both 
a and 6 must be negative. Since one might expect a 
variation in relaxation time with light level to be 
accompanied by a corresponding variation in response 
time, a negative 8, i.e., an increase in response time 
with light level, seems required for y>1, consistent 
with Rose’s theory.*® 


CONCLUSIONS 


The reciprocal of the relaxation time has been shown 
to be an upper limit for the gain band-width product of 
a photoconductor with space charge limited dark 
current. The objection that some particular distribution 
of traps or impurity levels might produce performance 
exceeding this has been satisfied with a derivation 
including arbitrary impurity levels. 


ACKNOWLEDGMENTS 


The preprint of Rose and Lampert’s paper and their 
comments on this paper are gratefully acknowledged. 


®R. G. Neuhauser, J. Soc. Motion Picture Television Engrs. 
62, 148 (1954). 

7 Calculated from data in Figs. 6 and 8 of reference 6. 

8 A. Rose, Phys. Rev. 97, 322 (1955). 





PHYSICAL REVIEW VOLUME 


113, 


NUMBER 4 AUGUST 15, 1959 


Electric and Magnetic Properties of the Hydrogen Molecule*}{ 


T. P. Das{ anp R. BERSOHN 
Depariment of Chemistry, Columbia University, New York 27, New York 
(Received January 9, 1959) 


The hydrogen molecule ground state has been studied for a long time by valence theorists. Comparison 
with experiment has been limited to the energy, bond distance, vibration frequency, and the electric and 
magnetic polarizabilities. Recent radio-frequency experiments on hydrogen have yielded new quantities, the 
nuclear magnetic shielding constant, the spin-spin coupling constant, and the electric field gradient at the 
nucleus. In this paper, variation methods are described for the calculation of the new types of polarizability. 
These methods can be applied to more complex molecules and appear to open new possibilities for the 
semiquantitative interpretation of the results of high-resolution nuclear magnetic resonance. An extensive 
comparison is made between the experimental quantities and theoretical values using various wave functions. 
The most important factor affecting the accuracy of the charge density is the use of an effective nuclear 


charge. 


VAST literature exists on the ground state of the 

hydrogen molecule. Since the definitive work of 
James and Coolidge! appeared, the chief task has been 
to develop reasonably accurate but more convenient 
wave functions and to extract physical meaning from 
the more complicated ones. Inasmuch as the true wave 
function is not known, it has been customary to test 
approximations by comparison of the experimental and 
calculated bond energies. The experiments on molecular 
hydrogen beams in recent years by Ramsey? and his 
collaborators have made it possible to adopt a new 
viewpoint. In this paper, the quality of various wave 
functions is treated by considering the interactions 
which arise from external fields and from the nuclear 
multipole moments. 

We have neglected the effects of molecular vibrations 
and rotations. Vibrational motion would lead to cor- 
rections to the quantities calculated in this paper. 
Rotational motion produces other physically measurable 
quantities such as a rotational magnetic moment of the 
molecule and a magnetic field at each of the nuclei. 
These? are simply related to the paramagnetic parts of 
the susceptibility and nuclear magnetic shielding con- 
stants, respectively. 

A general Hamiltonian* for a rigid molecule in the 
presence of static external magnetic and electric fields 

* Financial support for this work was given by the U. S. Atomic 
Energy Commission and the National Science Foundation. 

t Portions of this work have earlier been briefly reported: T. P. 
Das, Bull. Am. Phys. Soc. 1, 215 (1956); T. P. Das and R- 
Bersohn, Phys. Rev. 104, 849 (1956). 

t On leave of absence from Saha Institute of Nuclear Physics, 
Calcutta, India. 

1H. M. James and A. S. Coolidge, J. Chem. Phys. 1, 825 (1933) 

2N. F. Ramsey, Molecular Beams (Oxford University Press, 


Oxford, 1956). 
3A. Abragam, Suppl. Nuovo cimento 6, 1015 (1957). 
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and electric field gradients is given in Eq. (1): 
_ [pet (e/c)A(te) P e 
=) ees ap + 


k 2m k<k’ Ppp =N<N’ 
Zne* : 
a > > Sie +QOmor VSext +>, CFs Gext 
k N Ink A 
—> eRyZy- Eer—DdX gyBauclv- VX A(Ry) 
F N 


N 


+¥° On: (V8) int at v—-D gBS.-VXA(ri), (1) 
N k 


where 
; UnXrev 
A=AaitL Ane =3HXr.4+D en : 

N N 


ren® 


Let 5Cy be the Hamiltonian in which all nuclear mo- 
ments and external fields have been dropped. The 
energies associated with 5C—HX, will be negligible in 
magnitude because of the small size of external fields 
compared to internal fields (6a,?/e 10~°), because of 
the small size of the nucleus compared to the atom 
(QO/a?~10~*) and because of the smallness of the fine 
structure constant (a= e/hce= 1/137). 

We shall try to see how this feeble part of the 
Hamiltonian can be used to elucidate the charge distri- 
bution associated with the ground-state eigenfunction 
Wo of Ho. Some of the feeble interactions contribute in 
the first order, i.e., their experimental magnitudes are 
expectation values of various functions of the electron 
and nuclear coordinates. These expectation values will 
be compared for the different trial wave functions. Some 
interactions contribute only in the second order. The 
effects of polarizing the various zero-order wave func- 
tions will be compared. 


I. VARIATION TREATMENT OF POLARIZATIONS 
A. General Description of the Method 


In every case of polarization, one has the following 
situation. There is a Hamiltonian of the form 
KH=Kote-Hi(e)+v-5, (yr), (2) 
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where e and v are small vectors (one of which may, in 
fact, be zero). The wave function and the energy are 
developed in power series of the small vector com- 
ponents: 


V=Vote-di(e)+v-di(y), (3) 
3 3 

E=Eot+ D DY {EalOaatlaloen 
c=1 A=1 


+ Ea (v)vrr} , (4) 


Note that the oe order terms in the energy are zero. 
The notation q;(€) means that qj is a vector function as 
well as the part of an eigenvector W produced in the 
first order by a perturbation associated with the vector 
e. The terms E,(e€), Ea(v), and E,(ev) are (aside from 
numerical factors) just the polarizability tensors. These 
include the electrical polarizability tensor a, the 
paramagnetic part of the magnetic susceptibility tensor 
X,., [tensor of the form E,,(e)], and also the paramag- 
netic part of the magnetic shielding tensor at nucleus /, 
o,‘", and the spin-spin interaction tensor J.,‘*” be- 
tween nuclei & and / [tensor of the form E,(ev) ]. By 
substitution of the power series developments into the 
Schrédinger equation, one obtains an equation for 
wile - 


(Ho— Eo) tile) = —Hi(e)Wo. (5) 


AND 
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The usual solution to this equation is the familiar 
expression 


tile)= DL enle)¥n, (6) 
n¥O 


where the V, are the eigenfunctions of 1». The result for 
the energy, and thus for the polarizability tensors, is 


> (Vo! Ru\|V 


n¥0 


eh cee —,. 
c=1 =I Fo—E,, 


nV n| Fi, | Vo) 


This is the usual result‘ which is excellent for physical 
understanding but almost useless for numerical com- 
putation inasmuch as the excited functions ¥, and 
excited levels £, are unknown. 

There are at least two other ways to solve Eq. (5) and 
obtain an expansion for the energy. One is to solve, 
directly, the inhomogeneous differential equation by 
numerical methods. This is ideal in atomic problems 
where Eq. (5) often reduces to a differential equation in 
the radial coordinate alone.® This does not happen in the 
molecular case and one is left with the possibility of 
using a variational wave function. The total energy in 
the general two-vector case which is to be minimized can 
be obtained from its definition 


_ Wore: tile e)+v- wl) | Hote: Hale) tv: 31 (¥) | Vote: uri ( (e)+v- tity (v)) 


(Hote: 66040 Ui(v) | Wote th (advo u(v)) 


which reduces (if one assumes that 3CoW, is orthogonal to 
¥, and neglects higher than quadratic terms) to 


B= Kot 2Wo, e-Hy(€) &- Uile)) 
+(e dale) | ICo— Ep] &- di(e)) + 2(Wo! v-Hi(v) | v- di(v)) 
+(v- daly) | Fo— Ey! > dy(v)) + 2(Wo! &-ICi(€) v- da(v)) 
+2(Wo| v-Hi(v) | e- dile) 
+2(e-di(e)|Ho— Love di(y)). (9) 
On allowing the functions t(€) and t,(v) to be varied 


by the addition of small arbitrary vectors 6;(€) and 
dui (v), one sees that the variation 5F in E is 


bE=2e-bui(€)+v-5dn(y) 
x | {e-3i(e)Vot+ (Ho— Ey)e- ti(e)} 


+ {vi (v)Pot (Ho— Lo) v- ti(v)}). (10) 


To hold the entire second-order energy stationary, it 
is necessary and sufficient that the contents of the curly 
brackets vanish, i.e., that the first-order Schrédinger 
equations be satisfied. There are two approaches by 
which one could simplify the calculation. If one is 
interested in the energy terms of orders & and ey, it is 


ns (8) 


, 


sufficient tov ary the terms of order é 2 alone® Ww vith respect 
to variations in t(e). On the other hand, if one is 
interested only in energy terms of the order ev, then one 
may minimize energy terms of this order alone. To 
prove the first statement, suppose that Eq. (5) for d(e) 
is satisfied. The energy then becomes 


i Ey + (ho! e:I5C;(€) | t Ur (€)) +2 Vo, v- Hi 
+(v- di (y) \Ho— Eo v- di (v)) 
+2(V, v-5C(v) | e- di (e)). 


v) vedi (y)) 


(11) 


The part of the energy of order v’ is not stationary but 
the parts of the energy of order é and ev depend only on 
u(e) and are therefore stationary. 

Besides showing that the second-order energy is 
stationary when the first-order Schrédinger equation is 
satisfied, it is instructive to show that the energy is 
minimized. The second-order variation in the second- 
order energy using Eq. (9) due to changes dvi (e) and 

* The results on the non-nuclear polarizations are in J. H. Van 
Vieck, Electric and Magnetic Susceptibilities (Oxford University 
Press, Oxford, 1932), pp. 189, 275, and on the nuclear polariza 
tionsin reference 2, pp. 163, 207. 

®R. M. Sternheimer and H. \ Rev. 102, 731 
(1956). 

°T. P. Das and R. Bersohn, Phys. Rev. 102, 733 (1956); T. P. 
Das and T. Ghose, J. Chem. Phys. 31, 42 (1959). 


I. Foley, Phys. 
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bu (v) is 

PE=(e-baty(€)+v-ddi(v) |ICo— Eo| e-ddi(€) 
+v-dui(v))20, (12) 

whereas substituting the first-order Schrédinger equa- 

tion in Eq. (9), one finds 


E- Eo= —(e- ti(e)\+v- u(y) |Ho— Ep| ¢° ur (€) 
+v-di(v)) <0. (13) 


The total second-order energy is negative but its second 
variation is positive showing that the approximate 
second-order energy is always greater than its value 
obtained by correctly solving the first-order Schrédinger 
equation. The inequalities of Eqs. (12) and (13) are 
valid if Wo is only an approximation to the eigenfunction 
corresponding to the lowest eigenvalue. (They would 
fail only in the absurd circumstance that WV, or 6¥, were 
a better approximation than WV» to the lowest eigen- 
function.) 


B. Representation of 4 as a Multiple of 4, 

Particularly simple expressions and moreover rapidly 
convergent energies result from using a wave function 
of the form 


W=[1+e-P(e)+v-P(v) Wo. (14) 


Sternheimer has shown in several papers, e.g.,reference 
5, that for many polarization problems involving 
hydrogenic wave functions, the exact first-order pertur- 
bation function involves a very simple P function. The 
essential discovery is that the P function can be fairly 
simple and yet provide satisfactory energies. The 
polarization phenomena can then be related to expecta- 
tion values of the coordinate operators over the ground 
state Wo. More specifically, by partial integrations, the 
energy assumes the form 


3 3 
E=Eot DL exer} Vo] Rie) Prle) + P.*(€)Hir(©) | Vo) 
k=1 \=1 
h? | 
+— (¥o!> ViP," (©) -V.Py(e) iad, 
m k 


+2 > y crn (ae) v) + P.* (2) (r) | Vo) 


k=l A=l 


h? 
+ +(Wo| >> V.P.*(€)- T.Px(v) |e) | 
2m k 


(15) 


Moreover for functions ¥i(€) and ¥:(v) which satisfy 
equations of the form (5), the energy further simplifies 
to 


3 3 
E=Eot XD DX [ecen(Wo! Ire (€) Pr(€) | Vo) 


«=1 A=1 
+ €cvn(Vo| Rie(E)Pr(v) + Pe*()Hir(v) | Wo) 
+. (Wo| Hix(v)Py(v) | Wo) ]. 


+y* terms. 


(16) 


PROPERTIES OF H 


MOLECULE 899 

In this way, the feeble polarization terms in the 
Hamiltonian are made to serve their avowed purpose 
more directly, that is, to give information about the 
charge density itself. With a molecule containing more 
than two electrons, different functions P(e) would have 
to be used for the different electron states and the 
procedure would have to be generalized.® 


II. EXPECTATION VALUES OVER THE GROUND-STATE 
CHARGE DISTRIBUTION 


To test the various approximate wave functions, a 
mathematical experiment is performed. This consists in 
computing with each wave function or using literature 
values for (1) the second moments of the electron dis- 
tribution, (2) the expectation values of inverse functions 
of the electron nuclear separation, and (3) the expecta- 
tion values of functions of the coordinates of two 
electrons. 


A. Wave Functions Used for Comparison 


The wave functions used in the “experiment” were a 
set of nine valence bond and molecular orbital functions. 
In each of the tables to follow the first five functions are 
of the valence bond type and the next four of the 
molecular orbital type. Naturally, the more refined 
members of each type resemble each other. The 
Hirschfelder-Linnett’ function has the form 


W/N =a(1)b(2)[1+-0Z%{4(1)xg(2)+y4(1)y0(2)) 
+6272 4(1)22(2) ]+-a(2)b(1) 
X(1+eZ?{x4(2)xn(1)+ya(2)ya(1)} 

+ BZ24(2)2e(1) |4+y[a(1)a(2)+6(1)b(2) |, 


where a and 6 are 1s functions with effective nuclear 
charge Z, centered on nuclei A and B, respectively. If 
one sets a= y=0, a function resembling the Rosen® func- 
tion results; if one sets a=8=0, the Weinbaum’ func- 
tion is obtained. If a=8=y=0, one has the Wang”® 
function. The latter becomes the original Heitler- 
London" function if Z=1. In each case, Z and the 
normalization constant N have different numerical 
values. The Wallis! function has the form 


Y/N =a4(1)b8(2)-+%(1)a4(2)-+64(1)0(2)+0%(1)b4(2) 
+ [a4 (1) (2)+64(1)b3(2) 
+a? (1)a4(2)+57(1)b4(2) |, 


where a4 and a8 are 1s functions with effective nuclear 
charge Z4 and Zz centered on nucleus a. If the parame- 
ter \ is unity, the resulting function is called the Wallis 
open shell function (equivalent to configuration inter- 
action, C.I.); if A is chosen to minimize the bind- 
ing energy, it is called the Wallis limited ionic open 

7 J. Hirschfelder and W. Linnett, J. Chem. Phys. 18, 130 (1950). 

8 N. Rosen, Phys. Rev. 38, 2099 (1931). 

9S. Weinbaum, J. Chem. Phys. 1, 593 (1933). 

10S. Wang, Phys. Rev. 31, 579 (1928). 


1 Y, Sugiura, Z. Physik 45, 484 (1927). 
2R. F. Wallis, J. Chem. Phys. 23, 1256 (1955). 
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TaBLe T. Expectation values of quadratic functions of the 
coordinates for R=1.40a (units of ao). 


Binding 

energy 

($(3t2—re2)) =— Wo) 
=(s2—x2) —27.06ev 


Wave tunction = (ye?) 


1.0371 1.385 
0.767 1.131 
0.738 1.082 
0.742 0.964 
0.744 1.070 


Heitler-London 
Wang 
Weinbaum 
Rosen 
Hirschfelder-Linnett 


0.326 


0.323 

0.332 

0.331 

0.347 

0.264 

0.269 (0.278) 
0.271 

0.2941 


1.367 
1.073 
1.147 
1.108 
1.009 


1.044 
0.742 
0.816 
0.761 
0.745 


Coulson (unshielded) 
Coulson (shielded) 
Wallis (C.I.) 

Wallis (limited ionic) 
Nordsieck 
James-Coolidge 5-term 
Newell 

Ramsey (exp.) 


1.002 
1.0604 


0.731 
0.7663 


SininS Sinko 
rb Abad ppd 4 


shell function. Letting A=1 and Z4=Zz produces the 
shielded molecular orbital function of Coulson"; and if 
h\=Za4=Zp=1, one has the Coulson unshielded 
function. 


B. Second Moments of the Electron Distribution 


Table I contains expectation values of quadratic 
functions of the coordinates obtained at the equilibrium 
internuclear distance R=1.4a9, where dp is the Bohr 
radius. To compare with experiment an average of each 
quantity should be taken over the ground vibrational 
state of the molecule. This has not been done to save 
labor, but the vibrational correction is usually" small 
compared to the difference between the calculated and 
experimental values. The task of evaluating the second 
moments of the various H2 wave functions was begun by 
James and Coolidge” and its utility was pointed out by 
Karplus." 

For Hy, we are in the unique position at present of 
having accurate experimental? values of (x2) and (z,). 
Table I shows that to obtain reasonably accurate (5 
10% error) second moments of the charge distribution, 
one only needs to have a wave function with a scale 
factor Z. The only poor expectation values are those for 
which Z=1. As soon as Z~1.2, the charge distribution 
is sufficiently contracted to give the right “‘size”.“ The 
Rosen function is an exception insofar as (z.*) is con- 
cerned. This is because in the process of hybridization, 
the density in the internuclear region is increased too 
much at the expense of the density at the ends of the 
molecule. The lateral spread of the charge distribution 
is not much disturbed. 

The quadrupole moment is a more sensitive quantity 
which is not given really well until the Nordsieck'® 
approach is used. He replaces the simple exponentia| 

e7 Zr A= ge (Z/2)(r At B) e—(Z/2)(ra—r F 


13 C, A. Coulson, Trans. Faraday Soc. 33, 1479 (1937). 

‘44M. Karplus, J. Chem. Phys. 25, 605 (1956). 

1° H. James and A. S. Coolidge, Astrophys. J. 87, 447 (1938). 
16 A. Nordsieck, Phys. Rev. 58, 310 (1940). 
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TABLE IT. Expectation values of inverse functions of the 
coordinates at R=1.4ap (in units of do). 








(1/r) 
0.798 
0.895 
0.908 
0.915 
0.926 


(z/r8) ((322—r2)/r5) (6(r)) «(32% —1?)/r*) 


0.159 0.1224 0.145 0.217 
0.202 0.1634 0.224 0.252 
0.215 0.1724 0.231 0.257 
0.245 0.1694 0.216 0.242 
0.225 0.1714 0.230 = 0.247 


Function 
Heitler-London 
Wang 
Weinbaum 
Rosen 
Hirschfelder- 

Linnett 


0.126 0.203 


0.199 
0.241 
0.206 


0.220° 


Coulson 0.797 0.153 0.1227 
(unshielded) 
Coulson (shielded) 

Wailis (C.I.) 

Wallis (limited 
ionic) 

Best theoretical 
value 


0.255 
0.255 
0.325 


0.1744 
0.1788 
0.1768 


0.1782* 


0.219 
0.208 
0.263 


0.255 


0.932 
0.920 
0.917 


0.915" 


® Value computed by G. F. Newell [Phys. Rev. 78, 711 (1950); 80, 476 
(1950) ] 


by a generalized function in which the Z’s in the two 
exponentials are different. In effect, the parameter Z is 
no longer isotropic and the scale factors for the lateral 
and longitudinal charge distributions become at least 
partially decoupled. The value in parentheses after the 
James-Coolidge five-term function is that obtained by 
averaging over the ground vibrational state. The last 
three values of the quadrupole moment are thus closer 
to experiment than might appear. In conclusion then, 
judging from its second moments, the charge density in 
the outer regions of the molecule is adequately repre- 
sented by almost all one-parameter wave functions and 
is well represented by Nordsieck’s two-parameter 
function. 


C. Expectation Values of Inverse Functions of the 
Electron-Nuclear Separation 


We consider first the expectation values of the po- 
tential, electric field, and electric field gradient produced 
by an electron at one of the nuclei. The potential seen 
by a nucleus is just the potential due to the other nucleus 
e/R plus the potential due to the two electrons 
—e/r,—e/re. The figures in the first column of Table IT 
show that (1/r) is given to about 2-3% accuracy with 
any function possessing an effective nuclear charge. 

In contrast to 1/r, of all the operators considered here, 
the disagreement between observed and calculated ex- 
pectation values is worst for z/r’, errors of 15-25% being 
common. The electric field seen by a nucleus when it is 
at equilibrium must, by definition, be zero so that the 
electric field from each of the two electrons is just —} 
the field originating from the other nucleus, i.e., 
—4e/R?=(—e)(0.255)ay-*. The deviation of the num- 
bers in the second column of Table II from 0.255 is a 
measure of the electric field seen by the nucleus. A 
desirable physical requirement is that the energy mini- 
mum with respect to R be self-consistent, i.e., that the 
electric field be zero at the nucleus for equilibrium value 
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TABLE III. Expectation values of two-electron operators for R=1.4ay (units of ao). 





Wave function 


Heitler-London 
Wang 

Weinbaum 

Rosen 
Hirschfelder-Linnett 


0 
0 
0 
0 


Coulson (unshielded) 
Coulson (shielded) 
Wallis (C.I.) 

Wallis (limited ionic) 
Newell 
James-Coolidge 


* Approximate because approximate value of density was used. 


of R. This is the Hellman-Feynman theorem,’ equiva- 
lent to the condition / (d~/AR)Hypdrid7.=0 which is, 
however, difficult to apply in practice.'® 

The derivative of the electric field at a nucleus con- 
sists of two parts, one coming from the other nucleus 
(+e) (2/R*) = (+e)(0.7289)ay* and the other coming 
from the two electrons. The field gradient from each 
electron is, in fact, about one-fourth of the field gradient 
from the other nucleus and of opposite sign. In contrast 
to the electric field, it is easily possible to obtain a wave 
function which gives a value of the field gradient accu- 
rate to 5%. 

The charge density in the neighborhood of the nucleus 
would appear to be in error as far as the electric field is 
concerned, but not with respect to the potential or field 
gradient. This paradox is resolved by considering 
(6(r)), that is, one half the charge density at the nucleus. 
This quantity is given as accurately as the field gradient. 
A geometrical picture will show in what way the charge 
density is in error. Imagine that a small sphere of radius 
6 is constructed around each nucleus. At each small 
distance, dr (/6r| <8) to the right of nucleus B (and to 
the left of nucleus 4) some charge is removed and 
placed at the point —ér. This imaginary operation alters 
neither the charge density at the nucleus nor the ex- 
pectation values of even functions of x, y, or z. However, 
(z/r*) would increase by a term of order 6 whereas (z,’) 
would decrease by a term of order 6°. A substantial in- 
crease in the electric field with an accompanying very 
small decrease in (2.2) would be perfectly in accord with 
experiment. Analytically, this operation corresponds to 
a hybridization in which the p function has an inde- 
pendent and quite large effective nuclear charge. These 
considerations suggest that an excellent charge distribu- 
tion and presumably a fair energy would be obtained by 
using a wave function with three variation parameters: 
two effective nuclear charges for the s, p functions and 
the ratio of the amplitudes of the s and p functions. 

17 R, P. Feynman, Phys. Rev. 56, 340 (1939). 

18 Another desirable physical requirement, the virial theorem 
(V)=-—2(T), is automatically satisfied by incorporating an 
efiective nuclear charge in the trial wave function. 


(xe(1)xe(2)) 


(6(r4(1) )8(r8(2))) 
((ra(1) )o(ra(2))) (6(r4 (1) ))(8(ra(2))) 


0.0364 0.719 
0.0932 0.861 
0.0840 0.569 
0.0960 1.057 
0.0779 0.473 


(1/riz) 


0.529 
0.593 
0.617 
0.649 
0.622 


0.0158 
0.0527 
0.0522 
0.1145 
0.0561 
0.0600 


0.566 
0.656 
0.702 
0.652 
0.611 


0.000 
0.000 
—0.101 
0.399 
0.158 
0.206* 


The values for the field gradient at the nucleus due to 
the electrons vary remarkably little among the different 
wave functions. The better functions do tend to concen- 
trate the electrons along the bond axis so that there is a 
slight tendency for the electronic contribution to the 
field gradient to rise as the binding energy increases. The 
field gradient when calculated from the James-Coolidge 
function might well be a few percent higher than 
Newell’s value; the calculated deuteron quadrupole 
moment would then increase because the /ofal calculated 
field gradient would decrease. 

The quantity ((32?—r°)/r*), which is proportional to 
the anisotropy of the magnetic shielding of the proton, 
is tabulated for use in the future when this anisotropy 
can be measured. Its values over the different wave 
functions are almost as steady as (1/r). 


D. Expectation Values of Two Electron Operators 


In Secs. B and C of part II, the one-electron density 
p(r;) associated with various trial wave functions for H, 
has been inferred from expectation values of one- 
electron operators. In this section we infer some 
properties of the pair distribution function p(r,,r2) from 
the expectation values of two-electron operators. 

Table III presents four different indices of electron 
correlation. The interelectron interaction energy (7197) 
is in a different class from the quantities (z.(1)z-(2)), 
(x-(1)x(2)), and (6(r.4(1) )6(r5(2) ))—(5(r4(1) ))((r (2) )). 
The latter quantities are only different from zero if 
allowance is made for electron correlation in the wave 
function, The energy (ris) is, on the other hand, 
relatively little affected by rather strenuous efforts at 
introducing electron correlation, variations of the order 
of 10% being typical. 

Variation in (z,(1)z-(2)) is much more drastic. Some- 
thing more than merely an effective nuclear charge is 
needed in the wave function and the more complex 
wave functions do show better values for the end to end 
correlation. Full discussion of (z,-(1)z.(2)) and also 
(xe(1)“-(2)) should be postponed until they have been 
obtained for the Newell and James-Coolidge functions. 
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The quantity 


(6(r4(1))6(ra(2))) 


’ 


(6(r4(1))6(r2(2))) 


called the “nuclear correlation,” is suggested by the 
spin-spin coupling constant and proves to have inter- 
esting variations. In general, the valence bond functions 
greatly overemphasize the nuclear correlation; the 
James-Coolidge function shows that there is relatively 
little of such correlation in the actual molecule. The 
nuclear correlation is of interest also because it could be 
easily imposed as an auxiliary condition which a new 
trial wave function would have to satisfy as well as 
minimizing the energy. 

In conclusion, the electron correlation built into a 
wave function affects the expectation values of some 
two-electron operators much more than others.’* In 
particular, the molecular energy is much less sensitive 
than an operator suggestive of the spin-spin coupling 
constant. 


III. APPLICATIONS TO SPECIFIC 
POLARIZABILITIES 


In the second part of this paper, expectation values of 
certain functions of the coordinates were listed together 
with experimental or accurate theoretical results. In 
this way, the various ground-state wave functions, Vo, 
are compared. In this third section, the polarizabilities 
are determined as expectation values of various func- 
tions of the coordinates. Comparison of the theoretical 
polarizabilities with the experimental results raises the 
following question. Are the errors in the polarizability a 
result of the errors in Wo or in the assumed form of the 
first-order variation functions? These two sources of 
error can sometimes be separated if the variational 
procedure leads to expectation values which are known 
from experiment. 

All of the polarizability tensors have been calculated 
by a variation method and indeed more accurately by 
Ishiguro” and co-workers. Our point of view is a little 
different from theirs. Our interest is to see how far one 
can go with a very simple variation function, Wj, pro- 
portional to Wo and to compare the results for a number 
of the well-known wave functions. 


A. Electrical Polarizability 


In the case of an electric field the polarizability tensor 
a, is defined by the equation 
3 3 
Eo-§ & ¥ ané&, (17) 


cml A=] 


E= 


19 Barnett, Birss, and Coulson, J. Molecular Phys. 1, 44 (1958), 
have recently treated the two-electron operator problem from a 
slightly different point of view. 

%” FE. Ishiguro and S. Koide, Phys. Rev. 94, 350 (1954). 

2 Ishiguro, Arai, Mizushima, and Kotani, Proc. Phys. Soc. 
(London) A65, 178 (1952). 

2. Ishiguro, Phys. Rev. 111, 203 (1958). 
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where &, and &) are components of the electric field. 
The polarizing Hamiltonian is just 
Deete'& or H,(6)=), ery. 


For the perturbation function P(&) in H2, we use 
simply 


(18) 


P,(8)=a,er,(1), 
where the a, are variational parameters and r(i) is a 
vector extending from a chosen origin in the molecule to 
electron 7. (For He it is convenient to use the midpoint 
of the internuclear line as an origin.) The energy of the 
electron will be 


3 3 
ESEot+ aN :* 8) a,e(Vo| T.1y | Vo) 


c=] A=1 


+aye(Vo | rr. Vo) 


h? e . 
+4,4,— {Wo} br} Vo) . (19) 
2m 


Throughout this paper, the symbol © will mean that 
the equation is true only for a specific choice of varia- 
tional function. Letting @E/da,=0, one finds 


2m 
a 
Q=— —ay"(rn*); 


(20) 


where ( ) means the dimensionless expectation value of 
a coordinate operator of a single electron over the 
ground-state wave function expressed in units of the 
Bohr radius, ao. Substituting the value of a, back into 
Eq. (18) for the energy, one has 


3 3 
E=E,—} > z & Ey (4a0°) 


«c=0 A=1 


x (rn) (re) +(rn?)) — re) ba} . (21) 


For a molecule in a J state, the coefficients of the &, &) 
vanish for x so that on comparison of Eqs. (17) and 
(21), one has 

Qz2> Qyy= &,~4a,3((x2))?, 


thes = a i=4a,3 ((z.2))?, 


(22) 


c referring to the origin from which x, y, and z are 
measured. & is the polarizability tensor per electron. 
The total polarizability tensor has components twice 
these values plus a correction for the correlation of the 
two electrons: 


a 8a0*{ (x2) +(a-(1)a-(2))}, 
Qa 1 8a0{ (2.2) +(2, (1)z.(2))}*. 


Just these equations were derived long ago by 
Hirschfelder. They are rederived here as part of the 


(23) 


* J. O. Hirschfelder, J. Chem. Phys. 3, 555 (1935). 
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TABLE IV. External field polarizabilities of H. (R=1.4ay). 


Electric dipole polariza 
bility in units of ao* 


Wave function aly 


Heitler-London 

Wang ak2 
Weinbaum 6.18 
Rosen ; 5.04 
Hirschfelder-Linnett 5.71 


16.57 
9.15 
5.01 
6.39 


Coulson (unshielded) 
Coulson (shielded) 
Wallis (C.I.) 

Wallis (limited ionic) 
Nordsieck 


Newell 
Ramsey (exp.) 


Ishiguro et al. (same as exp.) 
Wills and Hector® (exp.) 


4.443 6.107 


«A. P. Wills and L. G. Hector, Phys. Rev. 23, 209 (1924). 


general program of the computation of polarizability 
tensors; Table IV compares the molecular polariza- 
bilities produced by this equation when applied to vari- 
ous wave functions. The polarizability values of 
Ishiguro, Arai, Mizushima, and Kotani were obtained 
by a variation method starting from the eleven-term 
James-Coolidge function and are in complete agreement 
with experiment. One can, however, obtain polariza- 
bilities good to within 5° using very simple wave 
functions. 

The most striking improvement in_ polarizability 
comes from the use of an effective Z>1 in the exponent 
of the atomic wave functions. The charge distribution is 
compressed longitudinally and laterally so that both a, 
and a, are sharply reduced. At this stage a, is accurate 
but a, is off owing to the electron correlation term 
(z.(1)z.(2)). In general, the simple molecular orbital 
(MO) treatments ignore this negative term and give too 
high a value for a, and the simple valence bond (VB) 
treatments exaggerate it so that a, is too small. Im- 
provement of the VB function by adding ionic terms and 
of the MO function by adding configuration interaction 
and ionic character gives excellent results. 

The Rosen function in which the charge distribution 
is longitudinally compressed by s— p hybridization gives 
too small a value of a;,. Although they yield about the 
same dissociation energy (4.0 ev), the charge density of 
the Weinbaum function is distinctly better than that of 
the Rosen function. 


B. Diamagnetic Susceptibility 


In the case of a magnetic field, the susceptibility 
tensor X,, is defined by the equation 


(24) 


3 3 
E=Ey—-} =. i Xo, 


x=1 A=1 


where H, and Hy are components of the magnetic field. 


12.62 


Diamagnetic susceptibility 
in units of a®ao* 
xu? —Xx 


0.0978 1.088 
0.0703 0.841 
0.0650 0.848 
0.0290 0.797 
0.0585 0.814 


~x 44 


1.211 
0.949 
0.910 
0.853 
0.907 


—xiy4 


1.037 
0.767 
0.738 
0.742 
0.744 


1.206 
0.908 
0.982 
0.935 
0.877 


1.044 
0.742 
0.816 
0.761 
0.745 


0.0438 
0.0608 
0.0558 
0.0645 
0.0200 
0.0224 
0.0210 
0.0238 
0.0267 


1.123 
0.841 
0.889 
0.834 
0.820 
0.818 
0.808 
0.806 


0.867 0.731 


0.829 


The Hamiltonian consists of two parts, a static Hamil- 
tonian and a polarizing Hamiltonian: 


1 2 
—D > [reba—ry(k)re(k) JA Ay 
8 mc? «rk 

e 


+— 2 ic (2B) 
, Oe 


2m 


The first term comes from the square of the external 
vector potential 
A.xi(t,) =sHX ri, (26) 

and the second term from the cross products between 
the moments and the external vector potential.” A 
change in gauge will shift the relative weights of the two 
terms in (25) but not their sum. 

Comparing (25) and (24), we obtain the static 
molecular susceptibilities : 


de, _ eee 2 
Xe2t=Xyy' =X,4=— 20a Ye+2, ) 


; ¥ (27) 
X,,°= X\¢= > sai (xe+y2 fe 
The perturbation function P(//) for Hz is chosen to be 


P (H)=aty,2,, 
P, (H)=a1x.2., 


P,=0, 
(28) 


where a is a variation parameter. The form of P(#) is 
explained as follows. The magnetic field induces a 
magnetic dipole in the molecule which is equivalent to a 
current so that the real Wo must be perturbed by a 
complex part which must transform like an axial vector. 
On the other hand, if the magnetic field is parallel to the 
internuclear axis, it cannot perturb the molecule because 
the polarizing Hamiltonian then commutes with Ho. 
From Eq. (13), one finds that the polarization energy 


* The origin of r and r, is the center of the molecule. 
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per electron is 


4 3 € 
E—Fo=¥ ¥ Hels] ——(Wo| Px) + P*(H)ly |W) 
a=l A=1 | 2yec 


h? 
+—W,' VP.*(H)-VP\(H) | Vo) |. 
2m 


(29) 


Inserting the components of 7, one sees that the only 


nonvanishing coefficients of H,/7, are those for x=A=-x 


and x=\=y which are equal. Again setting 0E/da equal 
to zero and solving for a, one has from Eq. (11) 


a=43(a/e)(s2—x2)/(s2+x2), (30) 


, 9\9 


Xoe?= X yp PesePas2—42) (z,°- (31) 
x being the susceptibility per electron. 

Again, we observe that the total susceptibility is given 
by twice the susceptibility per electron plus a correction 
for electron correlation. The latter correction vanishes 
in this particular case so that we have 


° 


Pan Wf (~~ py 3h 2 » 2\2 
X pp? =X yy? =X, Sardy'(2,- — xX") 


(s2+2%2). (32) 

The form of (32) has the following physical explana- 
tion. If Larmor’s theorem were valid, all the electrons 
would be rotating about H with an angular velocity 
w=eH/2mc. The extra kinetic energy of rotation would 
then be directly identified with the diamagnetic energy. 
When the forces acting on the electrons are not central, 
i.e., when there is more than one nucleus, some of the 
charge will not rotate about the field, but will remain 
attached to the nuclei. There will then be a reduction of 
the total kinetic energy and hence, a reduction in the 
total diamagnetic susceptibility, i.e., a paramagnetic 
part. The latter only exists in virtue of the torques 
exerted on the electron by the nuclei. If the distribution 
of electrons were spherical, i.e., if (2.,—«.°)=0, then the 
electrons could rotate independently of the nuclei. For 
the H» molecule, there is a great deal of slippage, i.e., the 
electrons contribute only a small fraction of their share 
to the moment of inertia of the rotating molecule. This 
quasi-decoupling of the nuclear and electronic motion is 
only possible because the electron distribution is not far 
from spherical. 

Equation (32) for the paramagnetic part of the 
susceptibility was first derived by Tillieu and Guy,” 
and is included here for completeness. Although varia- 
tion calculations of electrical polarizabilities were nu- 
merous in the years 1930-1935, it was not until 1954 
that the variation method was applied to magnetic 
polarization. Unaware of the work of Tillieu and Guy, 
Espe”* at the suggestion of A. Bohr applied the identical 
variation method to determine the moment of inertia of 
the electrons in a rotating H, molecule. In view of 
Larmor’s theorem, this moment of inertia is simply re- 

% J. Tillieu and G. Guy, Compt. rend. 239, 1203 (1954); 240, 


1402 (1955). 
261. Espe, Phys. Rev. 103, 1254 (1956). 
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lated to the paramagnetic part of the diamagnetic 
susceptibility. 

Table IV contains the calculated diamagnetic sus- 
ceptibilities. The paramagnetic part contributed only 
about 3% of the total mean susceptibility but this may 
well be a special feature of molecules with nearly 
spherical charge distributions. The static part of the 
susceptibility which depends on sums like (2.2+%,”) is 
obtained within an error of 5% or so by most of the wave 
functions. The paramagnetic part of the susceptibility is 
quadratic in the difference (z,.2—x,2), which is sensitive 
to the choice of Wo. The calculated values for x? illus- 
trate the point that the calculated x can be either larger 
or smaller than the true x. Two values of the paramag- 
netic susceptibility are quoted for the Nordsieck and 
Newell functions. The first is for a one-term variational 
function of the form of Eq. (28); the second is for a 
four-term variational function, 


P (HM) =iszy{ey toy +c32"+csy'}. 


Espe has shown that the convergence of the varia- 
tional procedure is fair; the difference between the one- 
term and four-term result is about ten percent. This is a 
little disappointing in view of future applications. How- 
ever, variations in the small paramagnetic term have a 
negligible effect on the general good agreement of the 
theoretical and observed mean susceptibility. 


C. Nuclear Magnetic Shielding 

The nuclear magnetic shielding is a measure of the 
magnetic polarizability of a molecule. When a molecule 
is exposed to a magnetic field, currents proportional to 
the external field are induced; these currents are meas- 
ured by measuring their energy of interaction with a 
magnetic field. This can be the same external field in 
which case we are measuring the diamagnetic energy 
—$H-xH, or it can be one of the nuclear dipole fields 
within the molecule in which case we are measuring the 
energy of magnetic shielding of nucleus V, —y‘*)-oH. 
For quantum mechanical purposes, we need the same 
function P(H) and in measuring the paramagnetic parts 
of x or o, we are merely measuring different expectation 
values involving P. 

The nuclear magnetic shielding tensor at nucleus .V, 
ox°*?, is defined by the equation 


3 3 
E=Ey—- > ¥ Oa—Ta”)p Ma, (33) 
| 


«k=l A 


where yx‘*’ is a component of the magnetic moment 
vector of nucleus .V. The Hamiltonian for the nucleus V 
again consists of two parts, a static Hamiltonian and a 
polarizing Hamiltonian : 
oe ‘ Lr76x—ra(k)re(R) | 
. a BH 
2 mc? «,d & r,3 
e au 
- a Z I, eine. ,’ 
2mc * a 


(34) 
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where the superscript V may now be dropped. The first 
term comes from the cross products of the nuclear dipole 
and the external vector potentials; the second term 
comes from the cross products between the moments 
and the nuclear dipole vector potentials. A change in 
gauge will again shift the relative weight of the two 
terms but not their sum. 

We are interested in the simultaneous polarization of 


the molecule by the terms 


bas i 


2mc k N ri 


e 
—>¥1,-H and 


2mc & 


(35) 


A minor difficulty arises because the angular momentum 
operators 1, in the two terms are not defined with re- 
spect to the same origin in general. In the first term, the 
angular momenta are defined about the center of the 
molecule because Eq. (26), ie, A=}HXr,(k), has been 
used for the vector potential. On the other hand, the 
angular momenta in the nuclear term are most naturally 
defined with the given nucleus as origin. 

In calculating the diamagnetic susceptibility of He, 
the natural origin is the center of the molecule. With 
respect to that origin, we have determined the wave 
function of the molecule to first order in the magnetic 
field, viz. : 


v=[1+H-P(H) Wo. (36) 


Suppose that we wish to change the origin of the ex- 
ternal vector potential and hence the origin of the 
angular momenta in Eq. (35a). It is mot necessary to 
repeat the variation calculation because the change of 
origin corresponds only to a change in gauge of the 
vector potential, i.e., 


A’=4HX (r.+R)=A+VA, 


(37) 
vxA’=vxA=H, 


where R isan arbitrary constant vectorand A= }r-HXR. 

Now because a gauge transformation obviously alters 
the Hamiltonian, the wave function itself must trans- 
form in order to leave the Schrédinger equation co- 
variant.”” The wave function defined with respect to an 
origin at R with respect to the center of the molecule’* is 


W’=W exp[ (—ie/hc)A ] 

=W exp[ (—ie/2hc)r-HXR]. (38) 
Inserting Eq. (36) for the wave function W defined with 
respect to the old gauge, we have 


w’={1+H-[P(H)—(ie/2hc)RXr]}¥, = (39) 


where only terms linear in H have been retained. To 
calculate the chemical shift it is obviously convenient to 
use an origin at one of the nuclei so that effectively 


27W. Pauli, Die Allgemeinem Prinzipien der Wellenmechanik 


(Edwards Brothers, Inc., Ann Arbor, 1947), p. 111. 
28 R will be +4Rk for the two nuclei of Ho. 
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TABLE V. Nuclear magnetic shielding constants* for various wave 
functions of Hs (R=1. an. 





Function oy? 


Heitler- London —0.59 0.0021 
Wang —0.75 0.0157 
Weinbaum —0.80 0.0117 
Rosen —0.91 0.0350 
Hirschfelder-Linnett —0.84 0.0325 





NNNNN!) 
eesesei* 


—0.57 
—0,82 
—0.78 
—0.98 
—0.95 


0.0030 
0.0251 
0.0162 
0.0214 


Coulson (unshielded) 
Coulson (shielded) 
Wallis (C.I,) 

Wallis (limited ionic) 


NNNNN 
Awuurr 
NRNoOwuUnN 


o = }(2012+201? +0114) 





* All shielding constants have been multiplied ey 105, 


P(H) becomes 


P’(H) = P(A) (ieR/4hc) (xj— yi). (40) 


The paramagnetic part of the nuclear magnetic 
shielding tensor o,,? can now be extracted at once by 
comparing Eqs. (16) and (33): 


rar=(%y 


For Hg, only the terms x= 
so that we have 


e P,'(H) ch 2 
FO ee 
m 


Multiplying by two to obtain the final results?’ for the 
molecule, we have 


at tty? 
wnat), wine) 
r 
-« 
o,°"=—a ‘aee, are 
Gp 
2e—x (2?—2") 
MOISE 
(27+ x?) 


Table V presents the chemical shift calculated from 
Eq. (43) for various wave functions. One is at first 
surprised by the fact that the experimental value of the 
paramagnetic part of the shielding o” is about one-third 
of the total mean a. In contrast, the “high-frequency” or 
paramagnetic part, x”, of the diamagnetic susceptibility 
is only about 3% of the total mean x. The explanation is 
that very little of the experimental ¢? is really of high- 
frequency origin. In calculating «4 we used as an ex- 


ie “Cdk P nH) + Py*(A)L(R) J we). (40 


|mc k rie 


A= or y are nonvanishing 


(43) 


* These results were first given in T. P. Das and R. Bersohn, 
Phys. Rev. 104, 849 (1956). The reader will note that between 1/r 
and what follows the printer omitted a plus sign. The term 1/r 
should have been replaced by (*?+:2*)/r’. 
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ternal vector potential }HXr. To be consistent, in 
calculating o”, we had to do the same thing which 
introduced the large correction term, —a*(R/2)(z/r*). If 
in computing o@ we had used the vector potential 
4H Xr., the results would have been 


_ 2(s—3R) +2" Jere P 
tna ) o,,*4=aX{ — ) (45) 
r r 


and no correction term would appear in a”. 

The correction term itself can be evaluated using the 
principle that the average electric field acting on the 
electron is zero. That is, 


— ha*®R(z/r*) = —a?/4R= —0.951XK10-°, (46) 
which is almost within experimental error of the ob- 
served a”. We therefore infer that the remaining terms 
in Eq. (44) will be negligibly small. The fourth column 
of figures in Table V shows that these terms are highly 
variable between the different wave functions but 
always very small. Ramsey” anticipates that the quan- 
tity ((2?—.a")/r*) may become available and at that time 
these terms may be separately confronted with ex- 
periment. 


D. Spin-Spin Interaction 


1. Choice of the Fermi Hyperfine Interaction as the 
Perturbing Hamiltonian 
The nuclear spins of a molecule can interact either 
directly, by a one-electron mechanism, or by a two- 
electron mechanism.*' The direct mechanism is the 
dipole-dipole interaction between the two nuclei: 


warts 3(ua-Ran) (us: Rav) 
Rp Rip’ 


(47) 


This interaction, while inherently of order a~* compared 
to the electron-coupled terms, effectively vanishes in the 
liquid state because of the random and rapid molecular 
reorientations. 

The one-electron mechanism results from the cross 
products of the nuclear dipole vector potentials: 


e 
~~! (rs (k))-A™ (ra(k)) (48a) 


2mc 
and the simultaneous action of the polarizing terms 


(e/mc) px: A (r4(k)) 
and (48b) 


(e/mc) px: A® (rn(k)). 


Term (48a) involves expectation values of the form 
(r4(k)-re(k)ra*(k)re*(k)). Such terms are inherently 
small because they come from the region of overlap of 


*” See reference 2, p. 166. 
31 N. F. Ramsey, Phys. Rev. 91, 303 (1953). 
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the wave functions centered on atoms A and B. More- 
over, in Hg, the scalar product will change sign in the 
rather appreciable region of overlap. For HD, Stephen” 
has shown that this term is ~2 cycles. The polarizing 
terms, (48b), are also inherently small. They involve 
products of off-diagonal matrix elements of the orbital 
angular momentum operator and the wave function of 
Hp is predominantly of s character. They are small for 
the same reason that the paramagnetic part of the 
chemical shift is so small. 

The two-electron mechanism results from the simul- 
taneous action of two hyperfine interaction energies, 


. ua Xra()) 
osx (BH) 
ra*(j) 
oe) 
rs3(k) 


Ramsey” has also shown that a two-electron mechanism 
analogous to (48b) can produce a spin-spin coupling but 
this is inherently small for the reasons stated above. 
Stephen showed that the total of all such terms was 
0.6-0.7 cycle. 

The hyperfine interaction of nucleus A and electron j 
can be written as the sum of two terms, 


(16/3) Bhy s14°S,6(r4(j)), (49) 


and 


why s{3[S;- ri (AIT "Tz (j) Ira *(4) 


—$j-Tars 3(7)}. (50) 


A considerable simplification will result if we can drop 
the angle-dependent terms leaving only the 6-function 
interaction. The justification for this omission is as 
follows. There are three types of cross products between 
the two hyperfine interaction terms—those involving 
cross products of two 6-function terms, those involving 
cross products of a 6-function term and an angle- 
dependent term, and those involving cross products of 
two angle-dependent terms. In Appendix A it is shown 
that the cross-terms of the second type are negligible so 
we are justified in dropping the third type of term. 

The preceding paragraphs have been preliminary to 
the main task which is to obtain the spin-spin coupling 
constant from products of the 6-function hyperfine 
interaction. The 6-function interaction contributes very 
nearly all of the spin-spin coupling constant because it 
is effective where the electronic wave functions are 
largest and because it does not contain an angular factor 
which could vary in sign. 

2. Methods of Calculating the Spin-Spin 
Coupling Constant 

The spin-spin coupling constant is the coefficient 

(when averaged over all orientations of the molecule) of 


® M. J. Stephen, Proc. Roy. Soc. (London) 243, 274 (1957). 
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I,-Iz in the electronic energy. If the nuclei A, B are in 
chemically inequivalent positions, this part of the 
energy can be calculated in three different ways. One 
method, used by Stephen, is to minimize directly the 
spin-spin coupling energy which is of order yaya. This 
requires that one determine the perturbation of the 
ground-state wave function by the magnetic moments 
of both nucleus 4 and of nucleus B. 

The method which we have used is to minimize the 
part of the electronic energy proportional to ya? in 
order to determine the wave function of the molecule to 
first order in the magnetic moment of nucleus 4. The 
spin-spin coupling energy is then determined by com- 
puting the hyperfine structure of nucleus B in the state 
of the molecule perturbed by nucleus A. A method, 
equivalent in principle, involves the determination of 
the wave function to first order in yg. The part of the 
electronic energy which depends on the nuclear mo- 
ments can be written as 


Jaasyet+JanvarvetJ peye’, (51) 


and the three methods described correspond to mini- 
mizing separately each of the three terms. These 
procedures would be equivalent if the true Wo had been 
used to begin the calculation; if not, one has no criterion 
for preference. It will be interesting, for example, in the 
molecule HF to compare the values for the spin-spin 
coupling constants obtained by the three different 
methods. 

Our method differs from Stephen also in the form of 
the variation function used. In general, one writes for 
the perturbation produced by the term® 


(8m/3)geiBhy aT 4251.6(ra(1)), 


; (52) 
V\i= AalSief 4 (1 )tAsoefa (2) %o, 


where 


Aa= (80/3) geBhy al s:/Cae’. 
For f4(1) Stephen used the function 


sra?(1)+t6(ra(1)), (53) 


whereas we use 


fas) = DS DY Cpr? 


p>1q>0 


where \y=[ra(1)+re(1))/R, wi=([ra(l)—ra(l) J/R. 
Numerical results show that the latter function will 
ultimately fail to be quadratically integrable ; this failure 
is obvious for the former function. The self-coupling 
constants J44, Jee are infinite when evaluated with 
function (53) and have no evident upper limit with 
function (54). The desired experimental internuclear 
coupling, Jz, is perfectly finite and apparently con- 
vergent with either function. The divergence of the self- 


(54) 


% An analogous function can be written for the perturbation 
produced by the /azSiz, JaySiy terms. In the approximation that 
the classical dipole-dipole term is omitted, the spin-spin coupling 
constant will be isotropic so that only one of the terms of the 
scalar product I4-S, needs to be considered explicitly. 
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coupling constants is discussed in more detail in 
Appendix B. In short, the wave function is incorrect 
only in the neighborhood of nucleus A which does not 
effect the spin-spin coupling constant. 

Function (54) exhibits the division of the perturbed 
state into two states of symmetry *2,, and *2, (odd and 
even g, respectively). This division, also emphasized by 
Ishiguro,” results from the fact that the interaction of 
the electron and nucleus has neither even nor odd 
symmetry with respect to the center of the molecule. 


3. General Expression for the Spin-Spin 
Coupling Constant 


The perturbing Hamiltonian can be written as 
KH4j= (89/3) geBhy sacl _ $6 (ra (j)), 

where the 6-function and angular momentum vectors 

are expressed in units of ao? and #, respectively. If we 

consider only the z component of the scalar product and 


let XA = (89/3) gBhys/ea’, we have, for the energy of 
self-coupling of atom A, 


Eaa=2Wo|RartHa2|Va)+Wa|Ho— Lol Wa), 


(55) 


(56) 


where Wa is the molecular wave function perturbed to 
first order in ya. 

The expectation values implied by Eq. (56) must 
now be carried out: 


20! FC ar tH a2] Va) =4(Wo| Far | Pa) 


4 (Wo 6 (tra) Sil Sie f(1)+S22f(2)]|Wo), (57) 


where Eq. (52) has been substituted for V4. 
Summing over the spins, one has 


La (Wo! b(ra (1) LC (1) — f(2) J| Yo). (58) 


Now / can always be written as the sum of an even 
and odd function with respect to inversion in the center 
of the molecule: 


f=faot Sus 
so that the term becomes 


Eas=d0{(6(r4(1) Cf, (1) ful) ]) 


—(6(ra(1))f(2))}. (59) 


After the energy minimization has been carried out, 
the term (W4/3C4i+5C42/Vo) will be the negative of 
(Wa Hy—Ly|W4) so that the self-coupling energy of 
atom A will be just 


Eaa= 5A °{(6(ra (1 Ef, (1 \+ fu(1) }) 


—(6(ra(1))f(2))}. (60) 


The spin-spin coupling energy between nuclei A and 
B is 


Eap=WVotWVa lait K p2| Vota) 
=4(W 9! 5p | Va) 
= 4A sr p(Vo! S16 (11a) (S12 f(1)+S22f(2)} | Yo). (61) 
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Summing over the spins, substituting and dropping the 
explicit Vo, we have 


Aadw{(6(ra (1) fo(1)+ fu(1) J)— (ra (1)) f(2))}. (62) 


In order to compare the expressions for the self- and 
mutual coupling constants, we introduce the obvious 
symmetry relations 


(6(ra(1))fo(2))=(6(ra(1))fo(2)), 
—(6(ra(1)) fu(2))= (ra (1)) fu(2)), 


which are valid because nuclei A and B are in equivalent 
positions. 

Substituting these relations in Eaa and Eg, one 
obtains™ 


Eaa=raX5(ra(1) 0 f0(1)— fo(2) + fut) — fu(2) ]), 
Eap=adn(6(ra(1) 0 fo(1)— fo(2)— ful 1) + f(2) )). 


The rather odd result which emerges can be recast as 
follows: 


(63) 


(64) 


Eaa=}ra(J,t+Ju), 


. 
Rigttdiati on k.). oes 


In actual application the quantities J, and J, gradu- 
ally diverge with increasing number of terms in the 
wave function. Their difference which is essentially the 
spin-spin coupling constant is convergent. 


4. Numerical Results 
Calculations were performed only for the single con- 
figuration molecular orbital with effective nuclear charge 
Z=1.197 referred to previously as Coulson’s effective Z 
function. For this function 
2(Wo|Hart+Ha2| Va) 
=ha?|Wo(A)|* Dep Da Coal (—)*—Au*) ] 
=(2/a)As* Vin Lia Kndpg (66) 
Also 


TY, 
(40 Fol a= (Ws T-—— vs) 
Vo | 


i 


Lp ike , 
=2(¥4/7.— “Wa. (67) 
Vo | 


Substituting Eq. (52) for ¥4, one has 


hay | To 
2 “{v.IC/0)~ £2) Ps 
4 V 


| 
xLf(1) ~ f(2)])¥o). (68) 


Integrating by parts repeatedly, this expression 


* The term “two-electron mechanism” might possibly be 
misleading here because the final result contains both one-electron 
and two-electron terms. The spin-spin coupling constant for HD", 
for example, would be obtained by deleting the two-electron terms 
in Eq. (64). 
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TABLE VI. Spin-spin coupling constant.*:» 





Eas/h cps 


18.75 
29.67 
37.99 
48.13 
58.80 
44.36 
40.89 
32.98 
28.30 





—0.11346 
—0.21131 
—0.25525 
— 0.28490 


—0.30410 —0.42577 





® The experimental value of E4z/h is 42.7 +0.7 cps [J. F. Wimett, Phys. 
Rev. 91, 476 (1953) ]. 

> At each stage of approximation the given p,q was used as well as all 
those preceding. 





simplifies to 
$A.4°(e/a0){| Vi f(1) |?) 
= $d.4°(€?/a0) dp Le Ls’ Lie’ Lg. vale p'a’: 


The total energy of self-coupling of atom A is 


Eaa= ha? (€/a0) 
XD» > ae pe La Ly, p'a'Cp' a t+ 2K pg} C pg. 


This energy is then minimized and the resulting simul- 
taneous linear equations are solved for the cpg. The 
form of L pg, p’q’ is such that g and gq’ must be both even 
or both odd; that is, the equations for cp, with odd q are 
completely separate from those for even g. The results 
for the separate parts of the energy are given in Table VI 
and using (65) the spin-spin coupling constant. 

The divergence of the self-couplings J, and J,, while 
in principle of no consequence, means that the observable 
spin-spin coupling constant is obtained as the difference 
between two divergent quantities. To obtain a con- 
vergent result for the spin-spin coupling constant, one 
must subtract for any p the contributions of adjacent q; 
any other procedure would lead to arbitrary answers for 
the spin-spin coupling constant. 

Our result oscillates in an unhappy fashion. We do not 
at present know whether the oscillation is due to 
numerical error in the calculation or to incorrect treat- 
ment of the divergent energies, or is inherent in the 
variation function. It is encouraging, however, that the 
result is never too far from the experimental value even 
though the calculation used a very simple wave function. 


(69) 


IV. CONCLUSIONS 


Radio-frequency spectroscopy has introduced new 
molecular quantities, the electric field gradient at the 
nucleus, the nuclear magnetic shielding constant, and 
the spin-spin coupling constant. The aims of this paper 
have been, using the hydrogen molecule as a model, (1) 
to show the relation of the new molecular quantities to 
the older ones which do not depend on the existence of 
nuclear multipole moments, and (2) to present new 
methods of calculating these new quantities, especially 
the polarizations. 

The comparison of various expectation values which 
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has been made shows from what diverse viewpoints one 
can approach the hydrogen molecule wave function. 
When new wave functions are introduced for the hydro- 
gen molecule, it will be very helpful to obtain similar 
expectation values to exhibit improvements in the wave 
function. The expectation values have demonstrated 
that the introduction of an effective nuclear charge is of 
overriding importance. In addition, the use of s—p 
hybrid functions with independent effective nuclear 
charges may prove to be a considerable advance in the 
valence theory of simple molecules. 

In this paper, details have been given of our variation 
method for calculating chemical shifts. A variation 
method has been presented for the spin-spin coupling 
constant but in the course of preparing the manuscript, 
very similar work by Ishiguro and Stephen has ap- 
peared. The variation method appears in general to be 
rapidly convergent. This is probably because the virtual 
continuum states are better handled than in the con- 
ventional sum over excited states perturbation treat- 
ment. Also, the choice of a variation function V;= PWo, 
where P contains the variation parameters additively, 
automatically results, as can be shown, in the satisfac- 
tion of the equation 


(VY, (Ho— Ey )¥i+ (3Cy— E1) Vo) = 0. 

In principle one wants the right-hand side of the scalar 
product to vanish identically, but at least a good be- 
ginning has been made with this choice of function. Any 
perturbation method no matter how rapidly convergent 
gives results no better than the Wo from which one 
starts. The variation procedures, because they are 
rapidly convergent, may help to establish the relative 
quality of various trial wave functions. 

The methods given here can be extended straight- 
forwardly to polyatomic molecules whose observed 
chemical shifts and spin-spin couplings can then be 
compared with theoretical calculations. Radio-frequency 
spectroscopy will then supply us with a deeper insight 
into the approximate wave functions of more complex 
molecules as well as of hydrogen. 
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APPENDIX A. CROSS PRODUCTS OF THE DIPOLE- 
DIPOLE AND THE DELTA FUNCTION 
HYPERFINE TERMS 


Consider a hydrogen molecule perturbed by the 
potential 


KHi=— DV gbhyalaSnz 
kal 


[3242(k)—ra2(k) | 


ra°(k) 
2 3 (3 cos@,—1) 


A 
k=1 87r 


(Al) 


We want to determine by means of the equation 


(Ho— Ey) Vi = —H Vo, (A3) 


the first order modification of the wave function. To 
this end we can use one of the Wo determined by the 
variation method and then apply the variation method 
again to obtain an approximate function Y,. An alter- 
nate procedure is to replace the approximate Wo by a 
still cruder approximation and then to integrate Eq. 
(A3) exactly. 

Specifically we assume a single configuration molecu- 
lar orbital function, 


Wo(1,2)=Yo(1)yo(2), 
and let 


¥o(1)=[2(1+S) La (1)+4(1) J 
=[4(1+.S) }ta(1) 
+[2(1+.S) }#(6(1)—Sa(1) J. 


The two terms in Eq. (A5) are orthogonal to each other 
and the coefficient of a(1) is, using Coulson’s Z= 1.193, 
equal to (0.85)!. In other words, 85% of the molecular 
orbital can be written as a 1s function centered an atom 
A. The second term of (A5) is neglected for the present 
approximate purpose. 

The Hamiltonian (A2) contains the angle 6, between 
the vector going to electron & and an arbitrary z axis. By 
means of the Legendre polynomial addition theorem, one 
can write 


(A4) 


(A5) 


(3 cos*?0x4—1)= P2(04)(3 cos*@xka—1), (A6) 


where 6,4 is the angle between the bond axis and the 2 
axis, the 6,4 is the angle between the electron vector and 
the bond axis. 

This equation is not an identity; the terms which are 
lacking have been dropped because they will not con- 
tribute to the final answer. We only wish to obtain, for 
Yi, the d function which is of o symmetry about the 
bond axis. 

The wave function 

(1+.5)Z543 
vu(t)=| 9 e72ria (A7) 


us 


is the 1s function of a pseudohydrogen atom with an 
energy 
Ky= —Ze?/2ao. 
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When this ¥o”* and Fp are substituted in Eq. (A3) one 
obtains 


(1+$)Z*7 
v.-[- — “|e eu 14 
2r 


In the state perturbed to first order by the dipole- 
dipole interaction of an electron with nucleus A, we 
must compute the energy of interaction of the same 
electron with nucleus B. If we let 


xC,’= (84/3) geiBhy el pS.5(tr(1 ))= pd (rp (1 )), 


Zra(l 


) 
— )P.0o). (A8) 
3 


(A9) 


then we desire the term containing A4\z in the energy 
which is 


AY, 1H’ | Wo) = 4a (rs = R)A\pYVo(rg=0). (A10) 


Evaluating this expression by means of (A4) and 
(A8) one obtains for the spin-spin coupling energy 


1 Z ZR 
AuAB e (14 = Jie ZR) P.(64), 
3 


4dr” 
which is equal to 


4.0P (64 Tal pz cps for HD. 


This particular interaction vanishes for an HD molecule 
subject to rapid collisions in a liquid or a gas because of 
the averaging of P2(@4). However, the magnitude sug- 
gests that the dipole-dipole interaction is not important 
for the spin-spin coupling constant. This is further 
shown by the almost isotropic J tensor obtained by 
Stephen. We conjecture that the argument holds gener- 
ally for spin-spin coupling involving the hydrogen atom 
and perhaps even still more generally for atoms whose 
valence electron is mainly s-like. 


APPENDIX B. DIVERGENCE OF THE 
SELF-COUPLING CONSTANT 


The divergence of the self-coupling constant J 44 and 
the apparent singularity of the wave function are at 
first sight disturbing. We must first remark that the 
6-function interaction is derived from the same potential 
energy as the r~* dipole-dipole term. As a formal matter, 
the r~* term does not permit a stable bound-state 
solution. The mathematical inference is that the hyper- 
fine interaction term cannot be applied without change 
to all orders but must be modified. Physically, the 
trouble comes from the assumption of a point proton 
magnetic dipole. 

Investigations performed on the hydrogen atom itself 
help clarify the situation. For the present purpose, we 
are interested in all corrections to the hyperfine struc- 


AND 
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ture of magnitude 
(O| Huts | 2)(2| Hnts | O) 
Eo— En 


’ 


which means corrections of order a?m/M to the hyperfine 
interaction. These corrections can arise from different 
sources including (a) recoil effects of the nucleus in its 
interaction with the electron, (b) finite size of the 
nucleus which changes the interaction at distances of 
the order of a meson Compton wavelength, and (c) 
virtual emission and absorption of a photon by the 
electron while it is interacting twice with the nuclear 
moment. 

These contributions are presumably beyond the limit 
of present experimental accuracy in determination of 
the hydrogen atom hyperfine structure interaction. 
Contributions of type (a)** and (b)** have been evalu- 
ated only up to terms of order am/M. The proton recoil 
terms were shown to originate from virtual photons with 
energy greater than mc? and to diverge logarithmically 
with photon energy. Moreover they depend on the wave 
function of the hydrogen atom only in the form |y(0) |? 
so that the considerations would be almost identical for 
a hydrogen molecule. The third contribution, (c), the 
electron size effect, is finite but is a correction to the 
Lamb shift rather than the hyperfine structure because 
it is proportional*’ ** to [7S?, 

The divergence of the self-coupling constant for the 
hydrogen atom is due ultimately to our inadequate 
knowledge of the charge distribution of the nucleon. A 
more nearly correct theory will modify the interactions 
and wave functions only at high momentum, that is, 
only at distances of the order of 10-” cm from the 
nucleus; this local modification can hardly change the 
wave function at distances of the order of 10-* cm, i.e., 
at the other nucleus. The self-coupling energy of the 
atom, whether it diverges logarithmically (relativistic 
treatment) or linearly (nonrelativistic treatment), is in 
any case to be differentiated from the desired spin-spin 
coupling energy. The wave function, which is incorrect 
at very short distances and gives an incorrect, indeed 
infinite, value for the self-coupling, will nevertheless be 
correct at large distances and give the correct value for 
the spin coupling constants. 

%R. Arnowitt, Phys. Rev. 92, 1002 (1953); W. A. Newcomb 
and E. E. Salpeter, Phys. Rev. 97, 1146 (1955). 

86 A. C. Zemach, Phys. Rev. 104, 1771 (1956). 

57H. M. Fried (private communication). 

38 One might expect a contribution to the spin-spin coupling 
constant from terms of type (c) in which an electron emits a 
virtual photon, interacts with the magnetic moment of nucleus A, 
then with that of B, and then absorbs the virtual photon. Such a 
process, however, can only make an appreciable contribution when 


the nuclei are simultaneously within a distance h/mc of the 
electron. 
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The cross section of a radiationless electronic spin-state transition (triplet-singlet transition) of two col- 
liding, unexcited, hydrogen atoms has been calculated for low relative velocities. ‘The low-velocity limit of 
this cross section exhibits a logarithmic divergence and decreases rapidly to a value of the order of wry? 
(ro=classical electron-radius e?/4rmc*) with increasing energy of relative motion. 


1, INTRODUCTION 


N this paper we investigate a collision-induced non- 

radiative triplet-singlet transition of two hydrogen 
atoms at low impact velocities. The transition is caused 
by the spin interaction between the systems, an inter- 
action which is ultimately due to an exchange of 
transverse photons between the various particles (see 
Sec. 2). This transition, which can be realized experi- 
mentally by crossed beams of polarized hydrogen atoms, 
is interesting from the point of view of resonance col- 
lisions. It is well known! that resonance collisions are 
rearrangement collisions in which the internal energy 
of the colliding systems is redistributed without causing 
any change in the kinetic energy of the relative motion. 
Usually the transition probability of such a reaction is 
directly proportional to the time the colliding systems 
spend within each other’s interaction sphere, so that 
the corresponding cross section behaves as v~! even for 
very small velocities, 2, of the relative motion. The 
specific reaction we are considering here has some 
similarity to a resonance collision inasmuch as the state 
vector of the system undergoes a transition without 
any change of the kinetic energy. On the other hand, it 
also has some similarity to an ordinary elastic scattering 
since the state of each hydrogen atom separately is not 
altered. It is only the symmetry of the wave function 
of the combined system which is changed, the electrons 
staying in the ground state throughout. It is therefore 
interesting to note, as we are going to show in part 3, 
that at low velocities the cross section of the spin-flip 
transition considered here tends logarithmically to 
infinity. This behavior is exactly intermediate between 
that of a true resonance collision (~7~!) and that of an 
elastic scattering, the latter tending toa finite limit as 
v approaches zero. 

However, except for the logarithmic divergence of 
the cross section which is more or less of academic 
interest since it makes itself felt only at extremely small 
relative velocities (temperature equivalent <0.1° K), 
the spin-flip cross section is rather small. The prob- 
ability of a spin flip per encounter, given by the ratio 
of the spin-flip cross section to the elastic scattering 
cross section, turns out to have the value 10~"’ for 
velocities greater than 1° K temperature equivalent. 

1H. S. W. Massey and E. H. S. Burhop, Electronic and Tonic 
Impact Phenomena (Clarendon Press, Oxford, 1956), p. 442. 


In Sec. 2 of this paper we shall derive a general 
formula for any radiationless spin-dependent transition 
involving an arbitrary number of fermions. In Sec. 3 
we shall apply the result of Sec. 2 to the specific problem 
at hand, namely the scattering of two polarized unex- 
cited hydrogen atoms accompanied by spin flip of one 
of the electrons. 


2. NONRADIATIVE TRANSITIONS OF A SYSTEM OF 
FERMIONS DUE TO SPIN INTERACTIONS 


The spin interaction of charged fermions is usually 
obtained from semiclassical considerations? or from the 
Breit equation.* We wish to give here a brief account of 
radiationless transitions due to this interaction. We 
start with the Schrédinger equation of a set of Fermi- 
Dirac particles coupled to the quantized transverse 
electromagnetic field. The equation of motion is 


hoa 
( + Het Hirt Ht Hine )O=0. (1) 
i dl 


Here He is the Coulomb interaction of the particles, 
Hp is the particle Hamiltonian (see below), Ht is the 
energy of the free photons, and Hinter finally is the 
interaction energy between the particles and the photon 
field : 

H inter=¢ Don On‘ A(fn), (2) 


where A(r) represents the quantized vector potential 
and a, are the usual spin matrices of the mth particle. 
The particle Hamiltonian is given by 


he 
Hp=> | MCB nr+@n’ (—v.+eaee.) , (3) 


1 


where the sum extends over all particles with masses m, 
and A® is a prescribed external field. The vector poten- 
tial A in turn is given by 


he \? ep d*k 
A(r)=( ) Ye (ay +a_,tyeik-t, (4) 
Vk 


Here e,‘”’ are unit vectors in direction of polarization, 
2H. A. Kramers, Quantum Mechanics (North-Holland Pub- 
lishing Company, Amsterdam, 1957). 
3H. A. Bethe and E. E. Salpeter, Encyclopedia of Physics 
(Springer-Verlag, Berlin, 1957), Vol. 35, p. 256 ff. 
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k is the wave vector (k-e,.'=0) and a”, a”! are 
the usual annihilation and creation operators of the 
photon field which satisfy 


Cag” ay ("t= 5,5 (k—R’). (5) 


All other commutators vanish. 
We solve Eq. (1) with the following ‘“‘ansatz”’: 


=>, d*k,- . -d*ky gn (T° ° ‘fat; kin: “ -kyry) 
N 


XK Qy (kin: + -kwry), (6) 


where Qy is eigenvector of Hi, 


N 
H,,Qn (kin: “ -kyry)= he > |k,, | Qn (kin: . -kwry). (7) 


n=l 


Inserting Eq. (6) into Eq. (1) and eliminating the Q, 
gives a system of coupled integro-differential equations 
for the amplitudes gy. Truncating the series (6) for 
\=N’ leaves us with a set of .V’ coupled equations. 
This is the well-known V’th Tamm-Dancoff approxi- 
mation. 

Let us define the complete set of orthogonal functions 


vm by 


te) 
+ Het Hr Wu=0 (8) 
l 


h 
iss 
Ym=e 
(—Ent+He+HrWn=0. 


We now impose the following initial conditions on the 
amplitudes gy of expansion (6) in the remote past : 


so that 


ith) Eo} (r++ En), (9) 
with 


(10) 


a ; kir;: . -Kyry) 


= yw Pmd(ki—ky’)- - -6(kw—ky’). 


gn(t -*Fa,y — 
(11) 


The meaning of Eq. (11) is obviously that the system 
of particles is in a definite state as given by (8) and 
that furthermore there are V’ photons with specified 
momenta k,,’. 

The probability then that at time ¢ the system is in 
the state Ym. Qy- with specified photon momenta and 
polarization is obtained from the square of the following 
matrix element : 


(Wm’ gn (ty nam Fn,t; kyr: . ‘kyerye) , (12) 


from which the corresponding transition probability 
may be obtained by taking the limit ‘= + © (see below). 
Being interested in nonradiative transitions we assume 
that initially no photons are present : 


for V:¥0 
for /=— =. 


for V=0 


o=Vmn 


We assume further that two-photon amplitudes may 
already be neglected (first Tamm-Dancoff approxima- 
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tion). The expansion (6) reads in this case 


= go(Ti- + Tn,t)Qo 


+>° for gi(t: ¥ ‘In,t; k)Q,(k,r). (13) 


Inserting this expression into Eq. (1) and observing 
Eqs. (4) and (5) gives the following set of equations for 
the amplitudes go and ¢;: 


hoa hc\* 
(- —+He+Hethek )or= -(=) D_“(k) go, 


i Ot 
(14a) 
hoa 
(- <+Ho+Hr) ¥o 


1 Ol 
hey? 
--(-) y fos D,” (k) ¢1, (14b) 


Dg") (k) = (20) ans eget, (14) 


The system (14) is to be solved together with the initial 
conditions 
(15) 


(16) 


¢gi(t: **Fe, —o;k, r)=0, 
= Wm. 


Expanding ¢; with respect to the set J» [Eq. (10) ], we 
have 


go(t1-** Tv, — ©) 


¢gi=Don bWn, (17) 


ha hey) _ 
(- “+ Exc hick )by= -(-) (Wn| D_‘”(R)| go). (18) 
i al 


1 


The initial condition (16) for ¢g; is satisfied with the 
following solution of Eq. (18): 


efhc,' rt 7 etl(t—#) 
b,=—lim -(- ) f af d{! ----—-—--- 
0 A\ 2 x _» I+E,/h+chk—ie 


X (n| Dg’), (19) 


where the prime on gy’ indicates that it contains /’ as 
an argument. ¢p is, to first order, 


go=Wmew thm ad (20) 


according to Eqs. (14) and (16). Inserting Eq. (20) into 
(19) and performing the indicated integrations yields 


eshcy' _ . 
b,= ~{-) (Wm |D_(k) Pm) 
hX\2 


e! tEm/h 


Ke ——-, (21) 
h(E,—Em)+ck—te 
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from which it follows that ¢; is simply given by 


i= don bn 
eshey' 
-—-(=) [(H—En)/h+ck+ie} -D_© (km, (22) 
Ui 


with H=Hce+H)p. 


Equation (14b) now gives 
hoa ec . 
(- <+H w= — > | d®k Dy“ (k) 
1 Ol dr; 
XL(H— En)/h+ck+ie}'D” (Rm. (23) 
Expanding again 


go= Lr ar, (24) 
we have from (23) 


ho 
( +hi)a 
i Of 


ec 
Y foe D,” (Rk) (H— Em)/h+ck}"! 
dr: 


X D_© (Rk) \Wm), (25) 


with the initial condition (from 15) a;(— ~)=6ym so 


that analogous to Eq. (19) for /#m, 


aude -f aif ai 
0 Arh vr 1 —1e 


xx f dk (y| Dy"'(k) 


X[(H—Em)/h+ck}D_”(R)|Wm’). (26) 


Performing the integration both over / and /’ in the last 
expression and multiplying by e““/”)/*: we obtain, for 
the transition amplitude of a radiationless transition 
from state Ym to state y, in the limit /=+, 


ec 
A tm=ayeit®! me ford D,°)(k) 
ah + 


X((H—Em)/ht+ck}"'D_ (k) bm) 
eit(Et-Em h 


xX lin ——— 


Pee 41), 
$2.0 (Ey — Em) ‘h—ie 


The limit which occurs in (27) is given by* 
erat 


lim lim —— 
t=+e e=+0 7 — 16 


=2716(a). 


Further reduction of the matrix element (27) is easily 


4J. M. Jauch and F. Rohrlich, The Theory of Photons and 
Electrons (Addison-Wesley Press, Cambridge, 1955), p. 464. 
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done, noting that ck>(H—E,,)/h at least for low Z.° 
Together with the defining equation (14c) for D,, the 
integration over k yields 


Fi— En 
Ain i > Boi 09 F ° ), (28) 
nen’ 1 


‘Tan’ 
, (29) 


with® 


9 


e An Tan’ Ay’ 
> 
Ban = O° Wy + 
9 
Saran’ Trn’ 


the Breit operator and fyzy=f,—frny the relative 
distance between the particles m and n’. The transition 
probability follows from (28) in a standard manner’ 
and is given by 


Pin= a1 thi im Bias n’ Wm | )|26(E_— E)). (30) 


nan’ 


3. CALCULATION OF THE CROSS SECTION FOR SPIN 
FLIP OF TWO HYDROGEN ATOMS 


The particular reaction for which we wish to apply 
Eq. (30) is one in which two hydrogen atoms with 
aligned electronic spins are scattered by each other and 
simultaneously the spin of one of the electrons is 
reversed. More specifically, it is an elastic scattering of 
two unexcited H atoms accompanied by a triplet- 
singlet transition of the electronic state. Because of the 
smallness of the nuclear magnetic moment we shall 
assume the nuclei to be unpolarized. Since we are inter- 
ested in low velocity encounters, we shall use the Pauli 
approximation for the matrix element (¥:| Bun’ | Wm) 
responsible for the transition. The passage to the non- 
relativistic limit is amply described in reference 3. 
Particularly the following expression is obtained for the 
Breit operator in this approximation : 

e 


Ban = (VitV 


4ar(2m,m,"C") 


. 1 Pn’ Inn’ Pn’ * lan’ 
J [- (boot ) 
Inn’ Ty a” 


is the orbit-orbit interaction, 


h h 
(Ean? XP): Cy’ — 


3 3 
Vina?" Inn’ 


2 + J 3), 
where 


(31a) 


(fan XPn'):on (31b) 


the spin-orbit interaction, and 


4a 1 
V3= a ( 6°(Fan')— ) 
5 2rnn’* 


Sh On’ Inn'On’ * lan’ 
; (31c) 


2 Fant” 


> Reference 3, p. 258. 
6 The factor 1/4m is due to the choice of Heaviside units. 
7 Reference 4, p. 164. 
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the spin-spin interaction, with p= (4/1)V, and 
@ = (02,0 y,02) 


the usual Pauli spin matrices. The operator (31) acts 
on two-component Pauli spinors which in turn satisfy 
the nonrelativistic counterpart of Eq. (8). 

Denoting the two protons of our system by A and B 
and the two electrons by 1 and 2, we have six different 
interaction operators B,,,, corresponding to the possi- 
bilities Bap, Bar, Bas, Bai, Bao, and By. We neglect 
Bag at once since it is smaller than By, etc. by the 
ratio m/M, where m is the mass of an electron and M 
the mass of a proton. Before proceeding with the actual 
evaluation of the matrix element, the wave functions 
of both the initial and the final state have to be 
obtained. 


a. The Wave Functions 


The equation satisfied by the wave functions is the 
ordinary Schrédinger equation® for a two-proton, two- 
electron system (A%*=(): 

[ —(h?/2M)(V 42+ 2?) — (h?/2m) 
K(V2+V2)+HcWP=EY. (32) 


For the following calculations we use a spherical coor- 
dinate system with its 2 axis along the vector 
R=r4—rz, the relative distance between the nuclei. 
Furthermore we denote the spin functions by 5(1,2) 
and S$(A,B) for the electrons and nuclei, respectively. 
Defining a and 8 by o,a=a and o,8= —8 as usual, we 
have four possible configurations for each S. They are 


S1'(1,2) = (1/2) (ai82—Bia2) singlet, 

S,3(1,2) =ayae 

S23(1,2) = 6:82 

S3°(1,2) = (1/ V2) (a182+Bia2) 
and corresponding expressions for the nuclear spin 


functions $(A,B). 
The initial wave function may then be written as 


Vn= 


triplet, (33) 


Ra U(r 1,0B)Sm"(A ,B) 


XwWa(ti,82; Fa,0e)Sm°(1,2). (34) 


Here Yj, is the antisymmetric electronic wave function’ 


whereas X,‘4) is the nuclear wave function which is 
symmetric if »=3 and antisymmetric if n=1. X,‘* 
satisfies in the center-of-mass system 


[VeR2— (M/ h?)v4 (R)+k x, 4 = 0, (35) 
where v4(R) is the repulsive interaction potential 
between two unexcited H atoms and k?=ME/h’. 
According to (33) and (34) there are 3X4=12 possible 
initial states, 4 for each electron spin state S,,*(1,2). 


5 Neglecting a small spin-dependent contribution which can be 
shown to have no effect on the transition considered. 
* Ya is also antisymmetric in the nuclear coordinates r4 and raz. 
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The final state may be represented by 


Vi=Xn >) (r4,08)Sm"(A,B) 


XWs(r1,82; r,t) S1'(1,2), (36) 


where Ws is the symmetric electronic wave function and 
X,‘*? the nuclear wave function satisfies (again in the 
center-of-mass system) 


[Ve — (M/h?)vs(R) +R 1X, =0, (37) 


with vs(R) the attractive interaction potential between 
two unexcited H atoms. X,S) is symmetric if »=1 and 
antisymmetric if n=3. Its symmetry behavior is op- 
posite to that of X,,“? since the electronic wave function 
Ws has the opposite symmetry of 4 with respect to the 
nuclear coordinates r4 and rg. Both X, °° and X, 
belong to the continuum of scattering states. There are 
four possible final state wave functions (37) corre- 
sponding to the four possible nuclear spin states 
Sm"(A,B). 

For the electronic wave functions we used simple 
Heitler-London type orbitals. More specifically, we 
assumed for Ys and ¥,4 (in atomic units) 


= (29? N+)—3(e7 (ratte) 4 @~(raztrn)) (38) 


Wa 


with V+=1+(1+R+R’)e*, the normalization factor. 
Wang” showed, using hydrogen-like orbitals e~*” with 
adjustable screening parameter a, that the effective 
nuclear charge Z is not very different from unity. The 
wave function (38) is therefore sufficiently accurate 
for our purpose. 

For the nuclear wave functions satisfying Eqs. (35) 
and (37), respectively, we made the following approxi- 
mations which are entirely satisfactory for our purpose. 
The repulsive interaction potential v4(R) for the initial 
state has been replaced by a hard core, 


04(R)=0 for R>2 


=e for R<2. (39a) 


Similarly for the final state, 


Us (R) =(0) 


= ce 


for R>0.6 


for R< 0.6. (39b) 


Figure 1 shows the actual interaction potentials to- 
gether with the approximations (39). The wave function 
X,‘“) is now given by a solution of Eq. (35), with v4(R) 
replaced by (39a), which behaves as a plane wave plus 
outgoing spherical wave for large internuclear separa- 
tions. It is, in atomic units, 


4 

TT 

x,,(4)(R) = (=) >, (21+-1)1!A 
2kR/ 1 


X (Jin 3(RR) —aiJ_1-4(RR) ]Pi(cosé), (40) 


1S, C. Wang, Phys. Rev. 31, 579 (1928). 
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Fic. 1. The interaction potential between two hydrogen atoms. 
The solid lines represent the actual potential energies as calculated 
by A. S. Collidge and H. M. James Pr. Chem. Phys. 1, 825 (1933) ; 
6, 730 (1938) ]. 


where J is the Bessel function and 
A,WH=[14+(- 1)'%a, J, aq=Jy 4 (2k), 2 4(2k). (40a) 


The summation runs over all even integers if n=3 
(symmetric case) and it runs over all odd integers if 
n=1 (antisymmetric case). 

The wave function X,*) for the final state, on the 
other hand, is a solution of Eq. (37), with vs(R) 
replaced by (39b) which behaves as a plane wave plus 
incoming spherical wave for large internuclear sepa- 
rations." It is, again in atomic units, 


T } 
x,0=() C+ ity 
2kR 


l 


XLJi44 (RR) —a,'J- 1-4(RR) |P (cosa), 
AfO= [1 a to 1)ia/ }", 
ay’ =J14;(0.6k) ‘J _1-4(0.6k) 


(41) 
where 


(41a) 


and 

cosa= cos6 cos6’+siné sind’ cos(¢—¢’). — (41b) 
Here again the summation runs over even (odd) 
integers if the wave function is symmetric, n=1 (anti- 
symmetric, »=3). The polar angles 6’, ¢’ in (41b) 
define the direction of the scattered wave relative to 
the incoming wave. For low velocities it is sufficient to 


1 The use of incoming rather than outgoing spherical waves as 
a boundary condition for the final state can be shown to be correct 
under the assumption that the final state contains only a plane 
wave at t=-+o [G. Breit and H. A. Bethe, Phys. Rev. 93, 888 
(1954) ]. 
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take only the first partial wave of the expansions (40) 
and (41) so that we have the choice of two different 
initial and two different final nuclear wave functions 
depending on the symmetry involved. They are, for the 


initial state, 


Xs'4) = (RR)“"e-?* sink(R—2), 


—-3i¢r\i 
X,4A= (=) [J3(RR) — a:J_;(RR) | cosé 
1—ia,\2kR 
with 
a= J 3 (2k) /J_4(2k), 


and for the final state 


X5(5) = (RR)-let-6ik sink(R—0.6), 


—3i r \i (43 

X4 (5) =——— (~) [J (RR) —ay'J_;(RR) | cosa, 
1+ia,/\2kR 

with 


a,’ = J;(0.6k)/J_;(0.6k). 


Collecting all results, we see that the wave function 
for the initial state is given by Eq. (34) together with 
Eqs. (38) and (42), whereas the wave function of the 
final state is given by Eq. (36) together with Eqs. (38) 
and (43), 


b. Determination of the Matrix Element 


In evaluating the matrix element responsible for the 
transition between the states specified in the preceding 
section due to the interaction (31), considerable simpli- 
fications arise from the inherent symmetry of the 
problem. First of all we notice that there are no con- 
tributions from the orbit-orbit interaction V,; of Eq. 
(31a) since V, does not contain any spin interaction and 
the transition considered changes the multiplicity of 
the states involved. Furthermore the interaction 
operator By, representing the coupling between the two 
electrons also does not give any contributions to the 
matrix element as can readily be seen from symmetry 
considerations. Hence our task is reduced to the evalu- 
ation of the matrix elements of the following operator: 


V = Veot Vs, 
Vo= V2(A 1) +V2(A,2) + V2(B,1) + V2(B,2), 
Vos= V3(A,1)+V3(A,2)4+V 3(B1)+V 3(B,2). 


(44) 


The argument indicates the various particles involved. 
Vs. represents the spin-orbit and V,, the spin-spin 
interaction [ Eqs. (31b), (31c), respectively |. A straight- 
forward application of the theorem of conservation of 
angular momentum [the interaction (31) commutes 
with both the total angular momentum and its z com- 
ponent] reveals then that the spin-orbit coupling V.. 
possesses only two nonvanishing matrix elements in our 
approximation which consists of neglecting all com- 
ponents of the nuclear wave functions with angular 
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momentum / 2 2. The 2 possible transitions are 
{5v°1,2) 


(45) 
| 543(1,2) 


S)'(A,B) — S'(A,B)S,'(1,2). 


The notation has been defined in Eq. (33). The two 
transitions (45) are accompanied by a change of the 
orbital angular momentum from /=0 to /=+1. The 
spin-spin interaction V,,, on the other hand, gives rise 
to the following possible transitions between any of the 
12 triplet states, Eq. (34), and any of the 4 singlet 
states, Eq. (36): 


S:(A,B) S;(A,B) 
Px fy 
S,5(A,B) 4,B) 
S\(A,B) [5:*(A,B) 

}xsie(12) 11( 

S:5(A,B) | 5\(A,B) 
) S:5(A,B) 
}xs8012) — 
S:(A,B) 


S,°(A,B) 

The actual evaluation of the matrix elements between 
the spin states specified by Eqs. (45) and (46) proceeds 
then in a straightforward manner. After some calcu- 
lation it is found that the operator Vo leads to the 
following matrix elements for the two transitions (45) . 


(46a) 

9 Postth 
(46b) 
(46c) 
(46d) 
(46e) 
(46f) 


1,2), 


S}(A,B 
jsut 1,2). 


he 
M.=- fuoaur 
v2 (24mM cay") 
XK £4X% 54) (R)dR, 


with 


1 cosé 
U(R)=— | dy —e R 
Qn r? 


1 
=—[1—(14+2R+2R%)e2"], (48) 
2R? 


L4=0/0x4+10/dya4. (49) 
The nuclear wave functions are specified by Eqs. (42) 
and (43). M, corresponds to the first and M_ to the 
second transition (45). The factor ao (a)=Bohr’s 
radius) is due to the use of atomic units. The operator 
V.s, on the other hand, gives rise to the following 
matrix elements: Transition (46a) leads to 


he? 


M,=— fus (R)*fi(R)X4 (R)GR. (50) 


2emMc?a,* 
Transition (46b) leads to 
he? 


ae fxs er paxs DER, 
TMM C*ao 


2 1 1—3 cos*é 
fi(R) =-e-7* —- for 21 RI 
3 4a ; 


r 


with 
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Transitions (46c) and (46e) lead to 


he? 
M,.=—-—— 
aemM cae? 


_f X4(9)(R)* fo(R)X4) (RGR. (53) 


Transitions (46d) and (46f) lead to 


he? 
M.{=————_ 
2amM c?a,* 


—jsinO 
falR)= wi ae fa r— er 


The integrals over r defining /,(R) and f.(R) are sin- 
gular. They can easily be made convergent by excluding 
from the integration a small sphere with center at the 
origin and radius ¢« and taking the limit e=O after 
having performed the integration.’ This integration is 
sketched in Appendix I. The result is 


fxs playrs RR, (54) 


with 


(55) 


2 1 

fa(R) =~e?® + —[1 — (142R+2R%)e#*], (56) 
3. QR 

y) 


2 1 
fo(R) =-e-?*® ——_[1— (14+2R+2R*)e?*]. (57) 
3 R’ 


The further evaluation of the matrix elements is 
greatly simplified by the fact that the initial nuclear 
wave function x? is zero for R< 2 (the strong repulsion 
does not allow the particles to approach each other too 
much). We are therefore able to neglect all terms con- 
taining the exponential e~°” to a good approximation. 
Inserting the expressions (42) and (43) for the nuclear 
wave functions into the matrix elements (47), (50), 
(51), (53), and (54), and performing the angular in- 
tegration, leads (with the abbreviation 4 =-e*h?/ 
2mM c?a¢*) to 

M .=4}AL(k) sin6’e*'*’, 


M,=2M2=AF(k) cos6’, 
M,'=2M,'=AG(k), 


(58) 
(59) 
(60) 


where 
—2ik wa 


€ 
(a) = f (wu) J(u) —ay'J_4() | 
2k 


1 —10) 
sin (u— 2k) 
Ce) 
u 


fi: Liu(«) a(x) 


x [J3(u) a ana 
Th 


F(k)= 
(1—#,)(1—éay) 


(62) 


vg du 
G(k) =2e on | sin(w— 2k) sin(w—0.6k)—, (63) 
2k 


u* 
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k=Mvao/V2h is the wave vector in atomic units and 
6’, #’ are the polar angles defining the direction of the 
scattered wave with respect to the incident wave. 

We are now in a position to actually compute the 
cross section of a spin-flip reaction for a polarized beam 
of atomic hydrogen. Since we are dealing with un- 
polarized protons we have to average over all possible 
initial proton spin states and to sum over all final ones. 
The total collision cross section is then obtained in the 
usual manner by evaluating the transition probability 
according to Eq. (30), integrating over all possible scat- 
tering angles 6’, ¢’ and dividing by the current density 
of the incoming beam j=hk/M (normalized to unit 
volume). It is found after some calculation that for an 
electronic transition S;°(1,2) — S,'(1,2) the total spin- 
flip cross section is 


v 
=n PE+IGH|}, (6 
6 


whereas for the electronic transition S;°(1,2) — S,'(1,2) 
and §.°(1,2) — S;'(1,2) the cross section is 


Or= "rth LD [P+] FCB) +2 /G(8) 9. (65) 


In formulas (64) and (65), ro=e?/4amc? is the classical 
radius of the electron. In order to evaluate the 3 func- 
tions L, F, and G, we note that 2k=0.244,/T, where 
T is the temperature in °K of the colliding particles so 
that for small T the integrals (61), (62), and (63) which 
define L, F, and G may be expanded into a power series 
in 2k. The result of the somewhat lengthy calculations 
is listed in Appendix II. 

To obtain the final result, namely the cross section 
for scattering of two polarized beams of hydrogen atoms 
accompanied by spin flip, we still have to perform an 
averaging process. For, let us suppose that the two 
crossed beams of H atoms are polarized in a space- 
fixed Z direction. The electronic spin function may then 
be represented by 


S(1,2) =a;(Z)ae(Z), (66) 


where a(Z) is the “spin up” wave function for the Z 
direction, defined in exactly the same way as the ‘‘spin 
up” function a we used, which was associated with the 
direction of relative motion R. The spin function (66) 
can easily be expressed as a linear combination of the 3 
symmetric spin functions used previously. Denoting the 
polar angles which determine the direction of relative 
motion R with respect to the Z direction by 6s and ¢s, 
it is 

S( 1 2) =a, )5( 1 2) tao ( 1 2) +a353°(1 2): (67) 
with 

a,=cos*(05/2), 


a2=e~?'*8 sin?(s/2), (68) 


a3= V2 cos(@s/2) sin(6s/2). 
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Fic. 2. The spin-flip cross section Q as a function 
of relative velocity. 


It follows immediately from (64), (65), and (68) that 
the total cross section for spin flip is given by 
QO= (ar |?+ |a2|?)Q2+ |a3|°O1. 


In the special case 0s=2/2 (polarization perpendicular 
to the motion), we have from (69) 


O=43(Qi+02). 


Observing Eqs. (64) and (65), we get in the special case 
of perpendicular polarization 


(69) 


(70) 


Tv 
O= rtd L)|*+8)F@)|*+$/G()|}. (71) 


From Eq. (A4) of Appendix II we see that the low- 
velocity limit is given by 
5 


Sx 
lim O=—+r,[In(4yk) }? (72) 
k=0 8 


exhibiting a logarithmic divergence. Finally it has to 
be borne in mind that the cross section, Eq. (71), has 
been calculated with the assumption of a gyromagnetic 
ratio gp=2 for the proton (Dirac equation). Actually 
the observed value is g»=5.59, so that we merely have 
to multiply Eq. (71) by (5.59/2)?=7.82 in order to 
correct for this fact. Figure 2 shows the cross section 
Q as a function of the relative velocity of the colliding 
particles. There it is seen that Q is of the order of 10~* 
cm? (around 1°K) so that the probability of a spin flip 
per collision is of the order of 


P= QO, ‘Ovi = 10 op 
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where we took for Q,; the elastic scattering cross section 
On = 47 (2.5X 10-8)? cm? 


assuming that the classical cross section corresponds to 
a diameter of 2.5 A. 


APPENDIX I 


The integrals occurring in formulas (52) and (55), 


1— 3 sin’é 
[,=- for a C a\e—B| 
dr r8 


can easily be evaluated by substitution. Since @ is the 
angle between r and R, the substitution 


r—R! =4+ (7?+ R?—2rR cosé)!=u 


dr 
J; oie y u 


3 
xe [1+ Rw »|, 
4R? 


iz -f udu 


leads to 


— lim 
OR e=0 


I.=—lim 
IR et 


+—— (+R —w)| 
8R*r? 


In order to perform first the much simpler r integration, 
both J; and J. are converted into 
=— lim 


'g udu 
OR e=0 . 

R+u dy 3 
«Ke a! | = [1- . 

OE 4R®r’ 


u 


ade +R dy 
+f udu eu s[1-= —(r°+ R?—1/? | 
Rie wre PL 4%? |’ 


and an analogous expression for /2. The second double 
integral of the last expression vanishes (the same holds 
true for the corresponding expression for /s),.whereas 


+R —w)| 
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the first yields after simple calculation the result Eq. 
(56) of the text. 


APPENDIX II 
The integrals (61), (62), and (63) defining the func- 
tions L, F, and G may readily be evaluated by successive 


partial integration. For small values of & the following 
expansions hold (¢= 2k) : 


1 2 
| L(k) |? =—} 1—-[8+In(2ye) Je 
18 ™ 


64 32 4 
‘ eee 1 +507) +-Linaro}le 
r ra 


yaa 


19 0.81 
+ *, aia Dre)}e4| — 4+ — In 2ye) 


y) 
+ —Lin(2re) Fe | , (Al) 
3n? | 


| 4 6.4 

| F(R) p=( 1 --¢+-8), (A2) 
4 5 7 

whereas |G(k)|? is given by 


sin0.7« 
janle=[x sin1.3e+————— 2 cos1.3€ Ci(2e) 


€ 


—2 sin1.3e si(20 (A3) 


valid for all values of «=2k. In the above formulas, 
y=1.78 is the Euler constant, Ci(«) and Si(x) are the 
cosine integral and the sine integral, respectively, 
defined by 
” cosl 
—dl. 
t 


= sint 
—dt, Ci(x)=—- 
t 


0 z 


Si(x) = 
The low-velocity limit of (A1), (A2), and (A3) is given 
by 
lim | L(k) |?=1/18, 
k= 
lim | F(R) |?=9/4, 
k=d 


lim |G(k)|\?~[2 In(4yk) . 
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The authors have previously shown that the form factor of the proton, measured by Hofstadter, implies 
an energy shift in the hyperfine structure of atomic hydrogen. Uncertainties in this method of applying the 
Hofstadter data, due to the effects of virtual mesons, are investigated in an approximate way and found 
to be small, on the order of one to two percent of the total correction. Under certain assumptions about the 
form of the amplitudes for various photoproduction processes, we conclude that the value of the fine- 
structure constant implied by the hyperfine structure (hfs) measurement of Kusch d’sagrees with the 
value obtained from the Lamb shift by 3421 ppm. 


N a recent paper,’ we have shown that the inclusion 
of a Hofstadter form factor for the proton removes 
a rather arbitrary cutoff present in previous calculations 
and produces a small additional correction to the hfs 
of atomic hydrogen. The effect is best discussed when 
combined with the so-called “recoil corrections” of 
Newcomb and Salpeter.2, The combined shift was 
found to be —3543 ppm. However, the experimental 
limits set on this correction (comparison of hfs measure- 
ments and the Lamb shift)’ are —1+18 ppm. Our 
conclusion! was that meson effects might account for 
this difference. We have estimated these corrections 
and find that they are the order of 1 ppm. 

The structure corrections to the hfs may be regarded 
as due to two diagrams, Figs. 1(a) and 1(b) in reference 
1. The energy shift [Eqs. (4) and (9) in reference 1] 
is given in terms of Trl M,,.(k,k) It+yiivevy]. Muy is, 
within a constant multiplicative factor, the forward 
Compton scattering amplitude for virtual photons inci- 
dent on protons. In the language of dispersion theory, 
our previous estimate included only the single-nucleon 
intermediate state (Fig. 1) with a Hofstadter form factor 
at the vertex. Although our previous work was based 
upon perturbation theory, the same result may indeed 
be derived by the use of a dispersion relation and a 
single-nucleon intermediate state. Since the bare proton 
and the single-meson, single-nucleon intermediate states 
seem to characterize the Compton process up to a few 
hundred Mev (for real photons) ,‘ we shall base our esti- 


Fic. 1. Compton scat- 
tering. Single nucleon 
intermediate state. 


* Rand Fellow. 
+t Howard Hughes Fellow. 
1 C.K. Iddings and P. M. Platzman, Phys. Rev. 113, 192 (1959). 
2W. A. Newcomb and E. E. Salpeter, Phys. Rev. 97, 1146 
(1955). 
3 Triebwaser, Dayhoff, and Lamb, Phys. Rev. 89, 106 (1953). 
4Jon Mathews, doctoral thesis, California Institute of Tech 
nology, 1957 (unpublished). 


mate of meson effects entirely on the process shown in 
Fig. 2. 

The application of unitarity to the photoproduction 
amplitude yields the imaginary part of the Compton 
amplitude, 


My i+ My t= —Yon Mynt'M rd (pn— pa, (1) 
where 


Syi= Spit My 6*(pp— pi). 


For the case of real photons the values of M,; and M,,, 
are experimentally well determined by the photo- 
production cross sections. For virtual photons there 
are fewer experimental results,> and of course the 
square of the mass of the photon &,’ is less than zero 
(k,?=w*—k’). For real photons there are low-energy 
theorems which permit the determination of the 
number of subtractions and the values of these con- 
stants for certain amplitudes. 

We assume that the virtual photoproduction ampli- 
tude for x mesons is pure M1($,3) in the center-of-mass 
(c.m.) system, although longitudinal quadrupole can 
also lead to the ($,3) state. In addition, we shall take 
the energy dependence of the cross section to be a 
delta function at the well-determined c.m. resonance 
energy, W »=2.1M. If only transverse photons of 
polarization e and momentum K are considered, the 
amplitude for @1($) production of a meson of momen- 
tum q is, in the c.m, system, 


M i= F(k,2)N (k,2,W)[(2kXe-Gt+ie- (kxe)X4], (2) 


where F,(k,2) is the Hofstadter form factor, 
At/(k,?—A*)?, where A=0.91M. We take JN _ pro- 
portional to 6(W—Wpo) and by a comparison with the 
resonance fit of Gell-Mann and Watson,® the expression 


Fic. 2. Compton scat- 
tering. Single meson 
single nucleon _ inter 
mediate state. 


5W. K. H. Panofsky and E. A. Allton, Phys. Rev. 110, 1155 
(1958). 

6 M. Gell-Mann and K. M. Watson, Annual Review of Nuclear 
Science (Annual Reviews, Inc., Palo Alto, California, 1954), 
Vol. 4, pp. 219-270. 
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is normalized for zero-mass photons. Since 


Ey 
Oe (2r)?— >> > 5*(py— pi) | Myi\?, 
W tS wi 


and since® 
2 2a hee hy 
a(yt+p— w+ p) =-0y=— ————___, 
3. kt (W-—W,)?+3T" 
by taking 
ly 
—-_____—__=sh(W—W,), 
(W—W,)?-+441r" 


we find that 
y S&T, 
| NV |?=- ———ij(W-—W)), (6) 
qgokiE2 8x k? 


where E, and £» are the initial and final energies, 
respectively, of the nucleon and qo is the energy of the 
meson. 

For a fixed c.m. energy, the quantities E, and w 
may be considered analytic functions of ,’; i.e., 
1 = (W?+M?—k,?)/2W, w= (W?—M?+k,”)/2W. For 
values of k,?>0.1M?, the quantities |k| and w make no 
physical sense. Thus a dependence of |.V |? on k,? via 
the kinematical quantities Z,, |k|, and |w| has no 
clear meaning. We neglect this dependence. 

We may write M,;°™- [if we assume only M1(3,3) 
intermediate states ] as 


M,¢™-=h™-(k,?,W)ie-e'+he™-(k,2W)e-e Xe. (7) 
The application of unitarity (1) to (2) gives 


3/W\ Yr, 
Imh™:= (—)— 5(W—W,). (8) 


4X\ FE; We.m.” 


In order to apply a dispersion relation to (8), we must 
transform to the laboratory system; this we do by a 
simple relativistic generalization of the M matrix and 
evaluation in the laboratory frame: 


Eywe.m. 
_ he™-— “ 
Mora 


Imh,'*” =f(k,?,W)he™. (9) 


Since /, does not contribute to the hfs, we neglect it. 
Again we neglect the dependence of f{(k,?,w) on k,? 
because of the uncertain nature of the kinematical 
quantities which give rise to it. A more sophisticated 
treatment would, of course, include these effects. In 
the laboratory system we do include the k,? dependence 
of 5(w—Wres), and we include (in one estimate) a 
Hofstadter form factor at each vertex. Recent experi- 


Fic. 3. Isobar approximation to the process shown in Fig. 2. 
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mental results’ for small &,?, and a more careful 
dispersion treatment’ indicate that our photoproduction 
amplitude is at least qualitatively correct. 

The application of dispersion relations in the 
laboratory frame then results in a Compton amplitude 
which behaves as if the usual Feynman diagram were 
replaced by one with an intermediate “isobar” of total 
mass equal to the resonance energy of the (3,3) state 
(Fig. 3). (It is to achieve this behavior that the de- 
pendence of w on k,” in the argument of the 6-function 
was retained.) We have calculated the single-meson 
correction to the Compton amplitude by the use of 
dispersion relations with a single subtraction and for 
the case of dispersion relations with no subtractions. 
For one subtraction we have 


2w* Im[w'ho(w’,k,?) | 
Re[who(w,k,”) ]=oC+ — Sis i dia’. 


19/19 9 
wT w “(Ww *—w*, 


(10) 


The arbitrary constant in the single-subtraction case 
is put equal to zero, its value in the Born approximation. 
We assume no meson effects at low energies. Thus the 
correction to the Compton amplitude due to meson 


TABLE I. Calculated energy shifts.* 


No Hofstadter 
form factor 


Hofstadter 
form factor 


Subtractions 


None 
One 


* The units are (am/Mayp)hfs. 


absorptive effects has no arbitrary constants in it. For 
real photons the low-energy theorem guarantees this. 
For k,2+0, we do not know this. We now use these 
additional contributions to the Compton amplitude to 
give corrections to the hfs according to the method 
mentioned above.! Since all the integrals are convergent, 
a Hofstadter form factor is not required. In the case 
of a single subtraction we have included a Hofstadter 
form factor to ascertain its effect. In all cases the shift 
is of the order of 1 to 2 ppm. Results are given in Table I. 
These results are negligible compared to the energy 
shift for a single-proton intermediate state’ of —76+6 
in these same units where the uncertainty comes from 
the measurements of the Hofstadter form factor. 
Although our treatment of photoproduction by virtual 
photons is crude, we feel it should reveal the main 
features of the process, especially insofar as it is 
dominated by (3,3) resonance. 

The following summarizes our conclusions on the 
validity of the whole theoretical calculation. The 
energy shift calculated in reference 1, formula (11), is 
the most important term. The result obtained for the 
energy shift, from this term, does not depend appreci- 
ably on the approximate analytic form we have chosen 


7 Fubini, Nambu, and Wataghin, Phys. Rev. 111, 329 (1958). 
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for the Hofstadter form factor [F4(,*) ], except in so 
far as it is experimentally determined. We need assume 
only that the singularities of the true structure factor 
lie as shown in Fig. 4. For then, instead of evaluating 
the integral for AE3.-:,, Eq. (11) in reference 1, by 
integrating along the real w axis, we can rotate the 
path of integration through 90 degrees in the complex 
w plane so as to integrate along iw. When this is done, 
the resulting metric is positive definite; the structure 
factor is needed now only for negative k,?, and over 
90% of the contribution to the integral comes from 
values of —k,? in the range zero to 0.6M? where F,(,?) 
is directly measured. 

The other question which needs to be answered is 
what to do about diagrams with higher-mass inter- 
mediate states. There are two possibilities. If we 
postulate that all the amplitudes for photoproduction 
by a virtual photon contain a factor F4(k,?), then we 
are justified in neglecting these higher-mass diagrams. 
The same rotation will be possible, and the corrections 
for these diagrams will come from low-mass, low-energy 
photons. The contributions in this range are then 
correctly given by the low-mass intermediate states. 
Even the contribution from the (3,3) resonance in the 
photoproduction amplitude is small compared with 
that of the bare proton. Higher states are expected to 
be further damped. On the other hand, virtual photons 
may not act through F,(,?) in all processes. In this 
paper, we have calculated the case of a single-meson, 
single-nucleon intermediate state, without using F'4(k,”) 
and found that even so, these corrections change our 
answer by only (approximately) one percent. We 
cannot, however, rule out the unlikely possibility that 
higher-mass diagrams do contribute a_ significant 
amount to the energy shift. 

The structure and recoil corrections Px,=[+1 
— (1.4418) 10~-*] are obtained using the value of a 


ru hfe: LN 


Fic. 4. Assumed loca- aa 
tion of singularities in > 
true structure factor. 
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determined from the measurements of fine structure in 
deuterium.’ Peaic, on the other hand, equals [1— (35+3) 
X10-*], where the +3 is due to the experimental 
uncertainties in the Hofstadter form factor. There is 
an apparent discrepancy of 34+21 ppm between the 
two separate determinations. Some of this difference 
may be attributed to various small terms neglected in 
the calculation and in the theoretical formula for 
deuterium splitting. 

The possible sources of the difference might be the 
following: (1) recoil corrections in deuterium; (2) 
uncertainty in making corrections for the polarizability 
of the oil sample (used in determining the proton 
anomaly ratio), (3) meson effects, as estimated in this 
paper; (4) higher-order corrections (a* Ina). Because 
all these effects have been estimated only approximately 
and because they may not all add in the same direction, 
we feel that they could at the most account for about 
10 ppm of the difference. Although the experiments 
and calculations have been performed very carefully, 
the apparent discrepancy is just at the limit of both, 
and therefore we do not know how seriously to view it. 
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Resonance Electron Exchange in Large-Angle Scattering of Het on He 
at kev Energies* 
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Recent differential scattering measurements at 5° scattering angle of He* on He at energies of 2 to 250 kev 
have shown several pronounced resonance peaks when the fraction of the scattered particles which were 
neutral (electron exchange) was plotted as a function of incident energy. A detailed comparison of those 
experimental data is made with the theoretical predictions of the impact parameter method for resonance 
electron capture. The agreement between the theory and experiment is found to be quite good at high 
energies despite experimental indications of a large amount of excitation. The contribution of electron 
exchange with excitation is then considered in the light of this fact. 


1. INTRODUCTION 


HE detection of resonance electron capture phe- 
nomena reported recently by Ziemba and Ever- 
hart,! hereinafter referred to as ZE, has made it 
desirable to ascertain whether this phenomenon can be 
explained by an extension of the well-known impact 
parameter method (IPM). The experiments by ZE 
studied the differential scattering at 5° in collisions of 
Het on He at energies of 2 to 250 kev, and showed seven 
pronounced resonance peaks when the fraction of the 
scattered particles which were neutral was plotted vs 
energy. 

In the IPM it is assumed that the nuclei move in 
classical orbits, and quantal perturbation theory is 
applied to determine the probability that a transition 
from one electronic state to another occurs due to the 
collision. The transition probabilities are obtained as 
functions of the relative energy and impact parameter. 

The IPM was developed independently by Firsov’; 
Kohn‘; and Bates, Massey, and Stewart‘ (hereinafter 
referred to as BMS). It has been used by Firsov,? 
Jackson,* and Moiseiwitsch® to calculate the total cross 
section for resonance electron transfer (i.e., electron 
capture to the ground state by an ion in its own gas) 
by singly-charged helium ions passing through helium 
gas. Schiff’ reports an estimate for the resonance plus 
nonresonance (i.e., capture with excitation) total elec- 
tron capture cross section based upon a first Born 
approximation calculation. 

This paper is not concerned with total cross sections, 
but considers in detail the differential scattering cross 
section for small impact parameters. This range of 

* This work was supported in part by the Office of Ordnance 
Research, U. S. Army, through the Ordnance Materials Research 
Laboratory at Watertown and the Boston Ordnance District. 

1F. P. Ziemba and FE. Everhart, Phys. Rev. Letters 2, 299 
(1959). 

* O. B. Firsov, Zhur. Eksptl. i. Theoret. Fiz. 21, 1001 (1951). 

3 W. Kohn, Phys. Rev. 90, 383(A) (1953). 

‘ Bates, Massey, and Stewart, Proc. Roy. Soc. (London) A216, 
437 (1953). 

6 J. D. Jackson, Can. J. Phys. 32, 60 (1954). 

*B. L. Moiseiwitsch, Proc. Roy. Soc. (London) A69, 653 
(1956). 

7H. Schiff, Can. J. Phys. 32, 393 (1954). 


impact parameters corresponds to large-angle scattering 
of the incident particle. Section 2 of the present paper 
makes a detailed comparison of an IPM calculation 
with the experimental results of ZE under the assump- 
tion that the electron capture occurs without excitation. 
The effects of electron capture with excitation are dis- 
cussed in Sec. 3, in the light of the experimental data. 


2. ELECTRON CAPTURE WITHOUT EXCITATION 


A characteristic feature of the IPM is that the proba- 
bility for resonance electron capture oscillates between 
zero and unity for small values of the impact parameter, 
as the impact parameter or the energy varies. In the 
energy region under discussion, a small impact param- 
eter corresponds to a relatively large-angle scattering 
of the incident helium particle. The charge state analysis 
(i.e., the fractions of those incident particles scattered 
through an angle 6 which are in the charge states He’, 
Het, Het* after the collision) as a function of the 
scattering angle for 25-, 50-, and 100-kev He* on He 
collisions has been determined experimentally by Fuls 
et al.8 and Jones et al.* covering the angular regions of 
4° to 15° and 1° to 4°, respectively. Their work showed 
that the charge analysis was nearly independent of the 
scattering angle, but was dependent upon the incident 
energy. The recent letter by ZE reported measurements 
of the charge analysis of the scattered incident helium 
particle after a 5° scattering in the energy region of 2 
to 250 kev. These data showed in particular that the 
fraction of scattered incident helium ions which had 
captured an electron during the collision was a rather 
rapidly oscillating function of the incident energy. 

For collisions between ions and atoms with identical 
nuclear charges, BMS have shown that the probability 
for charge exchange without excitation may be written 
in the form 


1 se Av(R) v( 2 *$* 
pe): sine( f -- [1 -[ix), 
hJr. v(R) v(R)?R? 


te 


*Fuls, Jones, Ziemba, and Everhart, Phys. Rev. 107, 
(1957). 

® Jones, Ziemba, Moses, and Everhart, Phys. Rev. 113, 
(1959). 
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where v(R) and v(%) are the relative velocities at the 
internuclear separation R and infinity, respectively; 
S is the impact parameter; R, is the perihelion dis- 
tance; and Ao(R)=e0ot—eo~ is the difference between 
the adiabatic symmetric and antisymmetric interaction 
energies as functions of the internuclear separation. 
A more detailed discussion of Eq. (1) is given in Sec. 3. 

For reasonably high energies and not too large an 
angle of scattering, a relatively small error is made in 
making the approximations 


0(R)~0( 2%) = (2E/M)}, 


Rxo&S (2) 


where £ is the incident energy in the laboratory system, 
and M the mass of the helium atom. For the case of 
Het on He collisions Ao is known’ for R=0 and has 
been calculated for large values of R by Moiseiwitsch® 
using a two-parameter helium-atom wave function. 
These results can be approximated by an exponential 
function 

Ao(R) = Ae~2*, (3) 


With A taken to be 7.890 and a@ taken to be 1.186, 
a good fit is obtained both to the Moiseiwitsch results 
for R>1 and to the zero separation result. Energies are 
measured in Hartree units (e?/2a9= 13.60 ev) and the 
lengths R and S are measured in units of a9=0.529 
X 107-8 cm. 

With these approximations, the integral in Eq. (1) 
can be evaluated explicitly to give 


P© =sin*[ Ah! (2E/M)“SK (aS) J, (4) 


where K, is the modified Bessel function of the second 
kind of order one. 

In order to compare the predictions of Eq. (4) with 
the data of ZE, it is necessary to obtain an expression for 
the impact parameter S as a function of the energy E£. 
For He* on He collisions above 10 kev it has been 
shown experimentally** and theoretically by Everhart, 
Stone, and Carbone,” that for sufficiently large angles 
of scattering the Rutherford formula for impact param- 
eter may be used. In this case we obtain 


S=8e?(2acE)~! cotd, 
where 6 is the scattering angle in the laboratory system. 
For energies less than 1 kev, the impact parameter is 
calculated using an impulse approximation for the 
average potential 
é= 3 (eot + € )~Be BR (5) 


where B=25.36 and 8=2.256 in the same units as 
above. The result of this calculation is 


6= BE-"BSK,(8S), (6) 


where Ko is a modified Bessel function of the second 
kind of order zero. A reasonable interpolation is used 


0 Everhart, Stone, and Carbone, Phys. Rev. 99, 1287 (1955). 
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Fic. 1. The impact parameter S in units of ao (0.529X 10~* cm) 
is plotted vs the incident ion energy £ in kev for 5° scattering of 
Het on He. For energies above 10 kev, S is calculated from the 
Rutherford impact parameter formula. For energies below 1 kev, 
S is calculated from the average potential €)>=4$(eo++-e9-). The 
dashed line represents the interpolation used for the 1-10 kev 
region. 


for the 1-10 kev region as shown in Fig. 1. This figure 
shows the curve giving S as a function of E for 5° 
scattering. With this substitution made in Eq. (4), the 
probability for charge exchange without excitation is 
obtained as a function of energy at 5° scattering for 
comparison with the experimental data. This com- 
parison is made in Fig. 2 where both the experimental 
and calculated values are plotted as functions of the 
incident ion energy E (upper scale) and E~! (lower 
scale). The experimental curve plots Po, the fraction of 
the scattered particles which are neutral, and this 
quantity should correspond to the calculated curve P™. 
The experimental data for P2, the fraction of the 
scattered incident particles which appear as He**, are 
also shown in the figure. 

It is interesting to note that at the higher energies, 
for which the Rutherford formula is applicable, the 
impact parameter required to give any appreciable 
angle of scattering is small. In this case, 


SK (aS)™1/a 


for all angles 6, so that the probability for charge ex- 
change scattering is independent of the scattering 
angle®’ and is a function of energy only. Equation (4) 
becomes 


P‘ =sin*[A (ha)“"(2E/M)~*] (7) 


for E>10 kev and 625°. 

Before comparing the results of Eq. (4) with the 
experimental data of ZE, it must be remembered that 
the experimentally obtained fraction Po» at 5° is not 
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Fic. 2. The calculated values for the charge exchange proba- 
bility without excitation P® and the experimental fraction Po 
which corresponds to this quantity in this case, are plotted as 
functions of the incident ion energy E (upper scale) and E+ 
(lower scale). The experimental data for P2, the fraction of the 
scattered incident particles which appear as He**, are also shown 
in the figure. 


very accurate at the low energies. This is partly because 
the effect of imperfect angular resolution is worst when 
the charge analysis is oscillating as a function of 6,' 
and partly because the detection efficiency for neutral 
atoms may be different (by an unknown amount) than 
that for ionized atoms. Therefore, at low energies, the 
experimentally determined heights of the maxima and 
minima should not be taken seriously, and only the 
energies at which these maxima and minima occur 
should be taken as an index of agreement between 
theory and experiment. At the high energies, neither of 
these difficulties are present and the data are expected 
to be accurate. 

At high energies, where Eq. (7) applies, good qualita- 
tive agreement between the experimental and calculated 
values obtains; it can be seen in Fig. 2 that the energy 
dependence indicated in Eq. (7) is approximately 
correct. At the lower energies, where Eq. (4) must be 
used, the agreement is poorer, the experimental data 
showing a more rapid oscillation at low energies than is 
predicted. The poorer agreement at low energies might 
be attributed to the approximate nature of the calcu- 
lation. 

It should be emphasized that the above calculation 
has excluded the possibility of electron capture with 
excitation. However, it is seen from Fig. 2 that excita- 
tion (using the amplitude of the Het* probability as an 
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indication of the amount of excitation) is greatest at 
the high energies where the agreement is best. The 
agreement at high energies, therefore, seems strange 
inasmuch as the theory is expected to be best for 
gentlest collisions for which the probability for excita- 
tion is least (i.e., at the large impact parameters). This 
may be due to the fact that at the high energies the 
time during which the perturbation is effective is small, 
but it may be worthwhile to explore a second possi- 
bility ; namely, that the probabilities of electron capture 
with excitation are nearly the same as those without 
excitation. This will be considered in the next section. 


3. THE PROBABILITY FOR CHARGE EXCHANGE 


In this section, the pertinent results obtained (or 
implied) by BMS for the probability of charge exchange 
are summarized. The probabilities for charge exchange 
with excitation will, however, be considered in greater 
detail. 

The over-all probability for charge exchange (both 
with and without excitation) can be written in the form 


P®(S)=43> | ent(S) exp[ién*(S) ] 
~c-(S) expLit.-(S)]|2, (8) 


where 


v( 2 )*S? 


0(R)?R? 


Z tet P 
h Jr, v(R) 


far. (9) 


This is essentially contained in Eqs. (138) and (139) of 
BMS except that they have integrated over all impact 
parameters to obtain the total charge exchange cross 
section, whereas we are interested in the probability for 
charge exchange at a given impact parameter. Here, 
€n*(R) and e,~(R) stand, respectively, for the energies 
of the nth symmetric and antisymmetric states of the 
over-all electronic system when the nuclear separation 
is R. When the nuclei are widely separated, both reduce 
to the same value which is called E,. The coefficients 
¢n*(S) and c,~(S) are the amplitudes of these states at 
time ‘=+ © (i.e., long after the collision). 

The coefficients c,*+ and c,~ cannot, in general, be 
evaluated. However, in the special case when charge 
exchange occurs without excitation, BMS point out 
that 
for n>O, 


Cnt (S)=cn-(S)=0 
cot (S) =co-(S) = 274. (10) 
For the general case we here will simply write 


(11) 


in order to see what can be learned about these numbers 
from the experimental data. Substituting Eqs. (11) into 


Cat=Ane'™, Cp =b,e*, 
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Eqs. (8) and (9) yields, after some manipulation, 


(dn—b,)? (Bn—- n) 
PO =>" Pera? +2anb, sin sno 


1 rf” A,(R) 
v ; J oi (= 
h Re v(R) v(R)?R? 


A,(R) = €n+(R)—en7(R). 


v( 20 )2,S? 


[> (12) 


where 
(13) 


For charge exchange without excitation the proba- 
bility is obtained by substituting Eqs. (10) into (12) 
and yields Eq. (1). 

Examination of Eq. (12) shows that if the following 
two conditions hold for most of the excited states which 
have appreciable amplitude: 


An(R)Ao(R), 


; 14) 
ext (Slve.-(S), \ 


(15) 


a.,= [ent |#= a [2 
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and it follows that 
1 f® Ao(R) 
pom (E (lectl*+1er 1) sin] 
n hJr. v(R) 
(0 )2S2 
x(1-— Jar] 
v(R)?R? 
1 fr” Ao(R) (0 )25? 
sical ff 8a 
hr, v(R) v(R)?R? 
Thus, if Eqs. (14) are true, then the probability of 
electron exchange with excitation will turn out to be 


exactly the same as that predicted for electron exchange 
without excitation. 


(16) 
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(p,n) Cross Section and Proton Optical-Model Parameters 
in the 4- to 5.5-Mev Energy Region* 


RicHArD D. ALBERT 
University of California, Lawrence Radiation Laboratory, Livermore, California 


(Received March 23, 1959) 


(p,m) cross sections were measured for 18 medium-weight nuclei in the 4- to 5.5-Mev region. In this energy 
region, de-excitation of the compound nucleus by neutron emission is largely favored over charged particle 
emission ; consequently, the (p,m) reaction dominates competing compound-elastic and inelastic scattering 
processes. The experimental results are compared with theoretical reaction cross sections predicted by the 
optical model for protons. It is found that the parameters which provide the best theoretical fit to these data 
also provide reasonable fits to neutron total, nonelastic, and elastic cross sections measured elsewhere when 
the latter are compared with theoretical cross sections predicted by the optical model for neutrons. It is con- 
cluded that the intrinsic nuclear well depth for protons and neutrons are equal to within +7% uncertainty. 


N the optical model,'~> the interaction between an 
incident nucleon and a target nucleus is approxi- 
mated by means of a potential well. The ensuing be- 
havior may be described in terms of a differential scat- 
tering cross section and a reaction cross section which 
are derived from solution of the Schrédinger equation 
containing a complex potential. The reaction cross sec- 
tion is composed of contributions from both nonelastic 
and compound-elastic nuclear processes. Both of these 
components describe nuclear processes in which the 
incident neutron leaves its entrance channel; compound 


* Work performed under the auspices of U. S. Atomic Energy 
Commission. 

1H. A. Bethe, Phys. Rev. 57, 1125 (1940). 

* Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949). 

5H. H. Barschall, Phys. Rev. 86, 431 (1952). 

* Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 

5R. D. Woods and D. S. Saxon, Phys. Rev. 95, 577 (1954). 


elastic scattering occurs when the entrance and final 
channels are the same. 

It has been pointed out by several investigators’ ’ 
that the proton differential elastic scattering experi- 
ments performed in the low-energy region are difficult 
to interpret satisfactorily by standard methods using 
optical-model theory. It is felt that the observed anom- 
alous behavior in the proton angular distribution is 
caused, at least partially, by effects due to compound 
elastic scattering.’ Interpretation of proton reaction 


6D. A. Bromley and N. S. Wall, Phys. Rev. 99, 1029 (1955), 
and 102, 560 (1956); Greenlees, Haywood, Kuo, and Petravic, 
Proc. Phys. Soc. (London) A70, 331 (1957). 

7W. F. Waldorf and N. S. Wall, Phys. Rev. 107, 1602 (1957) ; 
C. A. Preskitt and W. P. Alford, University of Rochester, New 
York, Atomic Energy Commission Report NYO-2172, March 17, 
1958 (unpublished). 
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cross sections in this energy region by means of optical- 
model theory has not been attempted previously. 

For this experiment the incident proton energy is 
well above the threshold for neutron emission and 
below the height of the Coulomb barrier. In this energy 
region, de-excitation of the compound nucleus by neu- 
tron emission is largely favored over charged particle 
emission; consequently, the (p,z) reaction dominates 
competing compound-elastic and inelastic scattering 
processes. Therefore, it seems reasonable to compare 
results of (p,m) cross section measurements with optical- 
model predictions of proton reaction cross sections. 

Thin targets (about 1 mg/cm’) of the elements to be 
investigated were evaporated on tantalum backings 
thick enough to stop the proton beam of the variable- 
energy Livermore 90-inch cyclotron. The results repre- 
sent averages over many levels of the compound 
nucleus because of a proton energy spread of about 
100 kev due to roughly equal contributions from de- 
gradation in the targets and natural inhomogeneity of 
the proton beam. 

(p,m) cross sections in the region of atomic numbers 
20 to 50 have been measured previously by a stacked- 
foil activation technique.* Nuclei in this part of the 
periodic table are approximately spherical in shape. In 
the present arrangement, neutrons are detected by 
means of a “long counter’” of approximately flat energy 
response located about 4 inches from target. Measure- 
ments of angular distributions indicate isotropic emis- 
sion of neutrons from these targets within about 10% 
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Fic. 1. (p,m) cross section vs atomic weight for protons of 
5.5, 5.0, 4.5, and 4.0 Mev. 


§ Blaser, Boehm, Marmier, and Scherrer, Helv. Phys. Acta 24, 
441 (1954); Blaser, Boehm, Marmier, and Peaslee, Helv. Phys. 
Acta 24, 3 (1954); H. A. Howe, Phys. Rev. 109, 2083 (1958). 
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instrumental error. In order to obtain cross sections, 
proton current was monitored to about 2% accuracy 
and the “long counter” was calibrated with a mock 
fission source having a strength known to about 5% 
accuracy. The final (p,7) cross section results are be- 
lieved to be about 15% accurate. 

Results for four proton energies are shown in Fig. 1. 
The experimental points are averages for several re- 
teated measurements. Important contributions to the 
pross sections of nickel and copper result from (p,m) 
chresholds occurring in the energy region being studied. 
Consequently, values for the isotopes Ni* and Cu® are 
plotted instead. Cross sections for these isotopes, which 
have (p,m) thresholds well below the energy region of 
interest, were obtained from the work of Blaser et al.,* 
after it was found that their results and ours agree for 
these natural elements. 

The optical-model potential is of the following type": 


Ah? V dp 
U=Vp(r)+iW g(r) +— —o-l, 
4m,?c? r dr 


where 
p(r)=[1+exp(r—Ro)/a}”, 
q(r) =exp[_— (r—Ro)?/b?], 
Ro=10A}. 


For protons there is an added term corresponding to the 
Coulomb potential arising from a uniform charge dis- 
tribution in the nucleus of radius Ro. The spin-orbit 
potential is the usual Thomas term multiplied by a 
constant, A. 

The theoretical fits to the experimental data of Fig. 1 
were obtained using the optical-model parameters listed 
in Table I. The value of the spin-orbit interaction used 
in these calculations is about 35 times the Thomas term. 

The experimental data are not corrected for contri- 
butions arising from charged-particle emission. Small 
deviations between the experimental data and the 
theoretical curve which occur in the light-element re- 
gion may arise from neglect of these effects for nuclei 
having relatively large Coulomb penetrabilities. At 4 
Mev, the calculations could not be extended beyond 
Z= 30 since the approximate procedure for calculating 


TABLE I. Parameters adopted as giving the best fits to experi- 
mental data of Fig. 1. a=0.65X10~" cm; ro=1.25X 10-8 cm; 
b=0.98X 10™8 cm. 


V (Mev) 


E (Mev) 


2. 
5.0 
4.5 
4.0 


+4 
45 
45 
47 


© F, Bjorklund and S. Fernbach, Phys. Rev. 109, 1295 (1958). 
I should like to thank these authors for permission to use their 
IBM 704 optical-model code. 
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Fic. 2. Optical-model fit to experimental data of Beyster, Walt, 
and Salmi (reference 12) for neutron total and nonelastic cross 
sections at 4.1 Mev. 


Coulomb wave functions used in the presently available 
code breaks down in this region." 

Figures 2 and 3 are a comparison between theory and 
experiment for neutron total, nonelastic, and elastic 
cross sections measured by Beyster, Walt, and Salmi.” 
Attempts to fit previously measured angular distribu- 
tions of proton elastic scattering’ were not successful. 
As previously noted,®’ the experimental angular dis- 
tributions change radically from element to element. 
It does not appear that these data can be fitted with a 
unique set of optical-model parameters unless correc- 
tions are made for some other effect, possibly compound 
elastic scattering. 

It is worthy of note that optical-model theory pro- 
vides reasonable fits to the previously obtained neutron 
experimental results as well as to the proton results of 
the present experiment if the same parameters are used 
for both protons and neutrons. Since, for small param- 
eter variations, the optical-model fit is determined by 
the quantity Vr? rather than V and r separately, it may 
be concluded that if the neutron and proton potential 
wells have the same radius, they are equal in depth to 
an estimated +7% uncertainty. 

Information about the proton well has been pre- 
viously obtained from analysis of proton “strength 
function” experiments.” Schiffer and Lee found that 
the intrinsic proton well is 2.52.5 Mev deeper than 
the neutron well. This result does not differ significantly 
from ours when the experimental errors are taken into 

1 T am very grateful to Dr. M. A. Melkanoff for providing the 
4-Mev optical-model calculation (modified in proof) shown in Fig. 1. 

2 Beyster, Walt, and Salmi, Phys. Rev. 104, 1319 (1956); M. 
Walt and J. R. Beyster, Phys. Rev. 98, 677 (1955). 

18 J. P. Schiffer and L. L. Lee, Jr., Phys. Rev. 107, 640 (1957), 
and 109, 2098 (1958); Johnson, Galonsky, and Ulrich, Phys. Rev. 
109, 1243 (1958); B. Margolis and V. F. Weisskopf, Phys. Rev. 
107, 641 (1957). 
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Fic. 3. Optical-model fit to experimental data of Walt and Beyster 
for neutron elastic scattering angular distributions at 4.1 Mev. 


account. Johnson, Galonsky, and Ulrich found that the 
proton well is 4 Mev deeper than the neutron well. A 
deeper proton well can be supported by theoretical 
calculations."* Since the over-all uncertainties are not 
quoted, it is difficult to say whether the difference 
between the latter result and ours is significant. How- 
ever, within the experimental accuracy of the present 
experiment, we prefer to interpret the experimental 
evidence as indicating that the intrinsic proton and 
neutron wells are equal. 
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The mechanism of inelastic diffraction scattering, introduced by Drozdov and Inopin to discuss scattering 
from nuclei with quadrupole surface deformation, has been extended for scattering amplitude linear in the 
deformation to arbitrary multipolarity. The resulting angular distributions and gamma-ray angular corre- 
lations correspond closely to Born approximation predictions. The model provides a natural explanation for 
why the inelastic angular distributions of strongly absorbed projectiles are characterized by sharp and 
persistent oscillations. Comparison is made to observed inelastic scattering of alpha particles and deuterons 
by light nuclei. Large quadrupole deformations are indicated in many nuclei. The systematic appearance in 
4n nuclei of states corresponding to octupole excitation is noted. 


I. INTRODUCTION 


NGULAR distributions of moderate-energy nu- 

clear projectiles, particularly alpha particles, 
which excite discrete nuclear states in light and inter- 
mediate nuclei have been analyzed with some success 
in terms of simple direct-interaction theories. The 
simplest of these theories! * share the common assump- 
tions, irrespective of the model chosen to represent the 
target nucleus: (a) The reaction proceeds through some 
single-step interaction, usually described by the Born 
or impulse approximation. (b) There is only a slow 
variation of the direct interaction itself with angle and 
energy. (c) The incident and final unbound particles 
are well represented by plane waves in the nuclear 
surface region. (d) The interaction occurs at a well- 
defined radius, R, near the nuclear surface. 

On the other hand, the corresponding elastic angular 
distributions have been successfully fitted by optical- 
model computations in which there is large nuclear 
attenuation,®’ or equivalently, have been approximated 
by “black nucleus” expressions.*.* We therefore expect 
the projectile wave functions to be considerably dis- 
torted from plane waves. It is then paradoxical that 
direct inelastic theories based on assumption (c) above 
lead to angular distributions which correspond to ex- 
periment. 

This paradox has been strikingly illustrated by the 
recent semiclassical model of Butler, Austern, and 
Pearson." It is there shown that the scattered amplitude 
for a direct surface interaction, in the plane wave 
approximation, is essentially the sum of contributions 
from two circles of radius p=1/K, centered about the K 

* Supported in part by the U. S. Atomic Energy Commission. 

 Austern, Butler, and McManus, Phys. Rev. 92, 350 (1953). 

2S. T. Butler, Phys. Rev. 106, 272 (1957). 

*R. Huby and H. C. Newns, Phil. Mag. 42, 1442 (1951). 

*S. Hayakawa and S. Yoshida, Progr. Theoret. Phys. (Kyoto) 
14, 1 (1955), Proc. Phys. Soc. (London) A68, 656 (1955). 

® J. S. Blair and E. M. Henley, Phys. Rev. 112, 2029 (1958). 

* G. Igo and R. M. Thaler, Phys. Rev. 106, 126 (1957). 

7W. B. Cheston and A. E. Glassgold, Phys. Rev. 106, 1215 
(1957). 

* A. I. Yavin and G. W. Farwell, Nuclear Phys. 12, 1 (1959). 

* J. S. Blair, Phys. Rev. 108, 827 (1957). 

” Butler, Austern, and Pearson, Phys. Rev. 112, 1227 (1958). 


axis. (J is the orbital angular momentum transfer and 
K=k,—k,, the linear momentum transfer.) The inter- 
ference of these two contributions leads to the charac- 
teristic maxima and minima in the angular distributions. 
Assume now that the nucleus is strongly absorbing. In a 
classical approximation, the scattered amplitude at 
angle 0 is primarily composed of projectiles which have 
inelastically scattered on the unshaded area of Fig. 1; 
i.e., a small observer stationed at angle © would “see” 
the crescent moon presented by this area. For © larger 
than @’=1/kR, the angle at which the first maximum 
in the plane wave approximation occurs, and for in- 
elastic scattering such that kyk;, one of the circles 
will be within this area while the other circle is on the 
darker side of the nucleus. The amplitude from this 
latter circle is then greatly reduced, with concomitant 
destruction of the characteristic interference pattern in 
the angular distribution. 

The above authors have explicitly computed angular 
distributions due to a direct interaction within the 
nuclear volume where the incident and final wave func- 
tions are attenuated in a semiclassical fashion and, 
indeed, find that as the mean free path decreases the 


lic. 1. Sketch illustrating the semiclassical picture of a direct 
interaction according to Butler, Austern, and Pearson. For 
angular momentum transfer equal to hi, the scattered amplitude 
in the plane-wave approximation receives its main contribution 
from events occurring within the “active cylinder” of radius 
p=1/K centered about the K axis. If there is strong nuclear 
absorption, only portions of the ‘active cylinder” near the un- 
shaded surface will contribute to the scattered amplitude in the 
k, direction and thus the interference pattern in the angular 
distribution will be destroyed, 
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interference pattern is smoothed out and the magnitude 
of the cross section decreases. This prediction appears to 
be in qualitative disagreement with experiment, since 
the observed angular distributions of the strongly at- 
tenuated alpha particles show sharp interference pat- 
terns persisting to high order'! while those of the less 
attenuated high-energy protons tend to be smoother." 

We believe that a way out of this dilemma is pro- 
vided by the inelastic diffraction scattering mechanism, 
introduced by Drozdov to discuss inelastic scattering 
of neutrons from ellipsoidally deformed nuclei! and 
extended by Inopin to the excitation of quadrupole 
vibrational states.!4 In Drozdov’s treatment one as- 
sumes, in contrast to the transparency requirement (c), 
that the nucleus is strongly absorbing within a radius R 
which is a function of collective deformation coordi- 
nates, a, of the nuclear surface. With the adiabatic 
approximation, that the ‘‘collision time” be short com- 
pared to the period associated with a motion, one finds 
approximate expressions for the inelastically scattered 
amplitudes which are very similar to the analogous 
Born approximations. 

The physical picture for the process of inelastic 
diffraction scattering in the above approximation is the 
following: For given a, a noncircular hole is cut in the 
incident wave. The scattered amplitude, f(a,0), when 
folded into the initial nuclear wave function, projects 
onto excited states involving the collective coordinates 
as well as the ground state. The sharper the strong 
absorption radius, the more pronounced will be the 
interference structure in both and_ inelastic 
angular distributions. 

In addition to avoiding the attenuation dilemma, the 
Drozdov mechanism has the following virtues: (a) It is 
experimentally observed that elastic and inelastic alpha- 


elastic 


particle angular distributions are closely related. In par- 
ticular, the oscillations of inelastic scattering angular 
distributions, where the excitation involves no change 
in parity, are typically 90° out of phase with those of 
the elastic scattering angular distribution. Stated 
equivalently, the radii deduced from Born approxi- 
mation analyses of inelastic scattering angular distri- 
butions, Rj,, are similar to the elastic scattering radii, 
R.,. This connection is naturally explained when the 
same mechanism gives rise to both elastic and inelastic 
scattering. In some other direct models, such as the 
independent-particle model!® and alpha-particle modelé 

For example, 42-Mev alpha particles on Mg, P. C. Gugelot 
and M. Rickey, Phys. Rev. 101, 1613 (1956). 

2 For example, 17-Mev protons on Mg, P. C. Gugelot and 
P. R. Phillips, Phys. Rev. 101, 1614 (1956) ; 96-Mev protons on C, 
K. Strauch and F’. Titus, Phys. Rev. 103, 200 (1956). 

8S. I. Drozdov, J. Exptl. Theoret. Phys. (U.S.S.R.) 28, 734 
(1955); 28, 736 (1955) (translation: Soviet Phys. JETP 1, 591, 
588 (1955) }. 

4E. V. Inopin, J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 901 
(1956) (translation: Soviet Phys. JETP 4, 764 (1957) ]. 

°C. A, Levinson and M. K. Banerjee, Ann. Phys. 2, 471 
(1957). 
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in plane wave approximation, Rj, is expected to be 
slightly less than R.y. It is also clear why Rin is so large, 
larger even than the mean radius of the nuclear poten- 
tial, since Ri,R.i, which is the “sharp cutoff” radius.® 
(b) Large inelastic scattering cross sections are obtained 
for reasonable values of the collective coordinate matrix 
elements. (c) Those states which are strongly excited 
are reached by means of collective excitation. We will 
discuss later some of the evidence for this in light nuclei. 
The recent inelastic scattering experiments of Cohen 
and Rubin on intermediate nuclei have been similarly 
interpreted. !@17 

In Sec. II we review and extend the calculations of 
the angular distributions for the Drozdov model. Com- 
parison to the analogous Born approximation angular 
distributions is made in Sec. III. Angular correlations 
of gamma rays from excited states with the scattered 
projectile are treated in Sec. IV. Section V is devoted 
to a discussion of the approximations and limitations 
of the calculations. Inelastic alpha-particle and deuteron 
experiments are discussed in terms of the diffraction 
model in Sec. VI. 


II. ANGULAR DISTRIBUTIONS 


In the adiabatic approximation the scattered ampli- 
tude from initial state, a, to final state, 6, for a 
nucleus characterized by deformation parameters aim, 
is (b| f(a)|a), where f(a) is the scattered amplitude for 
fixed a. Consider the nucleus to be strongly absorbing 
within the sharp radius, 


R(6,d) =R,(1 +> aim Y im) ; 


l,m 


further, assume that the scattered amplitude from this 
strongly absorbing nucleus may be calculated for small- 
angle scattering in the Fraunhofer approximation’®: 


ik 
fla)= [fia es 
2r 


(2.1) 


where the magnitude of the final momentum, &y, is 
considered approximately equal to the magnitude of 
the initial momentum, k;=, and where the integral is 
taken over the projection of the nuclear surface on a 
plane perpendicular to the incident beam (z axis). 
For the case of small deformations, such that only 


terms linear in a need be kept in the scattered ampli- 
tude, the projection is the same as the area within 
R(w/2, o) on the x-y plane. 

With the convention that ky lies in the w-z plane and 
makes an angle, ©, to the incident beam, the amplitude 


6B. L. Cohen, Phys. Rev. 105, 1549 (1957). 

17 B, L. Cohen and A. G. Rubin, Phys. Rev. 111, 1568 (1958). 

18 See for example P. M. Morse and H. Feshbach, Methods of 
Theoretical Physics (McGraw-Hill Book Company, Inc., New 
York, 1953), p. 1552. 
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to terms linear in a becomes 


= [a iz ik@r cosdydy 


+e ikko@ cosd R2 ¥ QimY tm( 3 ai ¢) . (2.2) 
l,m 


The first integral gives the familiar result for scattering 
from a circular black disk : 

tRR oJ \(RRo@)/ (RR). (2.3) 
To calculate the second integral, we note that'® 

ai+1 4 [(1—m) !(1+-m)!]! 
Y 1,m( 1 / 23 ¢)= (— ) = = 

(l—m) !!(l+-m)!! 

(l+-m) even; 
(+m) odd; 


x ( — )i(l+m) gime 


=(0 


’ 


2aJ m(2)i™ -f e'? © cos(mp)dd. 


Thus 
| /1(RRo®) 
fla,O)=ikR,?* 

| (kR.@) 


2/+1\3 
“2 Cay 
l,m dr 


(1 +m) even 


[(l—m) !(l+-m) | }} 
(l—m) !!(l+-m)!! 


X aims jm) (RR) ° (2.6) 


For the small shape oscillations of a spherical nucleus, 
the vibrational model of Bohr and Mottelson is appro- 
priate. In an even-even nucleus, the ground state 
contains no surface phonons, |a) = |7J=0), and the 
occurrence of a’s in the scattered amplitude makes it 
possible to excite final states containing a single sur- 
face phonon, |b)=|1’M’)=|Im). Since |(b\aim|a)|? 
=(hw;/2C;) in the harmonic approximation,”! where 
hw, is energy of one surface phonon and C, is the 
corresponding surface tension, the cross section for 
excitation of a one-phonon state is 


do 21+1 
(O— 1) =(kRo’)? & \(= ‘) 
dQ m=—l, an 


[(—m) \(l+-m)!] 


[(U—m) (+m) 11} 


1 Alder, Bohr, Huus, Mottelson, and Winther, Revs. Modern 
Phys. 28, 432 (1956), Eq. (II A.25). Here (2m)!!=2-4-6---2n 
and (2m+1)!!=1-3-5---(2n+1). 

» Reference 18, p. 1323. 

*1 Reference 19, Eqs. (V. 26, 27, and 29). 


J imi?(RRo@). (2.7) 
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For quadrupole surface vibrations (/=2), the cross 
section has been previously derived by Inopin’ in a 
form equivalent to the following equation: 


da 5 hws 
—(0— 2)= carey(—)(—) ase 2,2}. (2.8) 
dQ Sar C2 


Beyond their first maxima, the Bessel functions rather 
quickly approach their asymptotic form so that Eq. 
(2.8) is well approximated by 


da > hws 
“o--naaney(>)() 
dQ 8x Ce 


2 
x | ——— sin?(kR)O+47) | (2.9) 
Tv of 
for RRoO>6. 
In the case of monopole excitation 


do 1 3 
—(0—+ 0) = (kRo?)2—| (b|ao|a)|2702(RRo®), (2.10) 


dQ nr 


which is well approximated beyond kRvo(O~4 by 


da , oe 
—(0— 0)&(kRo*)?—| (b| ao| a)|? 
4 


dQ T 


—sin*(AR, +42) | (2.11) 


rkRo@O 


The matrix elements for monopole excitation cannot be 
estimated in the same manner as those of the other 
surface vibrations since they must be associated with a 
change in nuclear density. One possible treatment is to 
discuss dilational vibrations in C!* and O'* in terms of 
the alpha-particle model.” Let us assume that the 
change in surface radius, Roao(4)~}, is approximately 
the same as the radial displacement from the equi- 
librium position of the alpha particles, 6r. The matrix 
element of 6r has been estimated by Schiff: 


9/ 


\Olerias*=(———)., 


where M is the mass of the proton, A is the atomic 
number, and hw is the excitation energy for the first 
vibrational state. With the assumption that the 7.65- 
Mev state of C!? corresponds to a dilational vibration, 
the alpha-model prediction for the differential cross 
section to that state is then 


(2.12) 


do 
Pom 0) = (RRo)?(0.23)Jo2X 10-28 cm?, (2.13) 
Q 


Companions with inelastic electron scattering measure- 


.. Schiff, Phys. Rev. 98, 1281 (1955). 
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ments indicates that these collective estimates of 
(b|6r|a) are too large by a factor 3 to 5. 
For octupole surface vibrations, 


da 7 hws; 
9 syeaner()(*) 
dQ 8x C3 


X {$I (RR0O)+3I2?(RRoO)}, (2.14) 


which for kRo@>8 is well represented by 


do 7 hws 
—(0-»3)(4R«')*(—)(—) 
dQ Sr C3 


2 
x | ——— sin?(kRRy»O—3in) | 


(2.15) 
rkR,@ | 


Similarly, the cross section for /=4 vibrations 
would be 


do 9 hous 
—(0—>4)= (aRs)(—) (—) 
dQ 8a C4 

20 


9 Sis, 
x| set — e+e (2.16) 
64 64 64 


which asymptotically becomes 


do 9 hus 
+ y=(eRsy(—) (=) 
dQ Sr C4 


2 
x |" sin2(2R,O-+42) . (2.17) 
| rkR,@ 


The cross sections have the following general charac- 
teristics: (1) The differential cross sections for even- 
parity excitations are out of phase with the elastic cross 
section; those for odd-parity excitations are in phase 
with the elastic cross section. This is a consequence of 
the restriction, (/+-m) even, in Eq. (2.6). This property 
also results from Born approximation calculations. 
(2) There is not the correspondence between the loca- 
tion of the first maximum and the order of the transition 
which appears in Born approximation calculations. 
Thus it is easy to determine the parity change of a 
transition but much more difficult to assign the angular 
momentum transfer from inspection of the experimental 
differential cross sections. 

The rotational transitions of a nucleus with a small, 
but fixed, axially symmetric deformation lead to the 
same angular distributions."*** Consider a nucleus 
whose radius is given by 


R= Rol 1+B:¥ 10(8) ], 
where 6 is the angle with respect to the symmetry axis. 


~ 8S. I, Drozdov, J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1288 
(1958) [translation: Soviet Phys. JETP 7, 889 (1958) ]. 


(2.18) 
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From the addition theorem for Legendre polynomials, 


one obtains 
4r \3 
Qim= (—) BiY im(w), 
21+1 


where w represents the orientation of the symmetry 
axis. The differential cross section for rotational excita- 
tion of an even-even target is then given to order 8? by 
Eq. (2.7) with the familiar replacement 


(21+ 1 )hew,/2C, —> Br. 


(2.19) 


(2.20) 


These approximate formulas are easily generalized to 
odd-A nuclei for which the collective model is relevant. 
Consider first the case of vibrational excitation when 
(a) the ground-state wave function contains no surfon 
admixture and (b) excited states exist which result 
from the simple product of ground-state and one-surfon 
configurations. This is rarely a good approximation for 
!=2 surfons,** but should be more satisfactory for /= 3; 
because the octupole surfons have odd parity, the 
ground state cannot contain one-surfon configurations 
(with no change of parity of particle configuration) 
while the lowest excited states have no zero-surfon 
configurations. In the above “extremely weak coupling” 
approximation, |a)= | jm) while 


|b) = Lom (J, 1, m’, M’—m' |’, M')| j, m’)|1, M'—m'), 
(2.21) 


where |/,M’—m’) is a_ one-surfon state and 
(j, 1, m’, M’—m’'|I', M’) is a Clebsch-Gordan coeffi- 
cient. The unitary property of the Clebsch-Gordan 
coefficients enables one to show that the cross section 
to a definite state J’ with excitation of surfons of order / 
is related to the previous cross sections for an even- 
even nucleus, Eq. (2.7), by a simple statistical factor: 


(21’+1) do 


Hine in gS) » (PRR 
(2/+1)(27+1) dQ 


Further the statistical factor summed over |/—/| </’ 
<(J+1) equals unity. Thus the sum of the cross 
sections over all “single-surfon” final states in an odd-A 
nucleus is predicted to be the same as the corresponding 
vibrational cross section in a neighboring even-even 
nucleus, provided the surface parameters are essentially 
unchanged. 

Consider next the case of rotational excitation of an 
odd-A nucleus whose states are well described by the 
strong-coupling wave functions 


21+1}! 
|IMK)= — 5 | | boDu x!) 
167? 


+(—)!-%p_oDwy, —K'(w)}. (2.23) 


24 See for example the discussion of Alder et al., reference 19, 
Sec. V C. 5. 
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One again finds* that the cross section to a definite 
state J’ is related by a statistical factor to the cross 
section previously computed for rotational excitation 
of an even-even nucleus, Eqs. (2.7) and (2.20): 


da da 
—(l; 7 I')=(1,1,K,0\1',K’)*—(0- 1). (2.24) 
dQ dQ 


We note that Eq. (2.24) also contributes to elastic 
scattering when 740. For scattered amplitude linear 
ina, 


dow J12(kR®) 
~~ = (kRo?)*—— 
(kR,®)? 


da 
+(1,1,K,0! oar" (O— 2D). (2.25) 
dQ 


This implies that the elastic cross sections will flatten 
out and get in phase with even-parity change inelastic 
cross sections at the larger angles. Collective transitions 
are restricted within the rotational band built on the 
ground state. 


III. COMPARISON TO BORN APPROXIMATION 
ANGULAR DISTRIBUTIONS 


Assume that the potential for a projectile with mass m 
has a sharp boundary which is amenable to deformation : 


V=V,, r<R=R,(1+> ret in): 
I,m (3.1) 
=. #r>R. 


To lowest order in the collective coordinates, the in- 
elastic scattering cross section on a spin-zero target in 
Born approximation, with plane-wave initial and final 
wave functions over the entire nuclear surface,‘ is 


9 


da 12m 
—(0— 1) =—- Fea 
Art h? 


dQ 


f 
—j(KRo) 


0 


X{ EM’ \aim|0 0)|2}, (3.2) 


m,M’ 


where j; is a spherical Bessel function. Similarly the 
elastic scattering cross section is 
doe\ 2m p 3 ji(KRo) 2 
——-o —R,*Vo . (3.3) 
dQ h? 


KRo 


It is well known that the above Born approximation 
formula for the elastic scattering cross section from a 
square well is equivalent to the circular-black-disk 
cross section with the replacements 


2m 
[Rev] (RRo?), (3.4) 
h? 


25S. I. Drozdov, J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 786 
(1956) [translation : Soviet Phys. JETP 3, 759 (1956) ]. 
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and j— J. Comparison between Eq. (3.2) and Eqs. 
(2.9), (2.11), (2.15), and (2.17) shows that the same 
correspondence holds for the asymptotic form of the 
inelastic cross sections. 

This correspondence is hardly surprising since both 
the Fraunhofer estimate for diffractional scattered 
amplitude and the Born approximation amplitude are 
suitable averages, over the nuclear volume or surface, 
of the phase factor exp(iK-r). In view of the large 
attenuation of nuclear projectiles indicated by elastic 
scattering analyses, we feel, however, that the strong- 
absorption diffraction model is the more plausible. An 
essentially equivalent statement is that the Born 
approximation estimates have proved successful only 
because they so closely correspond to the results of the 
diffraction model. 


IV. ANGULAR CORRELATION OF GAMMA RAYS 


Correlation functions are obtained from combining 
the nuclear statistical matrix with suitable gamma 
statistical matrices. The nuclear statistical matrix is 
defined as 


’'= 


27+1 


A My? Me’ 


¥ (M’| f(a,0)|M)* 
M 


x(M"| f(a,®)|M). (4.1) 


Let us here restrict ourselves to the case of even-even 
nuclei, so that 7=0, with a subsequent pure multipole 
transition back to the ground state. Then the corre- 
sponding statistical matrix for unpolarized gamma 
rays is 
aM’, ywi= (21’+1)(4r)3(—) M’+1 

21’ 


a * 


v=0, even 


1 
Y,, wa (0,,64)——— 
(2v+1)! 


<(I', I’, —M’, M"\y, M"—M) 
x’, Fi ~“E, 1|v, 0). 


(4.2) 


The joint probability for finding the inelastically 
scattered projectile at angle @ and gamma radiation at 
angle 0,, @y with respect to beam (¢,=0 corresponds to 
the gamma ray in the scattering plane) is proportional 
to the correlation function 


W(9,9,,6)= L 


Mar! 


(4.3) 


A woe ayr.aure . 


Let us consider first, the quadrupole excitation (/= 2). 
Since the scattered amplitudes have the symmetry 
property (M’| f|0)=(—M’| f|0), we may use the result 
of Banerjee and Levinson’ for correlation in the 
scattering plane: 


W (©, 0,, 6,=0)=a+6 sin*[2(6,—6) |, 
26M. K. Banerjee and C. A. Levinson, Ann. Phys. 2, 499 (1957). 


We correct some misprints in Eqs. (38), (39), and (40) of this 
paper. 


(4.4) 
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where 
at+$b= | To?|?+ (8/3) |71?|?+-3| T2|? 

? (4/6) (To?T2**+c.c.), 
4b sin4@y= $ (7227 1?* + c.c.) 

—3 (4/6) (TT o?*+c.c.), (4.6) 
46 cos40y= a+4b— (16/3) | T"|?, (4.7) 


and Ty?=(M'|f|0). Further, since (1|/|0)=0, one 
obtains a=0 and sin4@)=0 so that®’ 


W (0, 6,, 6,=0)=6 sin?(26,). 


(4.5) 


(4.8) 


This simple result may be understood from considera- 
tion of the scattered amplitude for the case of rota- 
tional excitation where a@2m= (42/5)'82Y 2m(w). For very 
small ©, only m=O contributes and the correlation 
function is the radiation pattern resulting from a 
quadrupole oscillator symmetric about the z axis. For 
kRo@>6, it is reasonable to approximate the Bessel 
functions by their asymptotic forms, in which case the 
scattered amplitude for /=2 can be shown to be pro- 
portional to V20(w’), where w’ gives orientation of the 
ellipsoid with respect to the x axis, i.e., the direction in 
the scattering plane perpendicular to the beam. Thus 
in the asymptotic region, the x axis becomes the sym- 
metry axis and the correlation function in the scattering 
plane remains proportional to sin?(26,). 

The correlation function following octupole excitation 
is readily obtained in the asymptotic region since one 
then finds that the scattered amplitude is proportional 
to V30(w’); i.e., the x axis is again a symmetry axis. 
The gamma correlation function is thus proportional to 
[P3'(6,') }?, where 6,’ is the angle between the gamma- 
ray direction and the x axis and P,” is an associated 
Legendre function. 

The above predictions are in only partial agreement 
with the Born approximation prediction*® and experi- 
ment.” The Born approximation correlation functions 
have the same simple form but @, is taken with respect 
to the direction of momentum transfer, K. The angle 
between the K direction and the z axis is approximately 
given by 0x=7/2— 0/2, so that only for small © and 
negligible excitation energy is K essentially parallel to 
the « axis. 

We believe that the failure of our correlation function 
to track the changing K direction at larger scattering 
angles is due to the use of an approximation which is 
valid only at small scattering angles. Specifically, the 
assumption that the appropriate “‘shadow line” is the 
projection of the nuclear surface on the x-y plane 
neglects the symmetry of the scattered amplitude with 
respect to the initial and final momenta. A more appro- 


27 Equation (4.8) appears to be in disagreement with the cérre- 
lation function obtained by FE. V. Inopin, reference 14. 

28 G. R. Satchler, Proc. Phys. Soc. (London) A68, 1037 (1955). 

27 R, Sherr and W. F’. Hornyak, Bull. Am. Phys. Soc, Ser, IT, 1, 
197 (1956). 

3% G. B. Shook, Phys. Rev. 114, 310 (1959), 
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priate choice of shadow line for the larger © might be 
the projection on to the K-y plane, since this plane is 
symmetric to both the incident and final beams. Such 
a choice leads to all the previous results in Secs. II 
and IV except that the argument Rp sinQ is replaced 
by 2kRosin(@/2) and 6, is the angle between the 
gamma ray and the K axis. 

The correlation function for circularly polarized 
gamma rays is predicted to be zero for the Drozdov 
model. From Eq. (2.6) one sees the nuclear statistical 
matrix is unchanged under the exchange M’>—M”, 
The statistical matrix for circularly polarized gamma 
rays, dy’, ur’, is the same as Eq. (4.2) except that the v 
sum runs over only odd v. From the fact that /+m is 
even and the symmetry of the Clebsch-Gordan coeffi- 
cient (/’, I’, —M’,M"|v,M”—M"), one finds that 
Gu,w" is odd under this exchange and hence the 
correlation function vanishes. 


V. LIMITATIONS AND APPROXIMATIONS OF 
THE MODEL 


Many approximations of marginal validity have been 
employed in this paper. 

(a) The adiabatic approximation. The Hamiltonian 
for the quantum mechanical system, projectile plus 
deformed or deformable nucleus is 


H=K+V (r,a)+H (a) (5.1) 


where K is the kinetic energy of the projectile, V is the 
optical potential, and H(a) is the Hamiltonian of the 
collective coordinates.*! The formal solution of the 
scattered amplitude is* 


| 
— via), (5.2) 
E-K-—V—H(a)+ie | 


(b r\a)=(6|V+V 


where |a) and | 6) are solutions of the free Hamiltonian, 
H\=K+H(a). The adiabatic approximation amounts 
to neglect of H(a) in the denominator of the second 
term.* 4 This neglect seems plausible since it occurs in 
a propagator which is sandwiched between the V’s; in 
other words, the intermediate states which contribute 
to the matrix element will generally have energies 
considerably different from E so that H(qa) is smal] 
compared to typical values of the energy difference 
E-K-V. 

The criterion for the validity of the adiabatic approxi- 
mation is usually given'*.** to be that the classical time 
for projectile to pass the nucleus should be short com- 


4! See reference 19, Eq. (V.2) and subsequent. 

%M. Gell-Mann and M. L.. Goldberger, Phys. Rev. 91, 398 
(1953). 

3G. F. Chew and G. C. Wick, Phys. Rev. 85, 636 (1952); 
G. F. Chew and M. L. Goldberger, Phys. Rev. 87, 778 (1952). 

4 DP, M. Chase, Phys. Rev. 104, 838 (1956), 
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pared to the period for collective motion, i.e., 


1 
v (1/w) 


(hw) 
= (kX) —— 
(h?k?/m) 


«1. (5.3) 


Since kR~10 for 20-Mev alpha particles and hw is 
typically in the range 1-10 Mev, this criterion is rarely 
comfortably satisfied. A criterion suggested by in- 
spection of Eq. (5.2), hw/E<1, is more easily satisfied. 

A related approximation, that kk; in Eq. (2.2), 
will be justified** when 


(ki— ky) ROZ(RRO) hw/[ (h?k?/m) }KA. (5.4) 


This restriction is not easily satisfied for O~1 but we 
shall find this to be but one of many difficulties which 
occur at large ©. 

(b) The scattered amplitude is expanded only to 
terms first order in a. One sees from Eq. (2.2) that the 
most relevant expansion parameter is not a itself but 
rather kRo@a.'* For quadrupole vibrational excitations, 

(b\a\ a)|?=haw.,/2C2~1 Mev/2(50 Mev), so that the 
predicted cross sections are not expected to be reliable 
for kR,O> 10. The convergence is worse for rotational 
excitation where the deformations are larger. One finds, 
by explicitly expanding Drozdov’s scattered amplitude 
from an ellipsoid of arbitrary deformation, that the 
correction terms tend to wash out the interference 
structure. 

(c) Complete absorption is assumed within the sharp 
radius R(x/2,@). Both the statement that there is a 
sharp boundary and that the far side of the nucleus is 
“black” are approximations, since it is well known that 
the nuclear density is tapered near the surface and that 
even energetic alpha particles have a nonzero mean free 
path.® Recently McCarthy*® has computed the alpha 
current flux in the nuclear region resulting from optical- 
model calculations with parameters which fitted elastic 
scattering from argon; he finds that the alpha particles 
do penetrate beyond the surface and that there is a 
small but finite flux on the “dark” side of the nucleus. 
Nevertheless, this flux is much closer to the zero flux 
assumed in deriving the diffraction formula Eq. (2.1), 
than to an undamped plane-wave current. Further, 
the lack of sensitivity of elastic differential cross sections 
to changes in the internal optical potential’** and the 
qualitative agreement between strong-absorption calcu- 
lations and alpha elastic scattering cross sections, for 
both heavy®*’ and light® targets, suggest that the 
scattered amplitude at forward angles is not very 
sensitive to small deviations from the “black” condition 
on the far side of the nucleus. 

(d) The Fraunhofer approximation for the scattered 
amplitude. This is basically a small-scattering-angle 
approximation. Indicative of this is the fact that one 
can derive formulas for the scattering from a black 

86T. E. McCarthy, Nuclear Phys. 10, 583 (1959). 


36 G, Igo, Phys. Rev. Letters 1, 72 (1958). 
37 Kerlee, Blair, and Farwell, Phys. Rev. 107, 1343 (1957). 


JOHN S. 


BLAIR 


sphere where the arguments variously contain sinQ, 
2sin(Q/2), or even 2tan(@/2), corresponding to 
different choices for the shadow line; in the last two 
cases the shadow line is chosen to be a circle or ellipse, 
respectively, in the K-y plane. Clearly all forms are 
equivalent at small ©; the extension of the simple 
Fraunhofer formulas to larger angles however, is more a 
matter of recipe than clean derivation (see the discus- 
sion near the end of Sec. IV). It frequently has been 
observed***.” that the angular separation or the differ- 
ence in sin(@/2) between the maxima or minima in 
elastic angular distributions is constant; this suggests 
that the Fraunhofer formulas, with the argument kRo® 
or 2kRo sin(@/2), may have some relevance at larger 
angles, but we recognize that this is an extrapolation 
beyond their intended range of validity.t 

(e) Coulomb effects have been neglected.“ These 
will manifest themselves in two ways: (1) distortion of 
the plane wave fronts near the nucleus; (2) specific 
Coulomb contributions to the scattered amplitude. 
Both of these effects will influence very-small-angle 
scattering from light nuclei but are probably safely 
ignored for larger angles. An upper limit on the specific 
Coulomb contributions to the scattered amplitude is 
provided by a Born approximation calculation in which 
the incident and final projectile wave functions are 
represented by plane waves and a uniform charge 
density is assumed with a charge radius approximately 
equal to the absorption radius R(@,). One obtains the 
results of Sec. III with the replacement 


4 2m 
snscniieeieinendaiaine —> [-=xovs] 
4 sin?(@/2) h° 


Ryyo=ZZ'e?/ E= ZZ’ (1.44) X (10-") cm/ E (in Mev), 


where 


the distance of closest approach for a head-on collision 
between point charges Z and Z’ (target and projectile, 
respectively). At moderate scattering angles, even were 
the plane-wave approximation valid for treating Cou- 
lomb scattering and excitation, the distance [3Riso 
38 Igo, Wegner, and Eisberg, Phys. Rev. 101, 1508 (1956). 

39 Seidlitz, Bleuler, and Tendam, Phys. Rev. 110, 682 (1958). 

+ Note added in proof.—Additional arguments may be given for 
choosing the argument in the Fraunhofer formulas to be (kRo@) 
or [2kRo sin(@/2)]: (a) R. J. Glauber, in unpublished notes 
entitled “High Energy Collision Theory,” has pointed out that 
the necessary symmetry of the scattered amplitude, for fixed 
scatterer, with respect to interchange and sign reversal of the 
initial and final momenta is manifestly included if the shadow 
ylane of Eq. (2.1) is taken to be perpendicular to the direction 
i+k,. In this way the argument naturally occuring in the 
Fraunhofer expressions is [2kRp sin(@/2)]. (b) In collaboration 
with D. Sharp and L. Wilets (to be published), we have recently 
derived cross sections for monopole and quadrupole excitation 
without use of the Fraunhofer approximation. At small angles and 
for large kRo, these results are equivalent to the Fraunhofer 
formulas; the similarity is maintained out to @~90° when the 
argument kRo@ is used in the Fraunhofer expressions. 

S$. I. Drozdov, Atomnaya Energ. 2, 501 (1957) [translation: 
J. Nuclear Energy 7, 231 (1958) ]. 
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4 sin?(@/2) ] is generally small compared to its equiva- 
lent in diffraction expressions, [kRo? ]. 

For very small angles such that RRO<1 and for 
small Coulomb distortion (i.e., n=ZZ'e?/hv<1), the 
Born approximation estimates for Coulomb scattering 
and excitation are realistic; the Coulomb matrix ele- 
ments then receive their essential contributions from a 
large enough volume, (1/K)’=(1/k@)', so that they 
are not greatly altered by the hole in the incident and 
final plane waves which is taken out by the absorbing 
nucleus. The Coulomb and diffraction contributions are 
out of phase so that the cross sections may be added. 
For the above restrictions," 


Riso” 1 KR 
; [— . =] +[eRi} 


1 (RR) 2 
«| a | 
(RRo®) 


doe 


in 16 sin*(@/ 2) 


hur 
(- )(=) iene 
~ $6sin*( @/2)\4r7 \2C2 
5 
+([RRo? ] (— (=e Ji? (RRoO) 


+ 3J?(RRo@)} 


—carr(-)(5=) 
((F) 4} 


Thus Coulomb quadrupole excitation will be com- 
petitive with the corresponding diffractional inelastic 
scattering at very forward angles. On the other hand, 
both Coulomb and diffraction contributions to the cross 
section for octupole excitation are here predicted to 
approach zero at forward angles. 

One general criticism which previously has been 
made of simple Born or impulse approximation models 
also applies to the present calculation’: Some of the 
desired features of the angular distributions, such as 
regularly spaced and sharply defined oscillations, and 
large effective radii, are essentially guaranteed by our 
drastic approximations. It will be interesting to see if 
these features stlll emerge when the rotational optical 
model of Chase, Wilets, and Edmonds*® is extended to 
medium-energy projectiles, since the Drozdov model 
should be merely an approximation to that model. 


(5.9) 


41 A, Akhieser and I. Pomeranchuk, Uspekhi Fiz. Nauk 65, 593 
(1958), Eq. (30). 
#2 Chase, Wilets, and Edmonds, Phys. Rev. 110, 1080 (1958). 
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VI. COMPARISON TO EXPERIMENT 


If the present calculations are appropriate to nature, 
not only must they yield the observed elastic and in- 
elastic scattering angular distributions but also lead to 
reasonable values for the collective matrix elements. 
There has been accumulating evidence that collective 
concepts are applicable to the light nuclei, not only in 
the s-d shell® but also in the p shell.“ 

Concerning angular distributions we generally find 
that inelastic scattering data which previously have 
been fitted with Born approximation expressions are 
either equally well or better fitted with the formulas of 
Sec. II in which the radii are those already determined 
from a fit to the corresponding elastic scattering angular 
distributions. The squares of spherical Bessel functions 
occurring in the Born approximation formulas have 
maxima and minima at arguments which are approxi- 
mately 45° larger than those at corresponding maxima 
and minima in the ordinary Bessel functions; this has 
led to interaction radii, determined from fitting the 
small-angle structure of inelastic scattering angular 
distributions to Born approximation expressions, which 
tend to be larger than the corresponding black-disk 
radii from analysis of the elastic scattering.* This dis- 
crepancy is removed when both the elastic and in- 
elastic scattering are analyzed with the diffraction 
model. 

Comparisons will be here restricted to medium-energy 
alpha particle or deuteron scattering experiments, since 
it is here found that the strong-absorption approxi- 
mations have their greatest validity and further the 
wavelengths are short enough so that many orders of 
a diffraction pattern may possibly occur in a typical 
angular distribution. As an example, we show in Figs. 2 
and 3 angular distributions for alpha elastic scattering 
and inelastic scattering to the 2.24-Mev (2+) and 
4.98-Mev levels, respectively, of S**.“° The maxima and 
minima of the elastic pattern have been well fitted to 
the black-disk prediction with Ro=6.19X10-" cm. 
[The Fraunhofer formula has been extended to large 
angles with the recipe that the argument is taken as 
2kRy sin(@/2), corresponding to the shadow line in the 
K-y plane; see Sec. V(d).] The inelastic scattering 
angular distributions are clearly out of phase and in 
phase, respectively, with the elastic pattern; they are 
compared to Eqs. (2.8) and (2.14), respectively, arbi. 
trarily matched at small angles, where the approxima- 
tions are most valid. [Again, the inelastic scattering 
diffraction formulas have been extrapolated to large 
angles with the argument 2kR» sin(@/2). | This normal- 
ization leads to |62|=0.4 or C.=40 Mev [2.24-Mev 
(2+) level] and |8;|=0.2 or C;=350 Mev [4.98-Mev 
level ]. Both elastic and inelastic scattering experimental] 
cross sections rapidly fall below the diffraction formulas 


‘8G. Rakavy, Nuclear Phys. 4, 375 (1957). 
“1T). Kurath, Phys. Rev. 106, 975 (1957). 
46 PC, Robison and G. W. Farwell (to be published). 





JOHN S. 





s** 


41.7- MEV ALPHAS (Leb) 


3 
.- 


—Elestic 


5 6 
n~ 


DIFFERENTIAL CROSS SECTION (ARBITRARY UNITS) 











o 20° 40° 60° 80° 
SCATTERING ANGLE (CENTER OF MASS) 

Fic. 2. Angular distribution of alpha particles from S*® with 
incident laboratory energy of 43 Mev. The open circles are the 
elastic scattering cross sections and the open squares are the 
inelastic scattering cross sections to the 2.24-Mev (2+-) state 
(multiplied by a factor 10~') as measured by Robison and Far- 
well. The solid curve gives the theoretical cross section for a 
collective quadrupole transition where the radius, Ro, is that 
deduced from a fit to the elastic angular distribution, 6.19 10-" 
cm, The dashed curve is the theoretical cross section including 
Coulomb excitation, Eq. (5.8); this estimate is realistic only for 
very small angles. 


as the scattering angle increases while spacing continues 
to be regular; this is another demonstration’ of the 
phenomenon that a crude physical optical model 
satisfactorily gives the location of the oscillations but 
fails to yield their magnitude for large orders in the 
pattern. We note that the envelopes of both inelastic 
scattering curves have the same angular dependence 
which strengthens the interpretation that both involve 
the same sort of nuclear excitation, differing only with 
regard to multipolarity. 

Other scattering experiments are discussed below, in 
order of increasing Z, in terms of naive application of 
the simple diffraction formulas of Sec. IT. 


Be’—48-Mev a‘® 


The location of the minima in the elastic scattering 
angular distribution leads to Ro=5.0X10—* cm. The 
black-disk elastic scattering cross section at the first 
maximum is then 119 millibarns, in good agreement 
with the observed cross section, 118 millibarns. The 
predicted cross section at the second maximum is 28 
millibarns, to be compared with the observed 16.5 


4° R. G. Summers-Gill, Phys. Rev. 109, 1591 (1958). 
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millibarns. The inelastic scattering cross sections to the 
2.43-Mev level are then correctly predicted to have 
minima at 29° and 47°. With the assumption that this 
state has /=$, K=3, application of Eqs. (2.24) and 
(2.8) to the first maximum of the inelastic scattering 
cross section yields |8:|=0.46. We note that the 
Drozdov model avoids one of the difficulties which we 
encountered when the impulse approximation was 
applied to an alpha-particle model for Be®, namely that 
the calculated interaction radius was far too small*; at 
the same time it allows us to retain the alpha-particle 
model as a collective description which leads to large 
prolate ellipsoidal distortion. 


Be’—24-Mev deuterons‘*® 


If the interaction radius for deuterons is the same as 
that for alpha particles, corresponding points in the 
24-Mev deuteron and 48-Mev alpha particle cross 
sections should be related by the ratio ky?/k.?=0.35. 
Thus one expects 41 and 5.8 millibarns at the first two 
deuteron elastic scattering maxima while Summers-Gill 
finds 26.6 and 5.05 millibarns, respectively. Similarly, 
one anticipates 16.4 and 2.6 millibarns at the first two 
inelastic scattering maxima where 12.5 and 5.8 milli- 
barns are observed. Actually, the spacing of the oscil- 
lations of the deuteron elastic scattering angular distri- 
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Fic. 3. Angular distribution of alpha particles scattered from 
S* with incident laboratory energy of 43 Mev. The open circles 
are the elastic scattering cross sections and the closed circles are 
the inelastic scattering cross sections to the 4.98-Mev state 
(multiplied by a factor 10!) as measured by Robison and Far- 
well.© The solid curve gives the theoretical cross section for a 
collective octupole transition where the radius, Ro, is that deduced 
from the elastic scattering data, 6.19 10-3 cm. 
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bution suggest a somewhat larger interaction radius, 
5.35X10- cm, which increases the discrepancy be- 
tween the strong absorption cross sections and the 
observed experimental values. 


C!*-41-Mev a’:*’ 


Analysis of the elastic scattering yields Ro=5.1 
X10-" cm. Application of Eq. (2.8) to the first maxi- 
mum of the inelastic scattering cross section to the 
4.43-Mev (2+) level gives |82|=0.28. The center-of- 
mass angular distribution to the 7.65-Mev level, thought 
to be 0+, is 90° out of phase with the elastic scattering 
angular distribution over three maxima and minima, in 
accordance with Eq. (2.10). Comparison between this 
formula and the experimental cross section at center-of- 
mass angle 38°, 1.6 millibarns, leads to (6! ao| a) = 0.086. 
The corresponding change in the surface radius, Roa» 
(4r)-3, is then a factor 4 times smaller than radial 
displacement as estimated by the alpha-particle model, 
Eq. (2.12). It has been observed by Schiff? that the 
experimental value for the electric monopole matrix 
element is similarly a factor 3 to 5 times smaller than 
the alpha-particle model prediction, which is again 
proportional to (b|6r|a). When the dilational excitation 
of an alpha-particle model was considered in the Born 
or impulse approximation,® the angular distribution 
was predicted to be proportional to K*7,°(KR) which is 
at variance with experiment. It is gratifying to find 
that the failure of this calculation to match experiment 
is attributable to the use of the Born or impulse approxi- 
mation rather than to the notion of collective excitation. 
The large excitation energy, 7.65 Mev, means that the 
adiabatic approximation is highly questionable. 


O'’—40-Mev a* 


Analysis of the elastic scattering cross section leads 
to Ro=5.64X10-" cm. The inelastic scattering cross 
section to the 6.06-Mev (0+)--6.13-Mev (3—) doublet 
is compared to the theoretical cross section for octupole 
excitation, Eq. (2.14), in Fig. 4. The normalization 
chosen in this figure gives |8;! =0.18 or C;=650 Mev, 
The experimental cross section attributable to excita- 
tion of the 0+ state is unknown; if it is of the order 
of the cross section for excitation of the 7.65-Mev level 
in C!®, however, the contamination due to this level 
will only slightly decrease the estimates above.** The 
angular distributions of Fig. 4 have been cut off at 90°, 
for although there is structure in both elastic and in- 
elastic scattering experimental cross sections beyond 
this angle, there is no correspondence to the simple 
diffraction formulas. 


47§. F. Eccles and D. Bodansky, Phys. Rev. 113, 608 (1959). 
48 See discussion of monopole matrix elements of O'* in J. J. 
Griffin, Phys. Rev. 108, 328 (1957). 
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lic. 4. Angular distribution of alpha particles scattered from 
O!* with incident laboratory energy of 41 Mev. The circles are the 
elastic scattering cross sections and the squares are the inelastic 
scattering cross sections to the 6.06-Mev (0+)-6.14-Mev (3—) 
unresolved doublet as measured by Yavin and Farwell.§ The 
solid curve gives the theoretical cross section for a collective 
octupole transition where the radius is deduced from a fit to the 
elastic scattering angular distribution, 5.6410 cm, and !|8;! is 
equal to 0.18. 


Ne’’— 18.02-Mev a°*” 


A fit to the second, third, and fourth minima of the 
elastic scattering cross section gives an average Ro= 6.16 
x 10-" cm. The predicted elastic scattering cross section 
at the first maximum is then 149 millibarns while the 
observed value is 167 millibarns. The inelastic scattering 
angular distribution with excitation of the 1.63-Mev 
(2+) level is perfectly out of phase with the elastic 
scattering oscillations for scattering angle less than 90°. 
When 67 millibarns is taken as the inelastic scattering 
cross section at the first maximum (this disregards the 
high cross section at the first angle), one finds |B.) =0.35 
or C2=34 Mev. The first two maxima for excitation of 
the 7.2-Mev group, which contains a 3— state, are 
clearly in phase with the elastic and out of phase with 
the 1.63-Mev inelastic scattering angular distributions. 
When interpreted in terms of octupole excitation, the 
observed cross section to the 7.2-Mev group at the 
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first maximum, 25 millibarns, leads to |8;) =0.26 or 
C;= 370 Mev. 


Mg”*—-42-Mev a'!:* 


The oscillations of the elastic and 1.37-Mev (2+) 
inelastic scattering angular distributions are out of 
phase over five maxima. A match to the inelastic cross 
section at the first maximum yields |6, =0.3. Shook 
has also observed strong excitation of a level or group 
at 6.3 Mev. The second maximum near 30° is clearly 
in phase with the elastic scattering angular distribution. 
The estimated cross section at this point, 3 millibarns, 
when interpreted as octupole excitation leads to (3 
=0.08 or C;=3400 Mev. (The estimate of (63) is 
probably an underestimate since the observed cross 
sections at second and higher maxima are generally 
lower than the predictions of the diffraction theory.) 


A*’—40-Mev a‘ 


The interaction radius from the elastic scattering 
angular distribution is 6.38 (10~") cm and the ratio 
of observed to black-disk cross section at the first 
maximum is 0.97. The inelastic scattering cross section 
to the 1.43-Mev state is roughly out of phase with the 
elastic pattern over a range of five minima. The in- 
elastic scattering cross section at the second maximum 
gives (62, =0.09 or C.=490 Mev, values which prob- 


ably reflect the proximity of the shell closure at 


Z=N=20. 


Ca‘*°—43-Mev a*” 


The inelastic scattering angular distribution to a state 
believed to be at 4.48 Mev is in phase with the elastic 
scattering pattern over a range of five maxima. Absolute 
cross sections were not measured; however, the relative 
elastic scattering cross section is almost identical to the 
elastic cross section from A“® at 41 Mev which suggests 
that the magnitudes also are the same. The inelastic 
scattering cross section at its first maximum is then 
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estimated to be 6.0 millibarns which corresponds to 
|B3| =0.095 or C;= 1800 Mev. 

Low-lying levels of intermediate-mass nuclei (Z> 20) 
have been strongly excited through inelastic scattering 
of protons.'*!7 The levels below or near 1 Mev are 
almost invariably those strongly excited by Coulomb 
excitation and are fairly well understood in terms of 
quadrupole surface vibrations. It has been suggested by 
Lane and Pendlebury" and independently by Levinson® 
that the “anomalous” excitation might be understood 
in terms of surface octupole excitation. Recent alpha- 
particle scattering experiments by Chen and Mc- 
Daniels® have strengthened this interpretation; com- 
parison of the elastic and inelastic 2+ and ‘“‘anomalous” 
angular distributions show that the elastic and 
“anomalous” patterns are in phase, but out of phase 
with the 2+ inelastic oscillations. This work will be 
reported separately. 

In summary, many of the alpha-particle and deuteron 
inelastic scattering angular distributions following ex- 
citation of low-lying levels of light nuclei are consistent 
with the predictions of the simple diffraction model. 
There is independent evidence for large quadrupole 
deformations for most of the nuclei (C!*, Ne”, Mg*4, 
S**)5! where a fit to the diffraction formulas also yields 
large B2|. A state associated with octupole deformation 
appears to be present in all the 47 nuclei examined; the 
energy of this state slowly decreases with increasing A 
[O'*, 6.13 Mev (3—); Ne”, 7.2 Mev (3—); Mg", 6.3 
Mev; S*, 4.98 Mev; Ca”, 4.48 Mev ]. 
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Eleven excitation functions for alpha-induced reactions on Zn™ have been measured up to incident 
energies of 41 Mev. The values of o(a,p)/o(a,m) and o(a,pn)/o(a,2n) in the region of maximum yield were 
found to be 1.7 and 9, respectively. Reactions involving alpha-particle emission account for about 20% of 
the total inelastic cross section at 40 Mev. The total inelastic cross section was found to agree with calculated 
values for 7)>=1.6X 10-8 cm. The competition between different reactions was analyzed in terms of the 
statistical theory by use of a level density expression of the form W (/2)=C exp{2[a(E—5) }!}. Values of a 
ranging from 0.8 to 2.8 were required to fit the experimental results, indicating that the statistical theory is 


not completely applicable. 


INTRODUCTION 

UCLEAR reactions induced by particles with 
incident energies less than 50 Mev have been the 
subject of considerable investigation in recent years. 
Two experimental approaches have been used in these 
studies. The first consists of the measurement of energy 
spectra and angular distributions of emitted particles’; 
the second, of the determination of excitation functions 
for these reactions.*~"’ One of the main purposes of 
these investigations has been to study the applicability 
of the statistical theory” to reactions in this energy 
region. According to the theory, the emission of different 
particles is assumed to proceed by successive evapora- 
tion from a compound nucleus,”! and the shapes of the 
energy spectra of emitted particles, as well as the cross 
sections for different reactions, are determined in large 
measure by the value of the level density parameter, a. 
The latter may be related to the level density, W(£), 
of the residual nucleus resulting from a particular 
nuclear reaction, by the iamiliar expression obtained 
from the Fermi gas model,” W(E)=C exp2(aE)!. 
According to the model, @ is proportional to the mass 
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number of the residual nucleus in question. This pre- 
diction has been borne out by the previously mentioned 
experiments with moderate success at the very best. 
While the values of a obtained from several measure- 
ments of energy spectra do indeed exhibit the expected 
increase with mass number, other such measured 
spectra, as well as all excitation functions measured to 
date, appear to be consistent with a~2, regardless of 
mass number. The situation has been summarized by 
Igo and Wegner.”? They point out that the low values 
of a may be partly due to the effect of direct-interaction 
processes. The latter lead to the emission of an excessive 
number of high-energy particles, which in turn result in 
low values of a that have no meaning in terms of the 
nuclear model. Ample evidence for direct-interaction 
processes has indeed been found in measurements of the 
angular distribution of emitted particles. Whereas an 
evaporation mechanism requires that particles be 
emitted with symmetry about 90°,” several experi- 
ments!:* have shown a large excess of particles emitted 
in the forward direction. Igo and Wegner” conclude, 
however, that even when only energy spectra of par- 
ticles emitted in the backward hemisphere are studied, 
thereby minimizing the contribution of direct-inter- 
action processes, anomalously low values of a are still 
obtained in several instances. 

In view of these inconsistencies it seemed desirable 
to continue the study of low-energy nuclear reactions. 
Further excitation-function measurements appeared to 
be of interest since many of the previously mentioned 
studies were rather fragmentary. The excitation func- 
tions for the reactions of zinc-64 with alpha particles 
ranging in energy from 13 to 41 Mev were chosen for 
investigation in the present work since it is possible to 
measure eleven excitation functions, accounting for 
over 80% of the total inelastic cross section. The results 
were analyzed in terms of the statistical theory and 
values of a were obtained from the measured cross 
sections. In addition, it was possible to study the com- 
petition between neutron, proton, and alpha emission 
and to observe in several instances the effect of the 


2 G. Igo and H. E. Wegner, Phys. Rev. 102, 1364 (1956). 
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TABLE I, Measured cross sections in millibarns for reactions of zinc-64 with alpha particles. 


\ Reaction (a,7) (a,p) 
\Threshold 
\ (Mev) 94 4.5 20.3 16.2 
Eq (Mev)\. 


0 


(a,n) (a,2n) (a,pn) 


3 
5 
6.2 


16.9 
18.5 
18.9 
20.2 
20.7 
21.0 
21.8 
22.8 
23.0 


even-even or odd-odd nature of the residual nucleus on 
the measured cross sections. 


EXPERIMENTAL 


The irradiations were performed with the deflected 
alpha-particle beam of the Brookhaven 60-inch cyclo- 
tron. A detailed description of the target assembly and 
Faraday cup used to monitor the beam intensity is 
given elsewhere.* The beam intensity varied between 
0.2 and 1.0 microamperes. Irradiation times varied 
between 10 seconds and 6 hours. The initial alpha- 
particle energy was 41 Mev. The variation in the energy 
of the incident beam for different bombardments was 
monitored by determining with a beta proportional 
counter the gross activity of Ga®*+ Cu® and Ga®’+Zn® 
induced in copper foils by alpha particles degraded to 
either 39 Mev or 25 Mev. The ratio of the production 
cross sections of Ga®+Cu® and Ga’+Zn® in this 
energy region is very sensitive to small changes in the 
energy of the incident beam.” In general, the incident 


*S Amiel and N. T. Porile, Rev. Sci. Instr. 29, 1112 (1958). 
25 N. T. Porile and D. L. Morrison (submitted to Phys. Rev.). 








(a,3n) (a,p2n) (a,2pn) (a,a2n) (a,apn) 


(a,an) 


31.8 6.0 21.7 14.9 22.0 19.4 


energy varied by less than 0.3 Mev from run to run. 
In order to perform experiments at bombarding energies 
below 41 Mev, the beam was degraded in energy by 
use of aluminum absorbers. The curves of Aron ei al.?6 
were used to determine the energy of the degraded 
beam. The stacked-foil technique was used to irradiate 
between one and eight target foils in any one experi- 
ment. A total of 52 irradiations was performed in the 
course of this study. 

The targets consisted of high-purity 0.0005-inch 
natural-zinc foils, or of zinc, enriched to 93% in Zn®:27 
plated on thin gold foils. The natural-zinc foils were 
used when there was no interference from the other 
zinc isotopes and when the beam energy was high 
enough so that the energy loss in the target foils was 
less than 1.2 Mev. In all other cases thin (1-2 mg/cm?) 
targets of enriched Zn™ were used. The target foils 
were however thick enough to make the loss of recoils 
negligible. After irradiation the target foils were dis- 

*® Aron, Hoffman, and Williams, Atomic Energy Commission 
Report AECU-663, 1949 (unpublished). 


*7 Obtained from Isotope Research and Production Division, 
Carbide and Carbon Chemicals Company, Oak Ridge, Tennessee. 
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Fic. 1. Measured excitation functions for reactions involving 
emission of one or two nucleons and for radiative capture. 


solved in acid in the presence of carrier, and separation 
of the desired elements was carried out. The chemical 
yield was determined either by weighing the final 
samples or by subsequent spectrophotometric or polaro- 
graphic determination. The disintegration rates of the 
samples were determined with beta proportional 
counters, 3-inch Nal scintillation counters, or deep- 
well Nal scintillation counters. In many cases the 
scintillation counters were connected to a 100-channel 
pulse-height analyzer and the decay of a particular 
photopeak was followed. Since only energetic beta 
emitters were counted on beta-proportional counters, 
no self-scattering or self-absorption corrections were 
applied in the comparison of different samples. In most 
cases, cross-section measurements were repeated and 
agreement to within 3 to 5% was obtained. The chemi- 
cal procedures, counting techniques, and calibration 
methods used are presented in more detail in the 
Appendix. 
RESULTS 


A total of 80 cross sections was measured in this 
study. These are presented in Table I, together with 
the thresholds for the corresponding reactions. The 
latter were obtained from the masses of stable nuclides 
listed by Wapstra’* coupled with the latest decay 
energy measurements.” The errors in the listed cross- 
section values are estimated to be of the order of 10%. 


28 A, H. Wapstra, Physica 21, 367 (1956). 
2® Strominger, Hollander, and Seaborg, Revs. Modern Phys. 30, 
585 (1958). 
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(a, 2pn) 


(a, p2n) 
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Ea (MEV) 


Fic. 2. Measured excitation functions for reactions involving 
emission of three nucleons. 


This value is based on the results of duplicate experi- 
ments, which agreed to within 3 to 5%, and on an esti- 
mated error of 5 to 10% in the determination of count- 
ing efficiencies. The points on a given excitation function 
have a relative error of less than 5% with respect to 
each other. This is also the case for points on different 
excitation functions involving genetically related nu- 
clides provided that advantage was taken of this 
relationship in the determination of counting efficiencies. 
The listed bombarding energies are most accurate for 
values close to the energy of the undegraded beam. 
The energy values below 15 Mev may be in error by 
over 1 Mev due to the magnification by the straggling 
process of small errors in the assumed value of the 
incident energy. 

The excitation functions are plotted in Figs. 1-3. 
The (a,y) excitation function was not measured above 
17 Mev due to the interfering production of Ge® by 
the (a,2n) reaction on Zn®, The excitation function 
above this energy was estimated on the assumption 
that it has the same shape as the excitation function 
for the (a,y) reaction on Ni*’. The maximum cross 
section is of the same magnitude as the maximum cross 
sections measured for other alpha-induced radiative 
capture reactions.” #! The relative yield of the (a,p) 
and (a,m) reactions indicates that proton emission from 
excited Ge®* is about twice as probable as neutron 
emission. The (a,p) to (a,m) cross-section ratio has 


322 (1958). 
31H. Morinaga, Phys. Rev. 101, 100 (1956). 
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Fic. 3. Measured excitation functions for reactions involving 
alpha-particle emission. 


also been measured for Fe** and found to be about 3.9 
It is thus apparent that proton emission competes 
favorably with neutron emission in this mass region, 
at least in the case of neutron-deficient target nuclides. 
The ratio of the (a,pn) and (a@,2n) cross sections in 
the region of maximum yield is about 9. The ratio of 
(a,pn) to (a,2n) cross sections has also been measured 
in a number of other cases in this mass region. A ratio 
of 60 was reported for Fe,’ 26 for Cr," 4 for Ni®,!8 
30 for Ti*®,** and 2 for Ge”. While the (a,pm) reaction 
is in many instances favored by having a lower threshold 
than the (a@,2n) reaction, the main effect appears to 
be due to differences in the level densities of the residual 
nuclei. The products of all the (@,2”) reactions men- 
tioned are even-even nuclides while the corresponding 
products for the (a,pm) reactions are odd-odd nuclides 
and are thus expected to have a greater density of 
levels at low excitation energies.* In addition, several of 
the (a,2m) products occur at a closed shell or have an 
isotopic number of zero and these factors perhaps 
further reduce their yield. Some confirmation for this 
view is obtained from the large (a,2n) cross sections 
measured for V™ targets** and Cu® targets,®* where 
the resulting nuclides are not even-even. 

The greater probability for proton rather than neu- 
tron emission is also demonstrated in the emission of 


® DP. Raleigh, Ph.D. thesis, Columbia University, 1958 (unpub 
lished). 

%S. Amiel (private communication). 

“H. Hurwitz and H. A. Bethe, Phys. Rev. 81, 898 (1951). 
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three nucleons as witnessed by the fact that the ratio 
of cross sections for the (a,2pn) and (a,p2n) reactions 
at 40 Mev is approximately 6. It is of course possible 
that these cross sections include substantial contribu- 
tions from triton and He’ emission. An estimate of the 
triton contribution may be obtained from recent meas- 
urements of tritium yields in alpha-induced reactions 
for a number of target nuclei including zinc.*” Com- 
parison with the (a,p2m) cross sections reported in the 
present work is difficult since only the integrated yield 
of tritons produced by alpha particles ranging in energy 
from 48 Mev to the threshold of the (a,) reaction was 
measured. A very rough comparison may be made by 
extrapolating the (a,p2m) excitation function of Fig. 2 
to 48 Mev, and estimating the fraction of observed 
tritons in Gonzalez-Vidal’s work that are actually 
emitted together with another particle and thus do 
not result in an (a,f) reaction. On this basis it is esti- 
mated that, even if the triton production observed by 
Gonzalez-Vidal is ascribed entirely to reactions with 
Zn™, only about 10% of the Ga® observed in the 
present experiments can result from (a,/) reactions. 
The excitation functions for reactions involving 
alpha-particle emission are shown in Fig. 3. It is seen 
that substantial yields are found for these reactions. 
Similar results have been obtained recently for the 
corresponding reactions of Ni®* and alpha particles.** 
The (a,apn) and (a,a2n) excitation functions are rather 
similar in shape and relative yield to the (a,pm) and 
(a,2n) reactions on Ni®.'8 The latter lead to the same 
residual nuclides as the reactions in question. The value 
of a(a,pn)/o(a,2n) for Ni® thus is about 4 to 5 for 


Fic. 4. Experimen- 
tal values of the total 
inelastic cross section 
with their associ- 
ated errors, and con- 
tinuum-theory — val- 
ues for r= 1.6 
fermis; the vertical 
bars give the differ- 
ence between the cal- 
culated and experi- 
mental values; the 
two heavy curves 
represent extreme 
values for the excita- 
tion functions of un- 
measured — reactions 
as estimated by the 
statistical theory. 








Ea (MEV) 
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38 Blann, Thomas, and Seaborg, Abstract of the American 
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J. M. Miller (private communication). 





a-INDUCED 


incident energies a few Mev above the corresponding 
thresholds, while the value of o(a,apn)/a(a,a2n) ob- 
tained in the present work over the corresponding 
energy region is about 4. The (a,apn) and (a,a2n) 
excitation functions are shifted to higher energies rela- 
tive to the corresponding excitation functions for the 
Ni® target by some 10 to 15 Mev, reflecting in large 
measure the kinetic energy of the emitted alpha par- 
ticles. 

The experimental excitation functions may be 
summed in order to estimate the magnitude of the 
total inelastic cross section. The value obtained in this 
fashion constitutes a lower limit since there are a 
number of reactions leading to stable nuclides which 
were not investigated. The total inelastic cross section 
may be calculated according to continuum theory,” 
and is shown in Fig. 4 for a nuclear radius parameter, ro, 
of 1.6 fermis (1.6 10~" cm). The corresponding experi- 
mental values are plotted together with their estimated 
uncertainties. The experimental values are in general 
smaller than the calculated values, particularly between 
22 and 32 Mev where the former fall short by as much 
as 300 millibarns from the continuum-theory values. 
The vertical bars represent the difference between the 
calculated and experimental values and thus constitute 
a rough excitation function for the unmeasured re- 
actions. It is possible to estimate values for the cross 
sections of the unmeasured reactions by use of the 
statistical theory, as shown in the following section. 
The excitation functions estimated in this fashion are 
given in Fig. 5. The cross sections for these reactions are 
probably good to within a factor of two. The maximum 
and minimum values of the cross sections for all un- 
measured reactions, obtained by assuming that the 
estimated cross sections may be in error by a factor of 
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Fic. 5. Excitation functions for unmeasured reactions as estimated 
by use of the statistical theory. 
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Fic. 6. Summary of measured and estimated excitation functions. 





two, are given by the two heavy lines in Fig. 4. It is 
seen that the estimated cross sections overlap at all 
energies with those obtained from the difference be- 
tween the experimental and calculated values for the 
total inelastic cross section. If ro is taken as 1.5 or 1.7 
fermis, the fit obtained in this comparison is con- 
siderably poorer than for ro= 1.6 fermis. The two most 
significant unmeasured excitation functions are seen to 
be those for the (a,avy) and (a,2p) reactions. 

At the lowest bombarding energies used in this study, 
reactions involving the emission of at most one nucleon 
are the only ones that are observed. As the energy of 
the incident alpha particles is increased, reactions in- 
volving successively the emission of two and three 
nucleons become energetically possible and compete 
with each other as well as with all other reactions. This 
competition is pictured in Fig. 6 where the excitation 
functions for the emission of one, two, or three nucleons 
are plotted. Both measured and estimated excitation 
functions are included and the occurrence of (a,d) or of 
(a,/) and (a,He*) reactions is assumed to be equivalent 
to the emission of two or three nucleons, respectively. 
Measured and estimated values for reactions involving 
alpha-particle emission are given as a separate curve 
regardless of the total number of particles emitted. It is 
seen in Fig. 6 that a particular set of reactions goes 
through a maximum as the thresholds of the reactions 
involving emission of one more nucleon are passed. It 
can be seen that reactions involving the emission of 
alpha particles constitute a substantial fraction of the 
total inelastic cross section ranging from an estimated 
5% at 15 Mev, to about 20% at 40 Mev. 
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DISCUSSION 


The experimental results may be compared with 
values predicted by the statistical theory. According 
to the theory, the cross section for an (a,x) reaction is 
given by 

o(a,x)=a-(a) f-/> Fj, 
j 

where g,(a) is the cross section for formation of the 
compound nucleus by an alpha particle, f, is the 
emission function for particle « over a particular energy 
interval, and F; is the emission function for particle 7 
over the total energy interval. In this calculation F; 
and f, have been evaluated for protons, neutrons, and 
alpha particles. The emission functions for deuterons, 
tritons, and He* were found to be about an order of 
magnitude smaller and were consequently neglected. 
The emission functions are given by 


€,™E 


fF | 
F,| 


€,0-r(€,) V (e,)de,, 


=2M.(2.+1) f 


¢,min 


where M, and e, are the reduced mass and kinetic 
energy in the center-of-mass system and /, is the spin 
of particle x; o-2(€,) is the inverse cross section for 
formation of the compound nucleus by particle x with 
energy €, and W(e) is the level density of the residual 
nucleus. The level density of the residual nucleus was 
assumed to be of the form 


W (e,)=c exp{[4a(E*—S,—65—«,) }}}, 


where ¢ is a constant assumed to be the same for all 
residual nuclei under consideration; a is the level 
density parameter; £* is the initial energy of excitation 
of the compound nucleus; S, is the binding energy of x. 
This expression differs from the level density expression 
obtained from the Fermi gas model by the introduction 
of the energy term 6 in the exponent. The latter is 
introduced in order to account for the greater density 
of levels near the ground state of an odd-odd nucleus.” 
In the present calculation the effect of a closed shell on 
the level density was also included in the parameter 6. 
6 thus is zero for an odd-odd nucleus for which there are 
no shell effects, and is greatest for an even-even nucleus 
at a closed shell. The values of 6 for odd-mass nuclei lie 
between those for even-even and odd-odd nuclei. The 
inverse cross section was taken as 


K,B 
cu(e)=aR(I —— -), 
€x 


where R=rA! if x is a nucleon and R=nA!+1.21 
<10-" if x is an alpha particle. B is the Coulomb 
barrier for protons, and K, is a constant taken as 
K,=0, K,=0.7, and K,=1.66." The advantage of the 
above approximation for the inverse cross section is 


 K. J. LeCouteur, Proc. Phys. Soc. (London) A63, 259 (1950). 
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that its use permits an integration in closed form. ‘The 
integration was performed between the following limits: 
€,™9*= F*—S,—5; 
e,“i"= K,B for evaluation of F,; 
ein= E*—S,— (S;+ KB) 
if K,B<E*—S,—(S;+K,B); 


K,B> E*—S,— (Sit KiB) 
in the evaluation of f,. 


emin=K,B if 


Here / is the second particle to be evaporated and its 
identity is determined by the smallest value of S;+K,B. 
The only difference between f, and F, thus is that the 
former refers to the emission of only one particle, while 
the latter refers to the total emission of particles of 
type x. 

The same emission functions are applicable for the 
case of multiple particle emission except for the fact 
that the initial nucleus no longer has a unique excitation 
energy E* but a spectrum of excitation energies U’. 
fz is then calculated for each value of U’ for which 
secondary emission is energetically possible and the 
result is weighted by the probability, P(U), of forming 
the starting nucleus for the evaporation process under 
discussion with excitation energy U’. In order to obtain 
the desired cross section, the weighted emission function 
is summed over all allowed values of Ul’. The cross 
section for a reaction involving the emission of two 
particles, (a,xy), is thus given by 


o(a,xy)=a-(a)>> F(U)S,(U)/d FU), 
U k 


where #,(U) now is the total emission probability for 
all particles & for an initial excitation energy U’. P(U) is 
given by 


2M,(2/,+1) FPO a G, nf 
f E20 or( ex) W (ez)dez, 
pe E* —S:—(U +AU) 


J 


P(U)= 
j 


if « is the first evaporated particle. F; is the total 
emission function defined previously. AU’ was in general 
taken as 1 Mev. In those cases where there are two 
different evaporation paths leading to the same residual 
nucleus, the total emission function was obtained from 
the addition of the emission functions for the two 
separate reactions. Thus in the case of the (a,pm) re- 
action it was found that approximately equal contribu- 
tions were obtained from reactions involving the initial 
evaporation of a neutron and a proton. 

The emission functions for reactions involving the 
evaporation of three nucleons were readily obtained by 
subtraction of the emission functions for only one 
nucleon, and for one nucleon followed by a second 
nucleon or an alpha particle, from the total emission 
functions for protons and neutrons, F,+/,. The 
validity of this procedure hinges on the fact that there 
is no appreciable competition from reactions involving 
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the emission of four particles for the bombarding 
energies under consideration. 

It is also possible to calculate an emission function 
for photons, for comparison with the (a,y) cross sec- 
tions. The expression for f,, given in the same units 
as f,, is! 

27,+1 ¢e™ 
fy=— f €y"Ory(€y) W (€,)de,, 
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c° ty 


where the inverse cross section is obtained from the 
magnetic dipole and electric quadrupole absorption 
cross sections as given by calculated values.” It is not 
clear whether the contribution from electric dipole 
absorption should be included in a calculation of the 
cross section for the inverse reaction since the charac- 
teristic dipole oscillation which occurs in the absorption 
process may not take place during emission. In any 
case, the contribution of the electric dipole cross section 
to the total absorption cross section is small for photons 
below 16 Mev, and any error in neglecting this con- 
tribution is small. 

The calculation is expected to be most accurate for 
bombarding energies well above the threshold of a 
particular reaction. The assumption that the inverse 
cross section for charged particles is zero for incident 
energies below AB and the consequence that charged 
particles are not evaporated with energies less than KB 
only become reasonable when kinetic energies much 
larger than AB are possible. In addition, the inverse 
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Fic. 7. Competition between reactions involving emission of one 
and two nucleons. Ordinate: [o(a,p)+e(a,n) ]/[o(a,p) +e (a,n) 
+a(a,pn)+a(a,2n)]. The triangles are taken from the experi- 
mental curves; the solid curves are calculated values for a=1.3, 
2.8, and 6.7. 


! [P, E. Fisher, Oak Ridge National Laboratory Report ORNL 
2535, 1958 (unpublished). 
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Fic. 8. Competition between reactions involving emission of two 
and three nucleons. Ordinate: [o(a,pn)+o(a,2n) ]/[o(a,pn) 
+a (a,2n) +o (a,3n)+o(a,2np)+o(a,n2p)]. The triangles are 
taken from the experimental curves; the solid curves are calcu 
lated values for a=1,3, 2.8, and 6.6. 


cross section for neutrons is energy dependent and is 
larger than rR? for low-energy neutrons. Another source 
of error near threshold lies in the assumption that there 
are no excited levels in a residual nucleus for excitation 
energies less than 6. The over-all effect of the approxi- 
mations in the calculation is that the values of @ neces- 
sary to fit the data are somewhat too small. This 
follows, for instance, from the fact that low-energy 
neutrons are emitted with somewhat greater probability 
than would follow from an inverse cross section of 7R?, 
thereby enhancing the probability of multiple particle 
emission for a given bombarding energy. 

The values of a and 6 used in the calculations were 
left as adjustable parameters to be determined by com- 
parison with the experimental results. It was found that 
the calculated ratio for the emission of one or two 
nucleons, or of two or three nucleons, depended very 
strongly on the value of a, but was rather insensitive to 
the values of 6. On the other hand, the ratio of (a,p) to 
(a,n) cross sections, or of (a,pn) to (a,2n) cross sections, 
varied strongly with 6, but had a much weaker de- 
pendence on a. The two parameters could thus be 
determined almost independently. As a first approxima- 
tion, the shell and pairing energies given by Cameron** 
were used as the values of 6. These were then adjusted 
until a fit with the experimental results was obtained. 

The comparison of experimental and calculated 
values is given in Figs, 7-9. The ratio of measured cross 
sections for reactions involving the emission of one or 
two nucleons agrees with calculated values for a=1.3 
+0.5 over the entire energy range. The quoted error 
applies at 25 Mev and becomes smaller at higher 
energies. The corresponding ratio for reactions involving 
the emission of two or three nucleons agrees with calcu- 


4 A. G. W. Cameron, Atomic Energy of Canada United Report 
AECL-443, 1957 (unpublished). 
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Fic. 9. Comparison of measured and calculated cross sections 
for reactions involving alpha-particle emission; @—points from 
the experimental curves; solid lines—calculated excitation func- 
tions for a=1.0, 1.6, and 6.7. 


lated values for a=2.8+0.3 over the entire energy 
range. The experimental cross sections at 40 Mev for 
reactions involving alpha-particle emission agree with 
calculated values for a=1.3+0.3. As the bombarding 
energy is lowered, the values of a@ required to fit the 
experimental data become considerably smaller. The 
value of a obtained from a comparison with the calcu- 
lations of the (a,y) and (a,7)+(a,p) cross sections at 
13-16 Mev is 0.8+0.3. In view of the assumptions and 
approximations made in the calculations, the above 
values of a are only approximately correct, tending to 
be somewhat on the low side. 

These results are rather disturbing from the viewpoint 
of the statistical model. The products of the reactions 
studied in the present work cover a range of only a few 
mass numbers and the value of a determined from these 
reactions should therefore be essentially the same in all 
cases. Furthermore, the calculated values of a are con- 
siderably lower than 4/10, and in some cases signifi- 
cantly lower than 4/20. The Fermi gas model, on the 
other hand, indicates that a should be approximately 
equal to 4/10 or A/20, depending on the details of 
the nuclear model. This discrepancy may be explained 
if it is assumed that some of the reactions in question 
proceed predominantly by a direct-interaction mecha- 
nism. In this case the values of a calculated for these 
reactions lose their meaning and it becomes quite 
possible to calculate different values of a for different 
reactions. Several excitation functions for reactions pro- 
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ceeding predominantly by a direct-interaction mecha- 
nism have been measured in the heavy-element region.*:” 
These excitation functions in general exhibit an initial 
rise followed in many cases by either a broad plateau 
or a broad peak. The sharp peaking that is characteristic 
of reactions proceeding by an evaporation mechanism is 
not present in these cases since the emitted particles 
usually have high energies and the residual nuclei are 
thus less susceptible to further particle emission. An 
examination of the excitation functions determined in 
the present work shows that the (a,am) reaction has an 
excitation function with a shape similar to those of 
reactions proceeding by a direct interaction mechanism. 
This behavior may then account for the poor fit of the 
calculated excitation functions for reactions involving 
alpha-particle emission for any given value of a. The 
excitation functions for the (@,p) and (a,m) reactions 
show a fairly sharp peaking. If it is assumed that these 
reactions proceed exclusively by a direct interaction 
mechanism at 40 Mev and that this mechanism leads 
to constant cross sections over the energy range under 
consideration, then it follows that a direct-interaction 
process can account for only a few percent of the (a,p) 
and (a,m) reactions below 30 Mev. It is consequently 
very surprising that the same value of @ can account 
for these reactions over the entire energy range. 

It is of interest to consider the evidence of energy- 
spectra measurements in this connection. The two 
experiments that may be compared to some extent with 
the present work are the (a,a’)' and (a,p)? energy 
spectra for bombardment of copper with 40-Mev alpha 
particles. The angular distribution measurements in the 
(a,a’) experiment indicate that over 90% of the alpha 
particles are emitted in the forward direction and are 
thus mostly due to direct-interaction processes. The 
energy spectrum of the outgoing alpha particles is very 
flat, supporting the interpretation in terms of this 
mechanism. These results are consistent with the in- 
terpretation of the (a,au) reaction in terms of a direct 
interaction mechanism. The energy spectra of protons 
emitted at 150° were measured in the (a,p) experiment 
and found to be consistent with a= 1.4. Since the con- 
tribution of direct-interaction processes should be 
minimized at such large angles relative to the incoming 
beam, it may well be the case that very low values of a 
cannot be blamed exclusively on the occurrence of such 
processes but may instead reflect a partial excitation of 
the nucleus. 

The experimental and calculated values for the ratio 
of cross sections for the (a,p) and (a,m) reactions, and 
for the (a,pm) and (a@,2n) reactions, are shown in Fig. 10. 
The calculated values are very sensitive to Ad, the 
difference in the values of 6 for the residual nuclei under 
comparison. Thus in the case of the (@,p) and (a,) 
reactions agreement in the region of maximum yield 
was obtained for Ad=0.8 Mev, while the choice of 
Aé=0 would have led to a value for o(a,p)/a(a,n) of 
only 0.9 at 20 Mev. The value of Aé obtained from the 
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Fic. 10. Experimental and calculated values of o(a,p)/o(a,n) 
and o(a,pn)/o(a,2n), as a function of bombarding energy. The 
respective symbols for values from the experimental curves are @ 
and A. The dashed line is calculated on the assumption that there 
are levels between the ground state and characteristic level of the 
residual nuclei. 


pairing and shell energies given by Cameron® is 0.33 
Mev. The calculated ratio is not very sensitive to the 
value of a. The use of a= 6.7 thus affects the calculated 
ratio by about 25%. In the case of the (a,pn) and 
(a,2n) reactions, the experimental and calculated ratios 
are in agreement for Ad= 2.85 Mev. This rather large 
energy difference is due to the odd-odd and even-even 
nature of the residual nuclides in question. The value of 
Aé obtained from Cameron’s table is 3.33 Mev. 
Cameron has also listed values for the pairing energy 
only.“ The values of Aé obtained from the latter for 
Ge® and Ga® and for Ge® and Ga® are 2.80 and 
0.10 Mev, respectively. It is thus difficult to conclude 
from the present data whether shell effects should be 
included in the determination of the characteristic 
level for nuclear reactions. Examination of relative 
yields at a closed shell should be more informative 
because of the large value of Aé due to shell effects 
when one of the two nuclides in question occurs at a 
closed shell. In either case it is seen that there is fairly 
good agreement between the pairing energy values 
obtained from cross-section data and from the more 
conventional procedure through mass-formula calcu- 
lations. 

The experimental ratios shown in Fig. 10 are seen 
to exhibit an initial decrease with increasing bombarding 
energy which is due to two factors. First, the energy 


48 A. G. W. Cameron, Can. J. Phys. 36, 1040 (1958). 
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thresholds of the (a,p) and (a,pn) reactions are lower 
than the corresponding thresholds for the (a,z) and 
(a,2n) reactions and the ratios must hence decrease 
from an initially infinite value. Second, the (a,p) re- 
action is affected by the competition of reactions 
involving further nucleon emission at a lower energy 
than the (a,z) reaction, because of the lower threshold 
of the (a,2p) reaction. Similarly, the (a,pm) reaction is 
affected by the competition of the (@,2pm) reaction at 
energies where there is as yet no reaction involving the 
emission of three nucleons competing with the (a,2) 
reaction. The (a,m) reaction is, of course, also affected 
by further competition and when the (a,2m) reaction 
begins to compete effectively with it, the ratio of 
a(a,p)/o(a,n) is seen to increase. The corresponding 
ratio for the (a,pm) and (a,2m) reactions does not 
exhibit a similar increase because of the very weak 
competition from the (a,3) reaction. The increase in 
the value of o(a,p)/c(a,n) is not duplicated by the 
calculation, because the latter does not duplicate 
threshold behavior particularly well. 

The calculated values for the two ratios in question 
are considerably larger than the experimental values at 
the lowest energies. This effect is attributed to the 
assumption that there are no levels between the ground 
state of a nucleus and the characteristic level at which 
the level density expression takes hold, at an energy 6 
above the ground state. As a result the effective 
thresholds of all reactions in question are increased by 
an energy 6 and the calculated ratio increases too 
rapidly as the thresholds are approached. It is possible 
to obtain better agreement with the experimental 
ratios by including the levels between the ground state 
and the characteristic level in the calculation. The 
emission function then has the form 

ez = E*—S, 


ExT cx( €z) Kde,, 


ez = E* —Sz—5 


fe =fe+2M2(21e+1) 


where K is a constant related to the number of levels 
between the ground state and the characteristic level. 
Agreement was obtained for ¢(a,p)/o(a,n) for K~ 10-20 
for both residual nuclides, as indicated by the dashed 
line in Fig. 10. 
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APPENDIX 


A. Chemical Procedures 


The procedures were adapted from previous radio- 
chemical procedures.“ Only the basic steps are listed. 
In practice, these steps were used a varying number 
of times. 

Germanium.—GeCl, was distilled from 6N HC] solu- 
tion saturated with Clo. The distillate was collected in 
water and GeS, was precipitated with H»S from 3N HCl. 

Gallium._-Germanium was removed by fuming with 
HCl. A 7N HCI solution was extracted twice with 
isopropy! ether. The ether fraction was washed with 
7N HCI and gallium was back-extracted with water. 
The pH was adjusted to 7 and the oxinate was pre- 
cipitated. 

Zinc.—Gallium was extracted with isopropyl ether 
from 7N HCl. The aqueous residue was purified on a 
Dowex 1 column with 2N HCl. Zinc was eluted with 
dilute NH,OH. 

Copper—Germanium was removed by fuming. 
CuCNS was precipitated from 0.5V HCl with SO. 
and NH,CNS. 


B. Counting and Calibration Procedures 


280-day Ge**—Annihilation radiation of gallium 
daughter in equilibrium with Ge** measured with a 
3-inch Nal crystal connected to a 100-channel pulse- 
height analyzer ; disintegration rate obtained from com- 
parison with annihilation radiation of a calibrated Na** 
source counted in the same geometry. In both cases the 
positrons were allowed to annihilate in aluminum 
absorbers placed on either side of the source. The 
relative counting rate of the annihilation radiation from 
Ga® and Na” was found to be independent of geometry. 
The Na” source was calibrated by 511-511-y coinci- 
dence measurements. It was assumed that Ga** decayed 
by positron emission in 85% of the disintegrations.”° 

20-min Ge*’.—Allowed to decay to gallium daughter ; 
the latter was chemically separated and counted. 

2.5-hr Ge*®,—Same as Ge". 

1.5-min Ge®.—Gross activity counted in a deep-well 
scintillation counter; annihilation radiation determined 
with a 3-inch Nal crystal connected to a 100-channel 
pulse-height analyzer and compared with standard Na” 
source for calibration purposes; positron emission in 
95% of the disintegrations was assumed.** 


“Ww. W. Meinke, Atomic Energy Commission Report AECD- 
27 38, 1949 (unpublished). 


SN. T. Porile, Phys. Rev. 112, 1954 (1958). 
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78-hr Ga*’.—90+92 kev and 182+ 206 kev y-ray 
photopeaks measured on 100-channel pulse-height ana- 
lyzer with a 3-inch Nal crystal; counting efficiency 
obtained from published curves for 3 inch crystal"; 
geometry measured by use of a collimating lead baffle. 
The unconverted intensities of the (90+92)-kev and 
(182+ 206)-kev y rays were taken as 0.44/disintegration 
and 0.27/disintegration, respectively. Separate de- 
terminations using the two sets of y rays agreed to 
within 10% 

9.4-hr Ga**.—Gross activity determined with 8 pro- 
portional counter; annihilation radiation measured 
with a 3-inch crystal connected to a 100-channel pulse- 
height analyzer and compared with standard Na*? 
source for calibration purposes; positron emission in 
66% of the disintegrations was assumed.” 

15-min Ga®.—This activity accounts for the entire 
yield of Ga®; gross activity counted on f propor- 
tional counter; the disintegration rate of Zn® daughter 
was determined for calibration purposes. 

245-day Zn*®*,—1.12-Mev y ray measured with a 
3-inch crystal connected to a 100-channel pulse-height 
analyzer and compared with the 1.28-Mev y ray of a 
standard Na source for calibration purposes; correc- 
tion for differences in counting efficiency was made by 
use of the published efficiency curves“; the intensity of 
the 1.12-Mev y ray was taken as 0.44/disintegration.” 

38.3-min Zn®™—Gross activity counted on @ pro- 
portional counter; annihilation radiation measured with 
a 3-inch crystal connected to a 100-channel pulse- 
height analyzer and compared with standard Na”™ 
source for calibration purposes; positron emission in 
93% of the disintegrations was assumed.” 

9.3-hr Zn®—Allowed to reach equilibrium with 
copper daughter before start of counting; annihilation 
radiation followed with a 3-inch crystal connected to a 
100-channel pulse-height analyzer; disintegration rate 
obtained from observed counting rate by means of an 
experiment in which Cu® was separated and counted, 

9.7-min Cu®*.—Gross activity measured in a deep- 
well scintillation counter; annihilation radiation deter- 
mined with a 3-inch crystal connected to a 100-channel 
pulse-height analyzer and compared with standard Na** 
source for calibration purposes; positron emission in 
99% of the disintegrations was assumed.” 


46 bande Davis, and Bell, Nucleonics 14, No. 4, 52 (1956). 


*’ Way, King, McGinnis, and van Lieshout, Atomic Energy 
Commission Report TID-5300, 1955 (unpublished). 
48D. L. Morrison and N. T. Porile, Phys. Rev. 113, 289 (1959), 
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Results of Stripping Analysis of the Reaction K*’(d,p)K*"} 
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The MIT-ONR electrostatic generator and the broad-range spectrograph have been used to study the 
energies and angular distributions of protons emitted from a KI target bombarded with 6-Mev deuterons. 
Excitation energies are given for fifty-two levels in K®. Orbital angular momenta of captured neutrons in 
the stripping process are given for thirty-eight of these excited levels and for the ground state. The reaction 
energy for the ground-state transition has been measured as 0=5.569+0.010 Mev. 


I. INTRODUCTION 


HE nucleus K“ has been subject to some attention 

recently'* because it appears to be possible to 
predict the positions of its lowest levels from the 
position of corresponding Cl** levels. The theoretical 
work referred to has made use of the results of an 
experimental investigation made in this laboratory‘ on 
the position of the four lowest levels in K“. Since that 
work was done at a fixed angle, 90 degrees only, it was 
decided to repeat it with the use of the broad-range 
spectrograph that can be rotated so that angular- 
distribution measurements can be obtained. It is 
particularly important to determine to what extent the 
four lowest levels in K® are actually pure ds)! /7/2 
states. Moreover, it was felt that the higher levels in 
this nucleus should be investigated, specifically with 
a view to finding the states that can be formed by 
adding a neutron in the fy, ps2, or piy2 single-par- 
ticle states. 


II. EXPERIMENTAL PROCEDURE 


Deuterons were accelerated to 6 Mev by the MIT 
ONR electrostatic generator, deflected 90 degrees in 
an analyzing magnet, and allowed to impinge upon a 
thin evaporated natural KI target? on a Formvar 
backing. The protons emitted from this target were 
analyzed in the broad-range magnetic spectrograph 
which can be rotated around the target so as to record 
the proton energy spectrum at any angle chosen 
between 0 and 130 degrees with the incident beam. 
The generator and deflecting magnet have been de- 
scribed in a paper by Buechner e¢ al.,° the magnetic 
spectrograph by Browne and Buechner,’ and certain 


+ This work was supported in part through AEC Contract 
AT (30-1)-2098 by funds provided by the U. S. Atomic Energy 
Commission, the Office of Naval Research, and the Air Force 
Office of Scientific Research. 

* Now at Cornell University, Ithaca, New York. 

t Now at Gettysburg College, Gettysburg, Pennsylvania. 

1 §. Goldstein and I. Talmi, Phys. Rev. 102, 589 (1956). 

2S. P. Pandya, Phys. Rev. 103, 956 (1956). 

3S. P. Pandya and J. B. French, Ann. Phys. 2, 166 (1957). 

‘Buechner, Sperduto, Browne, and Bockelman, Phys. Rev. 
91, 1502 (1953). 

5 Natural potassium contains 93.1% K*® and 6.9% K". 

6 Buechner, Mazari, and Sperduto, Phys. Rev. 101, 188 (1956). 

7C. P. Browne and W. W. Buechner, Rev. Sci. Instr. 27, 899 
(1956). 


details, such as angular accuracy, etc., which are of 
importance when this equipment is used for angular- 
distribution measurements, have been discussed by 
Bockelman ef al.* 

The potassium iodide target was mounted in a 
rotating holder so that the exposed area on the target 
formed a ring with total area about 100 times the beam 
cross section. This helped in heat dissipation and against 
target deterioration, and it was possible to complete 
the angular-distribution series on a single target. Also, 
the surface contamination collected on the target at the 
position where the beam impinged? was smeared out over 
a larger area and consequently formed a thinner layer 
than on nonrotating targets. The target thickness, as 
determined by an alpha-particle thickness gauge," was 
0.81 millimeter air equivalent for 3-Mev alpha particles, 
corresponding to about 53 ug/cm? of K® in the target. 

The solid angle of the spectrograph depends slightly 
upon the position of a proton group on the nuclear-track 
plate recorder.’ All angular-distribution data were 
normalized to the point on the nuclear-track plate 
where particles deflected through 90 degrees in the 
magnetic field were recorded. For this point, the solid 
angle was 2.96X10~* steradian. For a 500-micro- 
coulomb (3.12X10° deuterons) exposure, one gets 
therefore a conversion factor between the number of 
proton tracks in a peak and the differential cross 
section in millibarns per steradian: o=1.45X10-*X 
(No. of tracks). This conversion factor has been used 
for the data in the next section. It is uncertain to 
about +30%, because of uncertainty of the thickness 
of the target backing which has been subtracted from 
the measured total thickness and also because of 
uncertainties in the interpolated stopping cross sections 
of potassium and iodine for 3-Mev alpha particles. 

Data were taken at 10, 15, 20, 25, 30, 35, 40, 45, 50, 
60, 70, 80, 90, 110, and 130 degrees. 


§ Bockelman, Braams, Browne, Buechner, Sharp, and Sperduto, 
Phys. Rev. 107, 176 (1957). 

® Measurements of thickness and composition of such layers 
have been made by H. A. Enge, Universitetet i Bergen, Aarbok 
1954, Naturvitenskapelig rekke, Nr. 1. See also Enge, Buechner, 
and Sperduto, Phys. Rev. 88, 963 (1952). 

10 Enge, Wahlig, and Aanderaa, Rev. Sci. Instr. 28, 145 (1957). 
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g 8 4 Q-Values and Excitation Energies 


| 
oO 
~ 4 Figure 1 shows a spectrum of protons recorded at 


‘ 10 degrees. The numbers adjacent to the proton peaks 
é are level numbers in K*. Above level No. 41, no 
i 





complete analysis of the spectrum has been attempted 

- because of its complexity. The jumps in the numbers 
0 here reflect estimated minima for the number of 
unanalyzed levels between those analyzed. The last 
measured level is the one labeled “85” with an excitation 
energy of 4.902 Mev. The number “85” should be 
understood to mean that there are at least eighty-five 
levels in K® up to this excitation energy. The peaks 
labeled C, O'’, and K® are ascribed to the reactions 
C?(d,p)C®, O'8(d,p)O", and K*'(d,p)K*®. 

In order to ascertain whether a peak in the proton 
spectrum can be ascribed to the K*(d,p)K® reaction or 
to the (d,p) reaction on some contaminant, the pro- 
cedure followed has been to match the spectra from 
angle to angle from 10 to 130 degrees if the peak could 
be followed this far. A peak that shifts relative to well- 
established strong K* peaks towards lower energies 
for increasing angles belongs to a lighter target nucleus, 
and a peak that shifts towards higher energies arises 
from a reaction on a heavier target nucleus. This 
method of sorting out contaminants is quite sensitive. 
The peaks from the most troublesome target contam- 
ination nucleus, K*!, shift about 5 mm relative to the 
K* peaks over the range of angles used (10 to 130 
degrees). 

Recently, the K*'(d,p)K® reaction has been studied 
in this laboratory" by use of a separated-isotope 
target. The previous assignments of the K® peaks in 
Fig. 1 have hereby been confirmed. 

The reaction energy, Q, was calculated on an IBM- 
650 calculator at the MIT Computation Center for 
integral values of D, the distance along the nuclear- 
track plate, and for reaction angles of 10, 90, and 130 
degrees. The Q-values for the various peaks were 
obtained by plotting the proton spectra on an expanded 
scale and on the same graph plotting also Q versus D, 
as obtained from the machine computation. The 
Q-values could then be taken directly out of the graph. 
As in earlier works, the position of the point at one- 
third of the maximum on the high-energy side of a 
peak was taken as representative. 

The Q-value for the ground state was computed from 
data taken at all angles. The average was found to be 
5.569+0.010 Mev, as compared with 5.576+0.010 Mev 
reported earlier. 

The average of three determinations of the Q-value 
computed for an excited level, subtracted from the 
ground-state Q-value, gave the excitation energy for 
that level. The excitation energies are given in the 
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ANALYSIS OF 


REACTION K**(¢d,p)K«* 


TABLE I. Excitation energies, maximum and back-angle cross sections, /, and y values for 
the states in K® being formed through the K**(d,p)K® reaction.* 








Max. cross 


section 


mb/sterad 


Ex (Mev) (lab) 





0 

0.028 
0.795 
0.885 
1.639 
1.954 
2.042 
2.064 
2.099 
2.256 
2.286 
2.393 
2.415 
2.565 
2.622 
2.743 
2.781 
2.802 
2.948 
2.983 
3.021 
3.104 
3.125 
3.144 
3.225 
3.367 
3.385 
3.412 
3.479 
3.599 
3.629 
3.657 
3.715 


COND UPWNH— SO 


“ag? 
“61” 
a 
“67” 
“69” 
<— 
“79” 
“R20” 
“5” 


0.93 
0.80 
0.64 
1.45 
0.05 
6.31 
5.78 
3.99 
0.09 
0.12 
0.08 
0.20 
1.38 
0.50 
0.13 


0.19 
0.53 
0.12 
1.82 


6.52 | 


(0.20) { 


0.38 
0.42 
0.13 
2.62 
0.07 
0.23 


0.66 
0.14 


1.55 


(0.88) 


Back-angle 
cross section 
mb/sterad 
(lab) 


Bopt 
degrees 
(lab) 





0.26 
0.22 
0.18 
0.32 
0.01 
0.03 
0.58 
0.53 
0.37 
0.04 
0.05 
0.04 
0.05 
0.09 
0.14 
0.05 
0.05 
0.03 
0.03 
0.04 
0.03 
0.05 
0.05 
0.07 
0.16 


0.12 


0.03 
0.04 
0.04 
0.18 
0.06 
0.10 
0.03 
0.03 
0.04 
0.04 
0.03 
0.08 
0.08 
0.08 
0.06 
0.14 
0.17 
0.30 
0.21 
0.18 
0.28 
0.18 
0.14 
0.16 
0.27 
0.18 


(2J +1) (2J +1) 
(kev) (kev) 
adjusted R 


293 
253 
199 
356 
Lo 


203 

186 

128 

6.0 or 16 

(2.4) 
1.4 
5.0 
40 

14 


2.9 


23 
(2.4) 
47 

12 


(4.1) 


constant R 


Remarks 


“Tsotropic”’ 
p32, I[=3-? 
Pia; I[=2-? 
psi, 1=1-? 
Poor statistics 
Poor statistics 
Poor statistics 


Poor statistics 
ps2, 1=O0°? 


“Tsotropic” 


6< 30° obscured 
0< 30° obscured 
Uncertain (K*?) 
Extrapolated omax 
“Tsotropic”’ 


Unresolved 


Extrapolated omax 


“Tsotropic”’ 
“Tsotropic”’ 
6=20-30° obscured 
6=25-30° obscured 
Extrapolated omax 
@=35-40° obscured 
Poor statistics 


Only partly resolved from 
peak No. 38 

Poor statistics 

@=20-25° obscured 


0-15—20° obscured 
5-30-35° obscured 


® Numbers in parentheses are uncertain. 


second column of Table I. The standard error for the 
first excited state is +0.002 Mev; for the other levels, 
+0.008 Mev. 

The standard errors quoted for the Q-values and 
excitation energies are mostly systematic errors which 
are due to uncertainties in the calibration table (p 
versus D). Part of this is the uncertainty in energy of 
the alpha particles emitted from polonium. As in 
previous works, a value of Bp=331.59 kilogauss- 
centimeters has been used for the magnetic rigidity 
of the polonium alpha particles, corresponding to an 


energy of 5.2988 Mev. A new value of 5.3054+0.0010 
Mev has been reported by White ef al.,"* and almost 
the same value, 5.3043+0.0029 Mev, has been given 
by Collins et al.'* Since the energies of both the incident 
and emitted particles are measured relative to the 
polonium alpha-particle energy, the Q-values and 
excitation energies quoted are proportional to the 

12 White, Rourke, Sheffield, Schuman, and Huizenga, Phys. 
Rev. 109, 437 (1958). 

13 Collins, McKenzie, and Ramm, Proc. Roy. Soc. (London) 


A216, 219 (1953). 
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adopted figure. If we use the new value, this will 
change the ground-state value upward by 7 kev. The 
maximum change in the reported excitation energies 
will be about 6 kev. There is at the moment some 
uncertainty regarding the influence of the preparation 
method of a polonium source on the position of the 
third-height point (surface effects). Adoption of a new 
value for the polonium alpha-particle energy at this 
laboratory is therefore awaiting the results of a study of 
these effects. 


Angular Distributions. Quantum Numbers 


Figure 2 shows some examples of theoretical stripping 
curves fitted to measured angular distributions. The 
stripping curves have been computed by the aid of 
tables prepared by Enge and Graue™ based on Friedman 
and Tobocman’s'® non-Coulomb formula for the 
stripping cross section. The nuclear radius R and 
(2J+1)y have been used as adjustable parameters. 
Here y in the theory is the reduced width of the level; 


Ground Stote 


Mn+ 3 R652" ¢ 


v 
° 
© 
ry 
~ 
2 
E 
b 


Peak “6 


2.042 Mev Leve 


In #1 R*,47 


ao mb/ sterad 





3.104 Mev Level 
Jn +O R*.56 x 10°? om 


Protons / 500 yc 
ao mb/ sterod 


6 Oo 120 


© in Laboratory System 


lic. 2. Examples of Butler curves fitted to experimental 
angular distributions. (The radii and reduced widths used for 
these particular curves are not exactly the ones given in Table I.) 

1H. A. Enge and A. Graue, Rev. Sci. Instr. 27, 1078 (1956). 

16 F, L. Friedman and W. Tobocman, Phys. Rev. 92, 93 (1953). 
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in actual practice, it is used as the reduced width times 
an inhibiting factor. The curves in Fig. 2 have been 
lifted by adding an isotropic contribution to the theo- 
retical cross section. As discussed further below, 
probably only a small fraction of this additional cross 
section is due to a compound-nucleus process. A very 
good agreement between the simple stripping theory 
used here and experiments is certainly not expected. 
The discussion of configuration mixing, etc., below is 
therefore based more on a comparison between the 
empirical curves. 

Table I summarizes the results of the cross-section 
measurements and of the stripping analysis. Column 
3 gives the maximum cross section in the measured 
angular distribution, and column 5 gives the angle at 
which this maximum occurs. Column 4 gives the back- 
angle cross section, usually the average of the values 
at 110 and 130 degrees. In column 6 are listed the 
assigned orbital angular momentum quantum numbers 
for the captured neutron. Columns 7 and 8 give the 
calculated values of (2J+1)y, based on two different 
assumptions for the nuclear radius, discussed further 
below. Numbers in parentheses are uncertain. 

Since the spin of the target nucleus is 3/2*, the levels 
with /,=0 have spins 1+ or 2+, the levels with /,=1 
have spins 0~ to 3-, and the levels with /,=3 have 
spins 1~ to 5~. These statements are based on the 
assumptions that spin-flip stripping’® does not take 
place. 

Some of the angular distributions are close to 
isotropic; how close is difficult to judge because of low 
intensities, which result in poor statistics and compara- 
tively large uncertainties in subtraction of background 
and so on. The corresponding levels in K* are assumed 
to be sufficiently different in nature from the K* 
(target nucleus) ground state so that they cannot be 
formed through a direct-interaction process. If a 
compound-nucleus process is invoked, this process 
must certainly contribute to some of the cross sections 
of the other levels as well. The amount probably should 
be of the same order of magnitude for all levels, with 
some dependence upon spin, of course. This presumed 
contribution from the compound-nucleus process is 
indicated in Fig. 2 on all curves. The rest of the cross 
section must be ascribed to the direct-interaction 
process. The unpredicted large cross sections at angles 
above the first minimum can probably be understood 
in terms of various forms of the interaction between 
the proton and the nucleus,!’ interactions that have 
been neglected in the theory used above. 

The weighted reduced widths (2J/+1)y (columns 7 
and 8) have been calculated by making use of the 
CTOSS section Ostrip (Fig. 2) at maximum. The values 
in column 7 have been obtained by using an adjusted 
nuclear radius R=6.5X10~" cm for the /,=3 curves 
‘6D. H. Wilkinson, Phys. Rev. 105, 666 (1957); and J. E. 
Bowcock, Phys. Rev. 112, 923 (1958). 

‘TW, Tobocman and M. H. Kalos, Phys. Rev. 97, 134 (1955). 
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and (5.2—0.4£)10-" cm for the ],=1 curves. (E is 
the excitation energy in Mev.) The curves calculated 
with these radii fit all experimental data reasonably 
well. The values in column 8 have been obtained by 
using a constant radius, R= 5X 10~* cm, and by making 
the maxima of the theoretical curves equal to strip. 
These theoretical maxima plotted against excitation 
energy or Q-value are given in Fig. 3. 

It is evident from Table I that the calculated reduced 
width depends very sensitively on the choice of nuclear 
radius. In general, the theoretical maximum cross 
section increases by about a factor of 2 when the radius 
is increased from 5X 10-* to 6X 10-* cm. 

Finally, it should be remarked that the quantity y, 
above referred to as the reduced width, actually only 
resembles the reduced width for the “single-particle” 
levels and that also for these levels the values obtained 
from stripping analyses are too small. 

Figure 4 shows an energy-level diagram for K*, in 
which the results of the stripping analysis are also 
presented. A similar diagram for Ca“ (one proton more) 
is given for comparison. The data for the latter have 
been taken from the work by Bockelman and 
Buechner.'® The Ca" ground state has been placed 
approximately at the height of the center of gravity 
of the d3,27! f7;2 quadruplet in K*®. 


IV. DISCUSSION 
d/o fz/2 Quadruplet 


The unambiguous assignment of /,=3 to the four 
lowest states of K* provides good evidence for the 
theory that these states are the members of the quad- 
ruplet formed by adding an /; neutron to the d3,27 
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Ovas/ (2) +1), mb/sterad - Mev 


oS 


2 € (Mev) 3 
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lic. 3. Theoretical maxima of Butler curves versus 
Bonn excitation energy in K*. 
C.K. Bockelman and W. W. Buechner, Phys. Rev. 
1366 (1957), 
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proton state. These four levels must have spins 2~, 3-, 
4-, and 5~. From conservation laws alone, it should 
be possible to reach two of these states, the 2~ and 3 
states, also by /,=1 stripping. The near absence of 
any /,=1 stripping in the angular distributions for 
these levels indicates that the states are quite pure 
shell-model states. This point is dealt with further 
below, after a discussion of the spin assignments. 

The spin of the ground state” is known to be +. 
Spins were assigned tentatively to the other three 
members of the quadruplet mainly on the basis of 
intensity considerations by Enge.” These assignments 
were confirmed by Goldstein and Talmi' and by 
Pandya? by the comparison with Cl** referred to above. 
The spins are, for the four levels in order of increasing 
excitation energy from the ground state and up, 4, 3, 2, 
5. Everything else being equal in the stripping process, 
the relative intensities, or rather the relative values 
of (27+1)y from Table I should be 9:7:5:11. The ratios 
between the values in column 7 are 9.8:8.4:6.1:11, 
and in column 8 the ratios are 9.1:7.8:6.1:11. Clearly, 
these numbers show at least the right trend. 

The two states, for which /,=1 stripping is not 
forbidden, are the 3~ state at 0.028 and the 2> state 
at 0.795 Mev. In Fig. 5 are shown the experimental 
points of the angular distributions for these two states. 
The empirical /,=3 curve has been constructed as a 
normalized average of the angular distributions for 
the 4- and 5~ states, for which an /,=1 contribution 
is forbidden. It is seen from Fig. 5 that the angular 
distribution for the J=2~ state follows the curve 
quite closely, and it must be concluded that the /,=1 
contribution for this state is very small. For the J=3- 
state, the points are consistently high around 20 degrees 
where the maximum of the /,=1 contribution is 
expected to occur. The /,=1 curve drawn in corre- 
sponds to an /,=1 contribution of about 2% (reduced 
width) compared with that of the /,=3 contribution. 
Rather large errors should be assigned to this percentage, 
at least as large as a factor of two. The data are statistic- 
ally convincing, but the procedure is somewhat doubtful, 
especially in view of the fact that the process is not 
completely understood; that is, the /,=3 angular 
distribution may not be completely spin-independent. 


d3;2'p3/2 Quadruplet 


The three strong peaks marked 6, 7, and 8 in Fig. 1 
exhibit /,=1 stripping curves, possibly also with some 
/,=3 contributions. Quite evidently these three states 
belong to the d3/2'p3;2 quadruplet, possibly with some 
mixture of f states in them. The fourth member of the 
quadruplet probably is level No. 14. Another possi- 
bility may of course be that all four levels are within 
the structure marked 6, 7, and 8 and that two of the 


P.M. Endt and C. M. Braams, Revs. Modern Phys. 29, 
683 (1957). 
*” H, A. Enge, Phys. Rev. 94, 730 (1954). 
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Fic. 4. Energy-level diagram with reduced widths for K® and Ca*!. The Ca*! ground state has been placed at the position of the 
“center of gravity” of the K® ground-state quadruplet. 


states are so close in excitation energies that they are 
not resolved. A detailed study of this structure has 
been made for all forward angles, where the peaks are 
sharpest. The findings are that all the three peaks have 
practically identical shapes so that the presence of a 
fourth peak is not revealed. It appears also to be 
difficult to apply the relative-intensity rule to the 
observed peaks on the assumption that two of the spin 
0, 1, 2, and 3 states coincide. 


On the basis of a 3, 2, 1, 0 spin assignment, the 
relative intensities of states 6, 7, 8, and 14 should be 
7:5:3:1. The ratios between the (2/+1)y values in 
column 7 of Table I are 7:6.4:4.4:1.6, and the ratios 
between the corresponding numbers in column 8 are 
7:6.4:4.4:1.4. The spin assignments indicated seem 
therefore to be the most likely ones. 

According to Nordheim’s strong rule, if applicable 
here, the J=0 level should have been lowest. The 
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reason why the rule apparently is so flagrantly violated 
here may at least in part be due to the fact that fs/2 
admixtures are possible in the spin 1, 2, and 3 states 
but not in the spin 0 state.’ In Fig. 6 is shown, as a 
solid curve, the average of the cross sections of the 
presumed spin 1, 2, and 3 states (levels Nos. 6, 7, and 
8); and as points are shown the cross sections for the 
presumed spin 0 state (level No. 14). The points and 
the curve have been matched in the region of the 
principal maximum. There are slight deviations between 
the points and the curve in the region around 45 degrees, 
indicating that there might indeed be some /,=3 
stripping contribution in the angular distributions for 
levels Nos. 6, 7, and 8. 

Simple perturbation calculations indicate that an 
/,=3 contribution, approximately as indicated by the 
dotted curve in Fig. 6, is sufficient to explain an energy 
depression of 500 kev, assuming that the f5;2 single- 
particle state is 3.5 Mev above the 3,2 single-particle 
state in this nucleus.” Whereas the difference between 
the relative cross section for level No. 14 and the others 
around 40 degrees seems to be of the right order of 
magnitude, the accuracy of the procedure does not 
warrant any other conclusion then that the above 
explanation for the energy depression is a possible one. 

The magnitude of the statistical uncertainties is 
indicated for the point at 50 degrees. In addition to this 
uncertainty is the fact that level No. 14 coincides with 
an /,=1 proton peak from the K“(d,p)K® reaction. 
The intensity of the latter amounts to about 18% 
of the total. As judged from other K® peaks, the 
angular distributions for /,=1 seem to be practically 
identical with the ones under discussion. Hence, when 
the K*(d,p)K* yield is taken as 82% of the total yield 
for this proton peak, no appreciable error is made. 
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Fic. 5. Comparison of the angular distributions of the members 
of the d3/2"f7/2 quadruplet. Presence of /,=1 stripping to one of 
the levels is indicated. 


1 The d3/2'f5/2 quadruplet has spins 1, 2, 3, and 4. 

2 A state observed at 6.06 Mev (possibly /,=3) may be associ- 
ated with the ds3/2fs/2 quadruplet. Data that have been taken 
in this region are almost impossible to analyze because of the 
high level density. 
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Fic. 6. Comparison of the angular distributions of the members 
of the d3/2'p3/2 quadruplet. Curves represent very closely the 
angular distribution of all of the levels 6, 7, and 8. Difference 
between points (level 14) and curve around 45° possibly indicates 
presence of /,, =3 stripping to levels 6, 7, and 8. 


Any mixture of p42 state into the 3/2 levels (spin 1 
and 2) is of course not detectable by stripping analysis. 


Other Levels 


If they existed in pure form, the two d32~'p1/2 levels 
should appear somewhere around 4-Mev excitation 
energy with intensities comparable to the ps/2 levels of 
the same spins (1 and 2). The /,=1 levels observed 
between 3 and 5 Mev are about a factor of 3 weaker, 
and there are too many levels of comparable strength 
for a simple shell-model description. These findings 
are, however, in agreement with the results of the 
Ca"(d,p)Ca" work by Bockelman and Buechner,'® 
and the conclusion that can be drawn is the same: 
At several Mev excitation, the single-particle picture 
should not be taken too seriously, not even in nearly 
closed-shell nuclei. 

No clear indication of f5;2 states has been found, 
except as mentioned in reference 22. 

Level No. 9 at 2.256 Mev appears to exhibit es- 
sentially the same angular distribution as the level at 
2.014 Mev'® in Ca*!, and the reduced width is of the 
same order of magnitude. The two levels are therefore 
probably of the same nature. 

No comparison between the K® and the Cl* levels 
above the f7;2 quadruplet can be made at present 
because of lack of information about the Cl** level 
scheme. 
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Differential Cross Sections of Some (e,p) Reactions*t 


C. E. Huntinct ann N. S. WALL 
Department of Physics and Laboratory for Nuclear Science, Massachusetts Institute of Technology, Cambridge, Massachusetts 
(Received February 16, 1959) 


Using 30.4-Mev alpha particles, proton differential cross sections have been obtained for the following 
transitions, corresponding to discrete states of the residual nuclei: B"(a,p)C¥gna; Na*(a,p)Mg™ gna, 1.88 Mev} 
AP? (a, p)Si™ gna, 2.24 Mev; and P#"(a,p)S*gna. A proton energy spectrum corresponding to the first 12 Mev of 
excitation of the residual nucleus was obtained for the case involving the Al?’ target. The differential cross 
sections are interpreted with the aid of predictions of the Butler direct-interaction (surface) theory. It is 
concluded that this theory is probably a more useful tool in interpreting the results obtained than is the 
compound nucleus theory. Some deviations from the predictions of the surface direct-interaction calculations 


are discussed. 


I. INTRODUCTION 


N reactions involving alpha particles of only a few 

tens of Mev one might expect compound-nucleus 
processes to dominate.' This expectation is based on 
the necessary conditions for such reactions: (a) strong 
absorption of the incident particle in the target nucleus, 
and (b) a sharing of the incident alpha-particle energy 
so that the average excitation energy per nucleon is 
sufficiently low that the system must remain in an 
intermediate state for some length of time. 

The first point seems to be satisfied in 30-Mev 
alpha-particle reactions as indicated by the short mean 
free path for absorption as deduced from optical model 
analyses of alpha-particle elastic scattering.?* Short 
in this sense means that the mean free path (1 to 
2X10-" cm) is significantly less than the nuclear 
matter radius (3 to 6X10~" cm) as deduced from 
electron elastic scattering experiments and _ their 
analysis. However, it should be pointed out that the 
condition of strong absorption means only that the 
particles are removed from the incident beam in the 
region of the nuclear surface. Thus, if the subsequent 
reaction does not occur through the formation of the 
compound nucleus, it will have to proceed through 
some sort of surface interaction. 

Relative to the second condition necessary for the 
formation of the compound nucleus, we would like to 
point out that for the reactions to be described here 
the ratio of the average separation energy per nucleon 
to the average excitation energy in the compound 
system! is of the order of 10. Under these conditions 


* This work was supported in part by the joint program 
of the Office of Naval Research and the U. S. Atomic Energy 
Commission. 

Tt Based in part on a thesis submitted by C. E. Hunting to the 
faculty of the Massachusetts Institute of Technology in partial 
fulfillment of the requirements for the degree of Doctor of 
Philosophy. 

t Now at the Oak Ridge National Laboratory, Oak Ridge, 
Tennessee. 
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one might therefore not expect compound nuclear 
processes to be too prevalent. 

On the other hand, the necessity for any non- 
compound interaction to take place at the surface 
suggests the applicability of the direct-interaction 
theories developed by Butler and his co-workers.*:® 
This theory has been further developed and applied 
to a variety of reactions such as inelastic scattering 
of alpha particles,’ inelastic scattering of protons,® and, 
of course, (d,p) and (d,n) reactions.®” 

The usual formulation of these theories has been in 
terms of reactions involving discrete states of the 
residual nucleus. At lower energies such alpha-particle 
experiments have been performed and analyzed in 
terms of direct interaction theory although there are 
indications of compound nucleus behavior."~'® At 
40-Mev alpha-particle energy Eisberg, Igo, and 
Wegner" studied the spectra of protons from copper 
and gold targets. While there was no resolution of 
proton group corresponding to discrete levels in the 
residual nucleus, the results suggested that the direct- 
interaction mechanism may become less important 
with increasing excitation energy in the residual nucleus, 
This is, of course, related to condition (b) above. 

To avoid the ambiguities inherent in extending the 
direct-interaction theories to more than one level,!® 
we have investigated several alpha-particle reactions 
which lead to discrete states of the residual nucleus 
and have attempted to analyze our data on the basis 
of the direct surface interaction theory of Butler.® 
Since the discrete states we studied were those cor- 
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responding to no, or little, excitation energy of the 
residual nucleus we may, in fact, as indicated by 
Eisberg, Igo, and Wegner," be centering our attention 
on just those small fractions of the interactions involving 
direct reactions. 


II. EXPERIMENTAL METHODS 


To produce and focus the alpha particles used in 
this investigation, the M.I.T. cyclotron and emergent- 
beam apparatus were used.’ Doubly ionized helium 
ions were accelerated to approximately 30.4 Mev and 
and focused onto a spot 7 in. high by about } in. wide 
on the thin targets. 

With this equipment the accuracy with which the 
beam direction relative to the scattering chamber 
could be measured reproducibly was limited to about 
+0.5 deg. This was limited by the collimating system 
and slight fluctuations of the beam direction. The 
angular resolution of the detectors was equivalent to 
that of a cone of radius about 1.3 degrees, and the 
data to be reported have not had this resolution 
unfolded. 

For detecting particles from the target, a NaI(TI) 
scintillation counter was used (Fig. 1). The method of 
separating the high-energy protons from scattered 
alpha particles and other heavy charged particles was 
very simple, making use of the long range in matter of 
the high-energy proton groups. Because of this long 
range, it was possible to palce a lucite absorber between 
the target and scintillator such that all alpha particles 
were stopped in the absorber, other charged-particle 
groups were degraded in energy well below the high- 
energy proton groups, and the proton groups suffered 
little energy loss or energy straggling. This counter 
was used with conventional electronic equipment and 
a twenty-channel pulse-height analyzer similar to the 
Atomic Instrument Company’s Model 520. 

Another scintillation counter was used to monitor 
the beam on the target. Particles from the target 
penetrated a thin Mylar window on the scattering 
chamber above the plane of the movable counter and 
were detected by the CsI(TI) crystal of the monitor 
counter. The pulses were amplified in the conventional 
manner and fed to an integral discriminator, which 
was set just below the high pulse-height group. Due to 
the small amount of absorber in front of the detector 
and the 23-deg scattering angle, the pulses in this 
detector corresponded largely to elastically scattered 
alpha particles. 

The beam energy quoted above was measured using 
the range-energy relationship for protons in aluminum"? 
and the fact that NaI(T1) crystals respond linearly to 
proton energy loss in the crystal.'* Using protons from 
elastic alpha particle-hydrogen scattering, measure- 

16 J. W. Haffner, Phys. Rev. 103, 1398 (1956). 

17 Aron, Hoffman, and Williams, Atomic Energy Commission 


Report AECU-663, 1949 (unpublished). 
18 F, S. Eby and W. K. Jentschke, Phys. Rev. 96, 911 (1954). 
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Fic. 1. Assembly diagram for the variable-angle counter. The 
end of the mu-magnetic shield extended beyond the end of the 
RCA-6199 photomultiplier tube. 


ments were made of the fraction of proton energy lost 
in a 359-mg cm~ aluminum absorber. From kinetics and 
differential range measurements,'’ the alpha-particle 
beam energy was found to be 30.4+0.7 Mev. This 
value is in agreement with the result of an estimate 
using the cyclotron resonance condition and previous 
measurements of the cyclotron’s deuteron beam 
energy.” 

All targets were 1}-in. square films or foils. For the 
aluminum target, 1.9-mg cm commercial foil was 
used. The B” target employed the separated isotope,” 
which was repurified and evaporated in vacuum as 
boric acid onto one side of 0.25 Mylar sheet. Na* and 
P*! targets were prepared in the bell jar above the 
scattering chamber described above—the Na”™ target 
by sputtering of the metal onto one side of a thin layer 
of Formvar, and the P* target by sublimation of 
commercial red phosphorous onto thin nickel foil. In 
each case the target thickness introduced an energy 
spread in the groups of interest which was small 
compared to the energy difference between the group 
and the energy groups in the observed spectra. 

For identification of the levels involved in these 
reactions, the energy of the proton groups was compared 
to the energy of protons from (a,p) reactions on C?*! 

19 N.S. Wall, Phys. Rev. 76, 664 (1954). 

2% Obtained from the Oak Ridge National Laboratory, Oak 
Ridge, Tennessee. 

21 For results on the ground-state transition of C!(a,p)N!® see 
the following: R. Sherr and M. Rickey, Bull. Am. Phys. Soc. 2, 
29 (1957); M. Rickey, University of Washington, Cyclotron 
Progress Report, 1957 (unpublished); reference 5 above; C. E. 
Hunting and N. S. Wall, Bull. Am. Phys. Soc. 2, 181 (1957). 
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Fic. 2. Proton energy spectrum at 46.8 deg (lab system) from 
reactions induced in the sodium target by 30.5-Mev alpha parti- 
cles, as displayed on the 20-channel analyzer. The shaded peak 
is due to the Na*(a,p)Mg** transition to the 1.83-Mev (first 
excited) level of Mg?*. Also indicated are the expected positious of 
peaks corresponding to the ground state (Q=1.849 Mev) and 
2.97-Mev state of Mg*® in this reaction. The arrows indicate 
expected pulse heights relative to the observed position of the 
ground-state peak, which was about 0.8 channel above its expected 
position 


and Al*’. One of the more poorly resolved energy 
spectra is shown in Fig. 2. 

Each angular distribution was measured on at least 
two separate days, with reproducibility consistent with 
counting statistics (the principal error). The counter 
zero-angle position was obtained by taking angular 
distributions involving carbon and aluminum targets 
on both sides of the beam direction. 

In order to obtain an absolute differential cross 
section, comparison was made with the known differen- 
tial cross section of elastically scattered alpha particles 
from Au.” The thickness of each target was estimated 
either by direct measurement or by use of another 
known differential cross section—that of proton elastic 
scattering at small angles.** (For the B"™ case, unknown 
oxygen content of the target made measurement of 
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Fic. 3. Ground-state proton differential cross section from 
B(a,p)C. In the angular range 130 to 150 deg an experimental 
upper limit to the differential cross section is 7 arbitrary units. 
In the angular range 20.8 to 41.4 deg electronic pile-up resulting 
from recoil hydrogen nuclei prevented accurate results. From the 
rough data obtained, however, it is estimated that the differential 
cross section in that range remains within 30% (probable error) 
of the value at 41.4 deg. 


2 L. W. Swenson (private communication) ; Swenson, Schinde- 
wolf, and Wall, Nuclear Phys. 6, 203 (1958). 

*°W. F. Waldorf, S. M. thesis, Massachusetts Institute of 
Technology, August, 1956 (unpublished); W. F. Waldorf and 
N. S. Wall, Phys. Rev. 107, 1602 (1957). 
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Fic. 4. Proton differential cross sections for Al?’(a,p)Si® 
transitions corresponding to the ground and 2.24-Mev levels of 
Si®. Results obtained with an angular resolution of +1 deg 
confirmed the “plateau’’ near 67 deg. 


the corresponding absolute differential cross section 
unfeasible.) 

Obviously, the absolute differential cross section 
measurements reported here are not highly precise. 
Rather, they are intended as approximate measure- 
ments for comparison with each other and with 
theoretical interpretations. The estimated errors quoted 
for the normalizations indicate the inaccuracy of the 
compounded estimates involved. 


III. RESULTS 


The observed angular distributions for (a,p) transi- 
tions induced by 30.4-Mev alpha particles and cor- 
responding to discrete states in the residual nuclei are 
shown in Figs. 3-7. The reproducibility of the several 
measurements on each target was always consistent 
with the indicated errors, which were due to counting 
statistics and uncertainty in separation of proton 
groups. The estimated errors in the absolute differential 
cross sections are as follows: aluminum target, +30%; 
phosphorus target, (_70%+%); sodium _ target, 
(sot), Tabulated data for all the results are 
given by Hunting.” 
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Fic. 5. Ground-state proton differential cross section for 
P*!(a,p)S*. An experimental upper limit to the differential cross 
section in the range 100.8 to 165.6 deg is 1.5 times the differential 
cross section at 97.2 deg. 


*C. E. Hunting, Ph.D. thesis, Massachusetts Institute of 
Technology, January, 1958 (unpublished). 
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CROSS SECTIONS OF SOME (a,p) RE‘ 


For the case involving the aluminum target, the 
monisotopic target and the Q values for a-induced 
reactions were such that it was possible to obtain (a,p) 
proton spectra for an extended range of excitation 
energies of the residual nucleus. The results at a 
laboratory angle of 40 deg are shown in Fig. 8. 


IV. DISCUSSION 


In the Introduction we indicated the fact that the 
criteria for compound nucleus formation were but 
marginally met. To indicate the fact that our attention 
may be centered on a very small fraction of the total 
a-particle-induced reactions we point out that the 
integral of the observed differential cross section for 
the ground-state reaction on Al?’ is only the order of 
10~ of the total reaction cross section, rR’, expected 
on the assumption that Al?’ is “black” to 30-Mev 
alpha particles. The relatively small number of transi- 
tions leading to the ground state is also indicated 
by Fig. 8. 

The strong forward peaking observed in all of our 
experimental results on the low-lying levels of the 
residual nuclei does, however, strongly suggest a direct 
interaction mechanism.® We therefore have analyzed 
our data on the basis of the direct interaction theory 
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Fic. 6. Ground-state proton differential cross section for 
Na*™(a,p)Mg*®. Since this differential cross section and that 
corresponding to the 1.83-Mev level of Mg®® (Fig. 7) were deter- 
mined during the same runs, their relative magnitude is independ- 
ent of any calibration (cf. Fig. 2). No explanation is offered for 
the order-of-magnitude difference. 
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Fic. 7. Proton ditferential cross section for the Na®(a,p)Mg*® 
transition corresponding to the 1.83-Mev level of Mg?®. In the 
angular range 105.3 to 165.8 deg an experimental upper limit to 
the differential cross section is the 98.2 deg differential cross 
section. 
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Fic. 8. Pulse-height spectrum at a laboratory angle of 40 deg 
from reactions induced in the aluminum target by 30.5-Mev 
alpha particles, as compiled from several monitored 20-channel 
analyzer spectra. The absorber used was 7-mil gold, which 
reduced the energy of protons corresponding to the ground-state 
transition of Al?"(a,p)Si®® (Q=2.389 Mev) from 31.0 Mev to 
about 28.1 Mev. The expected positions of peaks corresponding 
to excited states of Si® in the above reaction are indicated, as 
well as the expected maximum pulse height from the Al?’(a,d)Si® 
reaction. New information on the level structure of the Si® 
nucleus may not be deduced from this diagram because of in- 
accuracy in the energy scale to the left of the peak for the 3.79-Mev 
level. 
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Fic. 9. Theoretical fit to the ground-state differential cross 
section of B'’(a,p)C® using Eq. (57) of reference 5 with 1=3 
(uniquely) and R=3.3X10-" cm. The location of the maxima 
and minima, as listed in Table I, actually suggest a slightly 
larger radius. 


of Butler.®.* In particular, the simplified calculation of 
reference 6, as embodied in Eq. (57) of that paper,”® is 
compared with our results in Figs. 9 and 10 and those 


*5TIn order to evaluate the various momentum transfers 
occurring in Eq. (57) of reference 6, we have assumed that the 
process proceeds through the “direct ejection’? mechanism which 
neglects any interaction except that with the proton struck by 
the alpha particle. If, instead, one were to assume that the 
observed proton comes from the incident alpha-particle, the 
predicted curves would be slightly different. This point is discussed 
at some length by N. Austern, in Fast Neutron Physics, edited by 
J. L. Fowler (to be published), and is indicative of the ambiguity 
of using only angular distribution measurements to define a 
reaction mechanism." 
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TaBLeE I. Comparison of the positions of maxima and minima 
of experimental proton differential cross sections from (a,p) 
reactions with the predictions of Eq. (57) of Austern et al.* The 
observed transition corresponds to the ground state of the residual 
nucleus in each case. 








Proton angle 
(degrees c.m. system) 
Experiment Theory 
a a” 
48° 46° 
~55° oO 
~76° 77° 
~94° 91° 
19° 
39° 


Maximum 
Target or 
nucleus minimum 


psi Max 
Min 
Max 
Min 
Max 
Min 
Max 
Min 
Max 
Max 





~41° 
~72° 
~30° 


* See reference 5. 


of Hunting and Wall.?* Tables I and II characterize 
the agreement between theory and experiment, as 
measured by the criteria of the location of maxima and 
minima and of reasonable deduced nuclear sizes. 

The above three detailed comparisons with the 
predictions of a simplified calculation based on the 
surface direct interaction theory can be characterized 
by saying that in general the calculation gives reason- 
able agreement, but that there are some points of 
marked disagreement. Specifically these are (a) the 
marked filling in of the regions between the secondary 
maxima and (b) a much higher degree of forward 
peaking particularly in the Al’ case. (By forward 
peaking is meant the ratio of the average differential 
cross section forward of 90 deg c.m. system to that back 
of 90 deg, in the observed angular range.) 

The first of these disagreements may be due to the 
finite absorption mean free path mentioned above,?* 
the nonsphericity of the target nuclei, or distortion of 
the plane waves involved in Butler’s calculation.* The 
absorption mean free path and nonsphericity arguments 
may be of particular importance in the cases under 
consideration because of the large momentum transfers 


TABLE IT. Comparison of interaction radii for the system target 
nucleus-alpha particle. Column (2) lists the target for the (a,p) 
ground-state transition fitted in the figure or reference named in 
column (1). The theoretical curves use Eq. (57) of Austern et al.* 
with the R value listed in column (3) (in units of 10™° cm). 
Column (4) states the value of R expected from the alpha-particle 
elastic scattering analysis given by Waldorf and Wall>: 1.35A! 
+1.3 (in units of 10-% cm). 








(1) (2) (3) 
Figure Target R from fit 
9 BY 3.3 4.2 
e Al? 5.0 5.3 
10 ps 5.5 9.5 


(4) 
R expected 











® See reference 5. 
> See reference 23. 
* See reference 26. 


26C, E. Hunting and N. S. Wall, Phys. Rev. 108, 901 (1957). 
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involved, the momentum transfer-radius product being 
the critical parameter.®.2” Regarding the nonsphericity 
argument it is interesting to note that the case involving 
the P* target gave the best agreement with prediction, 
while the P* nucleus is expected to be more spherical 
than some of the other target nuclei employed in this 
investigation.” 

Recently Butler, Austern, and Pearson** have shown 
in a somewhat simplified calculation, employing a 
semiclassical treatment of the direct interaction, that 
absorption of either the incident or emergent particle 
will in general produce just the effects we have observed. 
In particular, they show that for strong absorption of 
the incident alpha particle the maxima of the angular 
distributions have essentially the same location as the 
simple quantum mechanical theory predicts and that 
the minima are filled in. However, it should be noted 
that their calculations show a decrease of the forward 
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Fic. 10. Theoretical fit to the ground-state differential cross 
sections of P#!(a,p)S* using Eq. (57) of reference 5 with /=0 
(uniquely) and R=5.5X10™" cm. 


peaking with decreasing mean free path, whereas our 
experiments show that in the cases where the observed 
angular distributions are most washed out the forward 
peaking in a maximum. On the other hand, this may be 
too detailed a conclusion to draw from an approximate 
calculation such as theirs. A detailed calculation 
similiar to that of Levinson and Banerjee* may be 
necessary to clarify this point. 

Relative to the forward peaking in the Al?’ case, it 
should be noted that in Butler’s calculation of direct 
interaction differential sections® the forward peaking 
reflects characteristic nucleon momenta in the nuclei 
involved. Although this interpretation may be over- 
emphasized in reference 26, it is nonetheless interesting 
that the particular form factor used there yields 


27 For the Al?’ case at least, a change in the radius parameter of 
only 1X10" cm is sufficient to interchange the expected angular 
positions of maxima and minima of the differential cross section. 

28 Butler, Austern, and Pearson, Phys. Rev. 112, 1227 (1958). 
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reasonable values for the characteristic momenta” in 
the Al’’ reaction. Our other data have not been analyzed 
in this manner. 
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Scattering of 2- to 4-Mev Polarized Neutrons by Carbon* 


W. P. Bucuerf, W. B. Beverty, G. C. Cops, anp F. L. HEREFORD 
Department of Physics, University of Virginia, Charlottesville, Virginia 
(Received March 30, 1959) 


The right-leit asymmetry in elastic scattering of partially polarized neutrons by carbon has been observed 
for 45° (c.m.) scattering angle and for neutrons in the 2- to 4-Mev energy range. The C(n,m) polarization, 
inferred from the measured asymmetries, has a direction and energy dependence in agreement with phase 
shift analyses obtained previously by others. The magnitude of the polarization is slightly larger than 


predicted. 


HE differential cross section for elastic scattering 

of medium-energy neutrons by C® has been 
measured by several groups of workers.!* These results 
together with total cross-section measurements have 
resulted in the assignment of definite parameters for 
the three C® levels responsible for the first three 
resonances. Specifically, these occur at neutron bom- 
barding energies of 2.076, 2.95, and 3.67 Mev, the 
corresponding C’* level parameters being Dy with a 
7-kev width, D; with a 90-kev width, and D, with a 
1.69-Mev width. 

For incident neutrons in the 2- to 4-Mev region, 
interference between the scattered S-wave amplitude 
and the D-wave amplitude, deriving from these levels, 
give rise to appreciable polarization of the scattered 
neutrons. The details of the C’+-n elastic interaction 
are embodied in the phase-shift analysis of the differ- 
ential cross-section measurements. The predicted 
neutron polarizations differ somewhat for sets of phase 
shifts extracted by different groups of workers. The 
polarization has been observed? but no systematic 
measurement of its dependence upon incident neutron 
energy has been reported. 

The present work involves such a measurement for 
2- to 4-Mev neutrons scattered at 45° (c.m.), where the 


* Supported by the U. S. Atomic Energy Commission and the 
Office of Ordnance Research, U. S. Army. 

t United States Rubber Company Fellow. 

1 Wills, Bair, Cohn, and Willard, Phys. Rev. 109, 891 (1958). 
References to previous work are given here. 

ne Schemer, and Trumpy, Helv. Phys. Acta. 27, 577 
(1954). 

§ McCormac, Steuer, Bond, and Hereford, Phys. Rev. 104, 718 
(1956); Phys. Rev. 108, 116 (1957). 


polarization is greatest. The polarization, P.(£), was 
deduced from measurement of the right-left asymmetry 
in the scattering of neutrons of known polarization 
P,, and energy E, using the relation 


P.(E)Pa=(R—-L)/(R+L), 


where R and L represent neutron intensities scattered 
at 45° (c.m.) to the right and left, and 


kaXk, 
aX Kal’ 
Xk,’ 


“TkaXK,’| 


ce 


The neutron source was the D(d,n)He’ reaction for 
which the most dependable measurements of the emitted 
neutron polarization are those employing He‘(n,m) for 
polarization analysis.* In the above expressions ku, Rn, 
and k,’ are the momenta of the incident deuteron, 
emitted neutron, and scattered neutron. We have relied 
on these measurements of P,, as summarized by Pasma* 
in interpretation of the results reported herein. 


EXPERIMENTAL METHOD 


Polarized neutrons from the bombardment of thin 
heavy-ice targets by monoenergetic deuterons were 
selected by a collimator similar to that described 
previously.* Target thickness was determined by two 

4 Levintov, Miller, and Shamshev, Nuclear Phys. 3, 221 (1957) ; 
Levintov, Miller, Tarumov, and Shamshev, Nuclear Phys. 3, 
237 (1957); P. J. Pasma, Nuclear Phys. 6, 141 (1958), 
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Fic. 1. Observed values of P,(45°) for various neutron energies. 
Solid curves show P,(45°) as determined from the phase shifts of 
Wills et al. (curve 1) and Meier et al. (curve 2). 


methods: (1) observation of the shift in the Al?’(p,y) 
993-kev resonance by using an aluminum backing 
behind the heavy ice layer, (2) measurement of the 
ratio of the thin-target to the thick-target yield, 
coupled with calculation of the energy range over which 
the thin-target “yield curve” must be integrated to 
obtain this observed ratio. Results of the two methods 
were in satisfactory agreement and indicated thick- 
nesses of 80 to 200 kev for the targets employed. 
During the measurements, it was necessary to rotate 
the liquid nitrogen container upon which the heavy 
ice was condensed about twice an hour to avoid build 
up of a “drive in” deuterium target behind the ice and, 
also, loss of yield due to evaporation where the deuteron 
beam struck. Analyzed deuteron currents of approxi- 
mately 4 microamperes were employed throughout 
the measurements. 

Adjustment of neutron energy was accomplished by 
changing the deuteron bombarding energy Ey and by 
selecting neutrons emitted at various angles. The 
neutron polarization was determined from the pre- 
viously measured values! of P,(£a) for neutrons 
emitted at 57°-59° and from the known dependence, 
P,(@), on neutron emission angle. An elementary 
symmetry argument demonstrates that 


P,,(@)~ {o0(0)}— sin26, 


where o0(@) is the differential cross section for un- 
polarized neutrons. This angular dependence has been 
verified experimentally .* 


COBSs, 


AND HEREFORD 


The collimated neutron beam was scattered by a 
carbon cylinder 2 inches in length and 1 inch in diam- 
eter. Neutrons scattered to the right and left at 
45° (c.m.) were detected simultaneously by #-in. cubic 
stilbene scintillation detectors. The “scatterer in” 
minus “‘scatter out” counting rates were taken as a. 
measure of the scattered neutron intensities. This 
difference was approximately 25% of the “scatterer 
out” rate. Analysis of the differential pulse-height 
spectra from the detectors indicated that gamma-ray 
contamination of the data was negligible. No neutron 
inelastic scattering contamination occurred, since the 
first excited state of C” lies at 4.43 Mev. The bias on 
the detectors was such that neutrons of energy within 
2 Mev of the incident energy were detected. 

Instrumental asymmetries were determined and 
eliminated by a method’ in which D(d,n)He* neutrons 
emitted to both the right and left were employed 
(for which cases the neutron polarization must be equal 
in magnitude and opposite in direction). No correction 
was made for plural neutron scattering within the 
carbon, since the average path length of neutrons 
through the scatterer was only about 0.2 mean free 
path. The data were corrected for finite scatterer and 
detector geometry by a method described previously.’ 


RESULTS 


Using Eq. (1) with the values of P, obtained as 
described above, P.(E) was determined from the right- 
left asymmetries observed for various neutron energies. 
The results are shown in Fig. 1 and compared with the 
polarization computed from the phase shifts of Wills 
et al.’ (curve 1) and Meier et al.? (curve 2). 

The horizontal flags indicate the neutron energy 
spread due to the deuteron target thickness. The 
vertical flags represent statistical counting errors and 
are plotted at the mean incident neutron energy for 
each point. Errors arising from possible misalignment of 
the apparatus are estimated to be negligible relative to 
the statistical errors. The uncertainty in the values of 
P,, employed in extracting P, from the observed asym- 
metries is estimated to be about 5%. Its effect would be 
either a reduction or increase in the magnitude of all 
observed values of P, by an amount 0.05P.. 

The experimental results appear to be in best agree- 
ment with the polarization computed from the phase 
shifts of Meier et al. 
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Shell-Model Theory of Inelastic Scattering on Be*} 


WILLIAM T. PINKSTON 
Palmer Physical Laboratory, Princeton University, Princeton, New Jersey 
(Received March 27, 1959) 


A study is made of the energy levels of Be® with particular emphasis on comparing the inelastic scattering 
data with the shell-model predictions. The differential cross sections for inelastic scattering of alpha particles 
are calculated in distorted-wave Born approximation using a central spin-independent potential to represent 
the interaction between the incident alpha and each target nucleon. The target wave functions are taken to 
be intermediate-coupling shell-model wave function. The agreement between theory and experiment is 
excellent for values of the intermediate coupling parameter, a/K, which best reproduce the level spectra. 
The results favor a value a/K = 2.86 over the other popular value, a/K=1.4. It is suggested that the 1.7- 
and 11.3-Mev levels do not arise from the (1)5 configuration. 


1. INTRODUCTION 


GLANCE at the results!” of recent bombardments 

of Be® by charged particles reveals only three 
inelastic scattering peaks in the spectrum from zero 
to twelve Mev. Since there are eight known excited 
levels in this region, a selection rule of some kind is 
suggested, and it is possible that the study of these 
reactions would be a good test for the various nuclear 
models of current interest. Blair and Henley* have 
considered the problem from the standpoint of a 
collective model. They find that in this model a selection 
rule does exist, which depends on the rotational 
character of the states predicted by the model. The 
ground state and the excited states are assumed to be 
members of two rotational bands. Transitions between 
numbers of the same band are allowed, but transitions 
from one band to another are inhibited. 

The intermediate-coupling shell model‘: is another 
model which has been rather successful in the region 
of light nuclei in explaining energy level schemes, 
electromagnetic moments, and reaction data, and is 
in many respects a more satisfactory model than the 
alpha-particle model. This model predicts seven 
excited states in the energy region of interest. Un- 
fortunately, in this model there is no simple physical 
picture which can be invoked to explain reaction data. 
Unless rather lengthy calculations of cross sections are 
made, it is impossible to decide whether or not the 
shortage of peaks in the inelastic spectrum is purely a 
manifestation of the collective nature of the states 
suggested by the success of the alpha model. To help 
decide this question, theoretical results are presented 
here for the inelastic scattering of alpha particles by 
Be*. The target states are described by intermediate- 
coupling shell-model wave functions. The scattering 


¢ This work was supported by the U. S. Atomic Energy Com- 
mission and The Higgins Scientific Trust Fund. 

'R. G. Summers-Gill, Phys. Rev. 109, 1591 (1958). 

2G. W. Farwell e¢ al., Cyclotron Research, University of 
Washingtion, Annual Progress Report, 1956 (unpublished). 

3 J. S. Blair and E. M. Henley, Phys. Rev. 112, 2029 (1959). 

4D. Kurath, Phys. Rev. 101, 216 (1956). 

5 French, Halbert, and Pandya, Phys. Rev. 99, 1387 (1955). 


amplitude is calculated in distorted-wave Born approxi- 
mation. 

In Sec. 2 the data pertaining to the Be® levels are 
summarized. In Sec. 3 they are compared to the 
predictions of Blair and Henley. The shell-model 
predictions are described in Secs. 4 and 5. 


2. DATA 


One of the difficulties attendant to any attempted 
comparison of theoretical and experimental results for 
Be’ is the lack of definite spin and parity assignments 
for its levels. The ground-state value J"= $-, is the 
only one known with certainty. In the region from 0 
to 12 Mev eight excited states have been observed.® 
These are listed, along with their possible spins and 
parities, in the first two columns of Table I. Preliminary 
to our theoretical discussion the relevant experimental 
data will be briefly summarized in the following sections. 


(a) 2.43-Mev Level 


The 2.43-Mev level is observed in all the reactions 
except the gamma-ray processes. It must have isotopic 
spin 3 since it is strongly excited by inelastic scattering 
of alpha particles. The inelastic scattering is observed 
to proceed!” by a direct-interaction mechanism with 
an angular momentum transfer, A, of two units. Since 


TABLE I. A summary of the Be? data with shell-model 
assignments suggested by the present work. 


Spin, parity, 
and 
Energy isotopic spin 


ey Sy 

At tou 

2 Severe 
SR el 7 
In 
ie, 
a 


raj 


* Arbitrary units. 


Approximate 
(a,a’) cross 
section* 


~0 
~1 
~0 
~0 
~0.5 
eA) 
~0 
~0.3 


Suggested shell- 
model assignment” 


1p® [41] ®P a2 
(1p42s) 

1p [41] 2Ds,2 
(1p en 
1p [41] 2Dyys 
bal 2B a2 
1p* [41] 2F 5/0 
(1p5 [417] °Gaia or ®Gy/2) 


b The predominant LS term in intermediate coupling is listed. 


6 F, Ajzenberg and T. Lauritsen (to be published). 
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the ground state has J*=43-, the spins and parities of 
the 2.43-Mev level are limited to }— <J* <}-. The }- 
possibility is definitely ruled out, since this level can 
also be produced by the pickup of a proton from the 
J=3 ground state of B’. Summers-Gill' has recently 
analyzed a series of reactions producing this level and 
concludes that J*= $~ is the only value consistent with 
all the data. It must be noted, however, that the 
possibility of $~ was ruled out incorrectly. The differen- 
tial cross section was nicely fitted by the Austern, 
Butler, McManus’ formula with A=2. For a AJ=0 
transition this formula also allows the possibility of 
A=0. Since any A=0 present would dominate the 
cross section, its absence was taken as evidence that 
AJ#0. It will be shown in a later section of this paper 
that if the 2.43-Mev level belongs to the same shell- 
model configuration as the ground state, then A=0 
is impossible, even when AJ=0. Experimentally then, 
the spin and parity of the 2.43-Mev level are not known 
with certainty but are most likely }-. 


(b) 1.75-Mev Level 


This level has been subjected to close examination by 
several investigators.!** It shows up quite faintly if 
at all in all but the photoreactions. An idea currently 
popular is that the observed effect in inelastic scattering 
might not be a level at all but a manifestation of the 
threshold of a three-body break up into a neutron 
and two alphas. The neutron separation energy in Be® 
is 1.666 Mev, supporting this idea. It has been further 
observed” that the anomalies in the inelastic 
scattering yield curves attributed to the 1.75-Mev 
level can be fitted by a formula of Watson’s.'* This 
procedure assumes that the process 
Be®(x,x’n)Be® with a final-state interaction between 
the outgoing neutron and the residual Be® core. Miller’ 
has pointed out that the large size of the scattering 
length needed in fitting the data implies the existence 
of a nearby resonance and suggests that the level is 
++. Marion,’® however, finds an equally good fit by 
assuming a p-wave resonance. It seems that the level 
exists, but its structure is still in doubt. Since it shows 
up, albeit weakly, in (d,d’) reactions it probably has 
T=}, 

7 Austern, Butler, and McManus, Phys. Rev. 92, 350 (1953). 

§ Bockelman, Leveque, and Buechner, Phys. Rev. 104, 456 
(1956). 

*Moak, Galonsky, Traughber, and Jones. Phys. Rev. 110, 
1396 (1958). 

1D. Miller, Phys. Rev. 109, 1669 (1958). 

4 Gossett, Phillips, Schiffer, and Windham, Phys. Rev. 100, 
203 (1955). 

2 Rasmussen, Sampson, Miller, and Gupta, Phys. Rev. 100, 
851 (1951). 
' fs W. Kavanaugh and C. A. Barnes, Phys. Rev. 112, 503 
1958). 

4K. M. Watson, Phys. Rev. 88, 1163 (1952). 

18 J. B. Marion (private communication). 
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(c) 3.03-Mev Level 


The existence of a level at 3.03 Mev is well established. 
Bockelman ef al.’ and Moak et al.* reported having seen 
it.16 According to the former it has J/<#. It also shows 
up weakly in (d,d’); hence T=}. 


(d) Other Levels 


The levels at 6.76 and 11.3 Mev show up strongly in 
alpha inelastic scattering. This implies that they both 
have T=}. Little else is known about these levels or 
about the levels at 7.94, 4.74, and 9.1 Mev. The 
4.74-Mev level is observed faintly in (a,a’) experiments 
and, therefore, probably has T=}. Summers-Gill! has 
suggested that this broad level might arise from the 
same process as that assumed in the case of the 1.75-Mev 
level, but with the Be® left in its 2.9-Mev state. Its 
energy, 4.74 Mev, is about the correct energy for such 
an effect, and the widths of the 2.9-Mev level in Be*® 
and the 4.8-Mev level in Be® are about the same. 


(e) Further Remarks on the Inelastic 
Scattering Data 


As mentioned in the Introduction, only three levels 
in Be® are observed with appreciable intensity in 
inelastic scattering experiments.’’ These are the 2.43-, 
6.76-, and 11.3-Mev levels. The intensity’? of the 
6.76-Mev level is } to 4 that of the 2.43-Mev level. 
The intensity of the 11.3-Mev level is hard to estimate 
since it sits on a fast-rising continuum, but its intensity 
appears to be weaker than that of the 6.76-Mev level. 
The differential cross section for the 2.43-Mev level 
has been measured. When the projectiles are alpha 
particles it shows the marked diffraction structure 
characteristic of direct nuclear reactions. The shape 
can be closely approximated by [j2(qgRo)_?, where 72 
is a spherical Bessel function, g is the momentum 
transfer, and Rp is a radius of interaction. This is, of 
course, the prediction of the theory of Austern, Butler, 
and McManus.’ Similar results were obtained by 
Summers-Gill! using protons and deuterons and by 
Benveniste e¢ al.!’ with protons. With these projectiles, 
however, the observed differential cross sections do not 
fit the predictions of the simple theories. The proton 
curves were sufficiently different to suggest large 
nuclear distortion of the waves, as required to explain'® 
the (p,p’) data in Li? and C”. 


3. ROTATIONAL MODEL ANALYSIS OF THE DATA 


Blair and Henley* have analyzed the (a,a’) data 
on the alpha-particle model of Be*. In this model a 
“valence” neutron is considered to move in the axially 


16 No attempt is made here to give a complete set of references 
to the numerous experimental papers on Be’. The reader is referred 
to the works quoted in references 1 and 9 for a more complete 
bibliography. 

17 See also Benveniste, Finke, and Martinelli, Phys. Rev. 101, 
655 (1956). 

18 C, A. Levinson and M. K. Banerjee, Ann. Phys. 2, 471 (1957). 
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symmetric field of a dumbbell made up of two alpha 
particles. The ground state begins a K=$~ rotational 
band. The 3.03-Mev level is taken to be 4~ and begins 
a K=}~ band. The 2.43-, 6.76-, and 11.3-Mev levels 
are assumed to be members of the lowest band. The 
other levels belong to a higher band. Blair and Henley, 
using an impulse approximation to the solution of the 
collision problem, find that transitions out of the ground 
state band are inhibited. Total cross sections are 
calculated quite accurately, using the empirical a—a 
and a—n interactions. 

A further success of the model is that it correctly 
predicts the energy spectrum. The rotational energy 
formula, 

E= BJ (J+1)—K(K+1) ], (1) 


predicts the energy spacing of the presumed 3, 3, 3, 9/2 
members of the Be? K=3~ band and also the 0, 2, 4 
spacings in Be® with an over-all accuracy of about 10% 
for B=0.51 Mev. 


4. SHELL MODEL-ENERGIES 


According to the shell model, the low-lying levels of 
Be® are all members of the configuration (1s)‘(1p)°. 
Level structure predictions have been made for this 
configuration by Kuratht and by French, Halbert, 
and Pandya® in intermediate coupling. The energy 
spacings and wave functions in this procedure depend 


primarily on the quantity {=a/K, where a is the 
strength of the spin-orbit interaction and K is the 
exchange integral of the interaction. Extreme values of 
¢, 0 and , correspond to LS and jj coupling, 
respectively. 

Eight T=}3 levels are predicted in the low-energy 
region, say below 12 Mev, for a fairly wide range of ¢ 
values. Since they arise from (1p)°, all have odd parity. 
The ground state is uniquely predicted to have J=3. 
The next lowest levels consist of a closely spaced pair 
with spins of and 3. The order of this pair depends on 
¢. For small ¢ the } is lower. At {2 they cross and the 
§ is lower for larger ¢ values. The 2.43-Mev level is 
the logical candidate for the } assignment; hence the 
correct value of ¢ depends experimentally on whether 
the 1.75 or the 3.03 level is the lowest J=} state of 
(1p)*. For these two possibilities French et al.® have 
chosen ¢ values of 1.4 and 2.86, the lower value chosen 
if the (1p)® state is the 1.75-Mev level, the larger 
value if it is the 3.03. The low spectrum for these two 
choices is plotted in Fig. 1 beside the experimental 
spectrum. The energies are normalized there so that the 
excitation of the $ level is 2.43 Mev for both theoretical 
choices. French et al. prefer = 1.4 on the basis of the 
magnetic moment. The (m,d) and (p,d) data seem to 
favor this value, but these are not really sensitive 
enough to pin it down. Miller, on the other hand, 
favors a larger value, because of his identification of 
the 1.75-Mev level as 3+. In addition, he argues that this 
choice would make ¢ a smooth function of mass number, 


IN| MEV 


ENERGY 





Qt 2 = —— ¥2 
é = 1.4 é = 28 
Fic. 1. A comparison of the shell-model predictions for the Be® 
levels with the experimental spectrum. The theoretical schemes 
are given for ¢=1.4 and {=2.86. The energies are normalized 


for both cases so that the lowest predicted J=§ level exactly 
coincides with the 2.43-Mev level. 


whereas the choice ¢=1.4 leads to the famous dis- 
continuity in ¢ between A=9 and 10. The results of 
Marion,’ however, make the 3+ assignment for the 
1.75-Mev level questionable. 

The figure shows that neither value produces a level 
scheme which fits the higher excited states well. Both 
predict a 3, 9/2 pair in the neighborhood of the observed 
11.3-Mev level and a 3, 3, 3 triad at lower energies. 
Presumably, these latter correspond to the 4.74-, 
6.76-, and 7.94-Mev levels. The agreement of these 
three observed levels with the theoretical triad looks a 
little better for ¢=1.4 than for ¢=2.86. The level 
order of the 3 and 3 depends on ¢, the } lying lower for 
¢= 2.86, the 3 lying lower for ¢= 1.4. Again we find the 
best value of ¢ depending on a level order. In addition 
to giving an explanation of the (a,a’) data which is 
not explicitly collective in nature, the present analysis 
provides new information on this level order and, 
consequently, on the choice of ¢ values. 


5. SHELL MODEL—(a,a’) REACTION 


Although the inelastic scattering experiments have 
also been done with protons and deuterons, the present 
discussion will be confined to the alpha-particle data. 
Several considerations prompt this. First, the alpha- 
particle energies are higher, making the data more 
complete. More important, perhaps, Levinson and 
Banerjee!* found in their analysis of (p,p’) reactions 
that the contributions of nucleon exchange are appreci- 
abe. Exchange and nonzero spn of the projectile 
greatly complicate the (p,p’) analysis. S nce the alpha 
particle is so tightly bound and has total angular 
momentum zero, we believe that it is a good approxima- 
tion to describe its interaction with the target nucleus 
by a spin-independent central potential. This, of course, 
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removes the factors complicating the proton calculations 
and reduces the problem to that of the collision of a 
spinless point particle with a group of nucleons. 

The cross section will be calculated by the usual 
methods of direct interaction theory, i.e., Born approxi- 
mation. For present purposes there is no difference in 
the results of ordinary and distorted-wave Born 
approximation. Formally, however, the derivation will 
be made with distorted waves. The derivation follows 
closely that of Levinson and Banerjee. 

The differential cross section is given by 


Ma*K, 1 | 
- > |F(M.,M;;6)|*, (2) 
4r*h'K; (2J;+ 1) MiMys 





in which M,* is the alpha-particle reduced mass, K; 
and Ky are the incident and final wave numbers, 
respectively, of the alpha particle, and J, M represent 
the spin and z component of spin of the target states. 

In distorted-wave Born approximation, F is cal- 
culated from 


1+ + dsndta Y* (J;M;)OK,;* (ta) 

XL» V (tra) OKi(taW(JiMs). (3) 
The integration over s implies a spin sum. The position 
vector of the alpha is r,, and the summation is over the 
N nucleons in the 1p shell. V(ria) is the interaction 
potential of the alpha with the ith nucleon. The 
distorted waves are expanded as follows: 


OK i (fa) = yD’ (2' +1) fi (K ita) Z0* (Qa), (4) 
OK, (fa) = dv 7 (2A +1) (Kyra) Dy Z (Qa) Zy™* (OK). (5) 


The incident beam direction is taken as the z-axis. 
Z,‘ is an unnormalized spherical harmonic.!* The usual 
expansion is made for the potential, i.e., 


Ps Us (%rfa) dm Za® (Qe)Zn7(2,). (6) 


F(M,,My;6)= f ds 


V (fav) 
Inserting these expansions into Eq. (3), there results 
(J,|27(2n)|| J) 
F=4rN > - 
z (2I/-+1) 2x-+1)! 


x EYL Y VJViaxeMm|J;My) 
mw A dW 


x (—)"(2A+-1) (24’+-1)Z,?* (OK) 

X (AAO! xm) (N’AOO| WO)T(AA’x), (7) 
in which (J;||Z*||J;) is the reduced matrix element of 
Racah,!® (aba | cy) is a Clebsch-Gordan coefficient, and 
I is the radial, integral, 


iv 


T(a, $V x)= f rn*dry a dta fy (K ta) fx Kya) 
Aes Xv2(rwta)RP(rw). (8) 
19 G. Racah, Phys. Rev. 62, 438 (1942). 
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It has been assumed that ¥(J;M;) and ¥(J;M;) both 
belong to the configuration /%, with radial function 
Ri(r). Let us immediately restrict / to 1. Then x is 
restricted to values, O0< «<2. The value x=1 is not 
allowed by parity, and «=0 gives no contribution since 
Z, is simply a constant, and the initial and final states 
are orthogonal in angles if both are members of /%; 
hence x=2 is the only allowed value in the p shell. 
It follows, as mentioned in the data section, that no 
level can be excited by x=0 waves unless there is 
either a spin-flip term in the interaction or a change of 
configuration; hence the [j2(gRo)}? shape of the 
(a,e’) angular distribution involving the 2.43-Mev 
level does not rule out J=3 for that level. 

If the sum and average over |F(M;,M;;6).? is 
carried out, one finds that for the transition ¥(p*J;) 
— y(p%J,), the cross section is 


K; (NM.* *1 Uy 'Z2(Qy)| Vol", 
o=—(- )| ———e, 
ie (2J;+1)! 


rh? 
with 


oo) 5|2E 2 (=) (A+ 1)( 2d’ +1) (A,d’,2) 
mo 


> 


 (A’N00| 20) (X’AOm| 2m)Z 2” (Qx,)}. (10) 


In general, 7(A,A’,2) must be calculated numerically. 
In the zero-range limit for the potential, C= V6(ran), 
and with plane waves instead of distorted waves, ® is 
given by 


xz 


(0) = (2x-+1) Vel | Je(QrRP(r)r°dr 


=G(l,l,x), (11) 
for general / and x, in which g is the momentum transfer, 
q=K;-K,. 

Another selection rule, independent of the details of 
the nuclear structure, follows from Eq. (9). The 
reduced matrix element is nonvanishing for J values 
such that | J;—Ji| <2 <J;+J;. Since J;=3, the present 
model restricts the final states to those with J; <3. In 
particular the fairly strong excitation of the 11.3-Mev 
level may be taken as evidence that probably it is 
not the (1p)5, J=9/2 level expected in this energy 
region. 

The cross section, (9), separates nicely into parts 
which depend on energy and angle and a part which 
depends on the structure of the nuclear wave functions. 
The nuclear structure part is the reduced matrix 
element. Henceforth, it will be denoted S(J;). In order 
to evaluate it, we take intermediate-coupling wave 
functions for the target states, 


W(IMTM 7) = X KIT; yLS)¥(IyTMLSJM). (12) 
7Ls 


The LS coupling representation is used as a basis 
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with JT and Mr representing the total isotopic spin 
and its 3-component, respectively. y is a space sym- 
metry symbol. The K’s depend on ¢. The LS wave 
functions for p* are decomposed according to 


¥(p§yTMrLSIM)=¥. p V(b" pT pl pS pspsyTMrLSJM) 
X (¥pT pL pSp|yTLS), (13) 


in which (yp7'pLpSp|yTLS) is a coefficient of fractional 
parentage. We use those of Jahn and Van Wieringen” 
with the phases modified according to Elliott, Hope, 
and Jahn.” With these expansions S(J;) may be shown 
by the usual methods of tensor operators to be, for 
general /, J;, and x, 


S(T) = Li Leg K(IiT;; VLpS)K(IiT i; ViLsSi) 
X6(SipS~)6(TiTy)L (2I y+ L) (2L,+ 1) (2L,+1) }} 
XW (SL,J x; JL) (214+-1)4 (1x00) 10) 
XD olVel vk sS5! vit LS;) 
X (YpT pL pS p| Ti LySp) 5 (Vis) 


In order to compare theory and experiment it is 
assumed that o(@) is a slowly varying function of Q 
values. Since the bombarding enerties in the experiments 
were of the order of 50 Mev, this is probably a very good 
approximation. The discussion will be restricted to 
relative cross sections for excitation of different levels, 
in which case the only quantity of interest is |.S(J,) |?. 
This has been calculated as a function of ¢,* and is 
plotted in Fig. 2. The abscissa is a quantity n»=¢(¢+5)", 
which is zero in LS coupling and 1 in 77 coupling. In 
this figure the cross section for excitation of the 2.43- 
Mev level does not appear, having been set equal to 
unity. The other cross sections have been normalized 
accordingly. Vertical lines indicate the two values of ¢ 
of most interest. Where two different levels have the 
same J value, they are distinguished by referring to the 
level of higher energy as J*. 

It is seen immediately that the lower J/= 3 level is 
the only one of excitation probability comparable to 
that of the lower 3 level. The excited J= 3 level would 
show up strongly if the coupling were pure LS, but its 
cross section falls off rapidly with increasing ¢. For 
¢=1.4 its magnitude is ~0.2; for 2.86 it has fallen 
well below 0.1. Since a peak 3 as large as the peak of 
the 2.43-Mev level presumably could be seen, it is 
tempting to take its absence as evidence in favor of 
¢=2.86, but this would probably put more faith in the 
theory than is warranted. 


2” H. A. Jahn and H. Van Wieringen, Proc. Roy. Soc. (London) 
A209, 502°(1951). 

% Elliott, Hope, and Jahn, Trans. Roy. Soc. (London) 246, 
241 (1953). 

2 The &’s are tabulated for most of the ¢ values and levels of 
interest by French, Halbert, and Pandya, Atomic Energy Com- 
mission Report NYO-7133, 1955 (unpublished). The values not 
tabulated there were calculated from the matrices in Technical 
Report No. IX, University of Pittsburgh, 1958 (unpublished) 
(by J. B. French). 
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Fic. 2. Relative cross sections for inelastic scattering to Be® 
levels. The cross sections are normalized so that the cross section 
for scattering to the lowest § state (2.43-Mev level) is unity. 
The abscissa is »={(5+¢), which has the value zero in LS 
coupling, 1 in 77 coupling. The vertical lines indicate the two 
interesting values of ¢. 


Other data are, however, more in accord with ¢= 2.86 
than with ¢=1.4. If the 4.74-, 6.76-, and 7.94-Mev 
levels are taken to be the 3, 3, 3 triad of the theory, 
then the strong excitation of the 6.76-Mev level favors 
the ordering produced by ¢=2.86. 

Neither of the (1p)° assignments one might make for 
the 11.3-Mev level gives results consistent with the 
data. The $* level is not excited appreciably except in 
jj coupling. The 9/2 level cannot be excited because 
of its large J value.”* It is suggested that the 11.3-Mev 
levels belongs to a higher configuration. Certainly no 
one would be surprised at the existence of levels from 
excited configurations in this energy region. It is not 
obvious that the intensities of such transitions can be 
as large as those for exciting levels within the p® con- 
figuration since the overlap of the radial functions in 
the integrals 7(A,\’,x) are poorer. 

In order to discover the importance of such transitions 
relative to transitions to p° levels, the following crude 
calculations have been made. ¥(J;) is taken to be the 
J=%, T=} level of (p,)5. The lower states of excited 
configurations were taken to be of the type ¥((p4)o4 
X (nlj)J=j, T=}), i.e., an orbital, nlj, antisym- 
metrically coupled to the J=0. T=0 state of (p4)*. 
For such transitions two x values can in general be 
operative. The cross section then is 


we o(0)~>, &,(0)S,(J;). 


* This conclusion is based on the assumption that the effective 
interaction is spin independent. In order to be sure of this conclu- 
sion, the (p,p’) cross sections in which J =9/2 can be reached by 
an exchange amplitude should be calculated. These are, however, 
much more difficult calculations. In particular, x=0 as well as 
x=2 is allowed and no separation into nuclear and angular parts 
as in Eq. (9) is possible. 


(15) 
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TABLE II. Relative (a,a’) cross sections for exciting levels of 
different configurations in Be*. Calculations were made in jj 
coupling with plane waves and a zero-range interaction. The cross 
section for exciting the 2.43-Mev, J =§, level is set equal to unity. 
The excitation probability in the 77 limit for exciting the lowest 
J=4 and J = levels is also given for comparison purposes. 








Excited state g8 0.5 j J 2.0 3.0 
(al T=3) \. 





(paya)® J=4 
(pa2)® J =§ 
(pa2)® J=¥ 
pent pid J= 


3 : P 0.33 0.33 
c 1.0 1.0 
1.33 
0.35 
0.17 
0.45 


3 ‘ ; 1.33 

8 : ; 0 
5.1 d 0.73 

1 : Ih 0.69 


4 ' 
(pare) Jolds2J=§ 23. 
(pay2)* Jol frie J = 


3 
0 
3 

8 

8 
a 


0 
1 
1 
4 
3 
1 


The calculation of S,(J;) is particularly simple for our 
choice of ¥(J;). It is readily shown to be 


5(2j+1)}) 
5.) = (-yne_ 8(Jy,i) G#}—4120) 
2x+1 


X(prO0}prH), (16) 
in which (pj) p7>}p;°J;:7,) is a jj-coupling fractional 
parentage coefficient. These can be calculated from 
the (($)*}($)4) tables of Edmonds and Flowers.** The 
functions ®(@) have been calculated for zero-range 
forces and plane waves, a procedure sufficiently good 
for present purposes. They are listed in the Appendix. 
They depend on the product g@, in which @ is the radial 
falloff distance of the one-nucleon radial functions. 
For constant 6 and energy, different values of g8=a 
correspond to different angles 0. 

Rather than choose a definite @ value the cross 
sections have been calculated for several values. They 
are tabulated in Table II. The cross sections for the 
T=} states of (p,)® have been listed for comparison. 
As usual the cross section for /=$ excitation has been 
set equal to unity. It is clear from these results that at 
certain angles transitions to states belonging to higher 
configurations will be quite strong. 

The shell-model assignments most consistent with the 
present treatment of the Be® data are listed in the last 
column of Table I. 


6. CONCLUDING REMARKS 


The ability of the shell model to explain the apparently 
collective effects in the (a,a’) data has been demon- 
strated. The similarity of the predictions of this 
model and the collective model is probably not a 
coincidence. Elliott,2® Redlich,2* and Levinson,?’ in 
recent studies of nuclei in the mass region just beyond 
O'*, have shown that wave functions obtained from 
shell-model studies with mixed configurations show a 
remarkable similarity to wave functions obtained by 


* A. R. Edmonds and B. H. Flowers, Proc. Roy. Soc. (London) 
A214, 515 (1952). 

6 J. P. Elliott, Proc. Roy. Soc. (London) A245, 128 (1958). 

26 M. G. Redlich, Phys. Rev. 110, 468 (1959). 


27 C. A. Levinson (private communication). 
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projecting states of definite angular momentum, J, 
from Slater determinants of deformed-nucleus orbitals. 
This procedure has been applied by Kurath and 
Picman** to several nuclei in the p shell. They find 
extremely large overlaps between the projected wave 
functions and intermediate coupling wave functions. 
Their results indicate that a relationship exists between 
¢ and the deformation parameter 6 of the deformed 
nucleus problem. Unfortunately, Be® has not been 
studied. If their empirical results hold generally it 
would explain why so many experiments, like the 
inelastic scattering considered here, refuse to choose 
between the shell and collective models. 
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APPENDIX 


For the ordinary Born approximation the functions 
®,(0) are calculated here with harmonic oscillator 
nucleon radial wave functions.?* @,(@) is given by 


2 
(6)= (2+ 1VE f Rigle)Rul) (980d 
in which 9 is a dimensionless quantity, e=r6—, 8 then 
being the falloff distance of the radial functions. The 
first few oscillator functions are 


Ris(p) =20— exp(—p*/2), 
8 \} 
Rip(p) = co p exp(—p’/2). 


The functions ®,(@) are easily calculated to be of the 


form 
$,(0) =exp(—y/2)(2x+1)V0r°G.(y), 


where y=(g8)*. For the cases of interest here, the 
G,(y) values are listed below: 

nl G(y) 

Ip G2= y’/36 

2s Gi= y(4—y)?/144 

1d G:= y(10—y)*/360, Gs=y*/360 

1f G2=y?(14—y)?/35X 144, Gae=y'*/35X 144 


28 —D. Kurath and L. Picman, Bull. Am. Phys. Soc. 3, 360 (1958). 
*°T. Talmi, Helv. Phys. Acta 25, 185 (1952). 
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Resonance Detection of Neutron Energy Groups from the Mn°*(p,n)Fe*® 
Reaction*{ 


L. L. LEE, JR., AND F. P. Moorinc 
Argonne National Laboratory, Lemont, Illinois 


(Received March 16, 1959) 


The excitation energies of low-lying levels in Fe®® and the Q-value of the Mn*°(p,n)Fe®® reaction have 
been measured by determining the proton energies at which 257-kev neutrons are produced in this reaction. 
The ratio of the number of neutrons scattered by a }-inch thick lithium slab to the number of neutrons 
transmitted was measured as the energy of a proton beam striking a thin manganese target was varied 
monotonically. Peaks in the ratio curve, indicating the presence of 257-kev (the energy for resonant neutron 
scattering from lithium) neutron groups from the reaction, occur at particular proton energies, and Q-values 
can readily be computed. A ground-state Q-value of (—1.0110.005) Mev has been measured for the 
Mn**(p,n)Fe®* reaction and states in Fe®® were located at excitations of 437, 936, 1315, 1414, and 2156 kev. 
Advantages and limitations of the method are discussed. 


INTRODUCTION 


HE low-lying excited states of nuclides with me- 
dium atomic weights have been the subject of 
numerous experimental studies. One technique which 
has had considerable success in making precise energy 
assignments is the detection of slow neutron thresholds 
by means of the ‘“‘counter ratio” method.'? In the 
present experiment a new method, which is able to 
eliminate some of the difficulties encountered in the 
“counter ratio” method, has been used to study levels 
in Fe®® by means of the reaction Mn*°(p,)Fe™. 
Energy levels in Fe® can be studied in the reactions 
Mn*®(p,7)Fe®® and Fe*(d,p)Fe® and from the 6+-decay 
of Co**. For the former reaction, the neutron energies 
have been measured by Stelson and Preston* by means 
of photographic emulsions and by Elwyn et al.‘ using 
time-of-flight techniques. Slow neutron thresholds have 
been observed by Chapman and Slattery® for excita- 
tions above 900 kev and by Gossett and Butler® for 
excitations below 1.0 Mev. Both of these experiments 
used the counter ratio method!” to detect the thresh- 
olds. The gamma rays following the Mn**(p,n)Fe® re- 
action have also been studied by Lobkowicz et al.’ 
using scintillation counter techniques. Although the 
results are generally consistent, there are still some 
differences between experiments. Sperduto and Buech- 
ner® have used magnetic analysis to study the proton 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

TA preliminary report describing this technique was given at 
the Thanksgiving Meeting of the American Physical Society, 
Chicago, 1956 [F. P. Mooring and L. L. Lee, Jr., Bull. Am. Phys. 
Soc. 1, 327 (1956) ]. 

1T. W. Bonner and C. F. Cook, Phys. Rev. 96, 122 (1954). 

2 Brugger, Bonner, and Marion, Phys. Rev. 100, 84 (1955). 

3 P. H. Stelson and W. M. Preston, Phys. Rev. 82, 655 (1951). 

‘Elwyn, Landon, Oleksa, and Glasoe, Phys. Rev. 112, 1200 
(1958). 

5R. A. Chapman and J. C. Slattery, Phys. Rev. 105, 633 
(1957). 

®C. R. Gossett and J. W. Butler, Phys. Rev. 113, 246 (1959). 

7 Lobkowicz, Guhl, and Marmier, Helv. Phys. Acta 31, 320 
(1958). 

8 A. Sperduto and W. W. Buechner, Bull. Am. Phys. Soc. 1, 
223 (1956). Also A. Sperduto (private communication). 


groups from the Fe™(d,p)Fe® reaction and report 33 
levels in Fe®® below 4-Mev excitation. These include 
all levels observed in the (p,m) reaction studies plus 
many previously unobserved levels. Studies*“" of the 
B* decay of Co® agree in part with the other studies of 
nuclear reactions, although several states are not popu- 
lated in the 8-decay interaction. 


EXPERIMENTAL METHOD 


The counter ratio method!” of detecting slow neutron 
thresholds depends on the fact that a nearly bare BF; 
proportional counter is preferentially sensitive to neu- 
trons of quite low energy. A rise in the ratio of counts 
in a bare BF; counter to counts in a counter whose 
efficiency is roughly the same for all neutron energies 
(e.g., a “long counter’) may be observed in a neutron- 
producing reaction as the bombarding energy is in- 
creased. This rise in the ratio curve is attributed to the 
emergence of a new group of low-energy neutrons from 
the reaction, and therefore indicates the threshold for 
excitation of a particular state in the residual nucleus. 
The use of this ratio measurement greatly reduces, but 
does not completely eliminate, the effects of resonances 
in the yield from the neutron-producing reaction. Over 
these resonances the neutron spectrum and angular 
distribution, as well as the total neutron yield, may 
change sharply. Since the yield of a particular neutron 
group near its threshold may be much less than that of 
higher-energy groups, these resonance effects may intro- 
duce false rises in the ratio curve or mask the observa- 
tion of true thresholds. Some of the difficulty can be 
eliminated by observing the behavior of the ratio curve 
for targets of various thicknesses but this is not 
completely successful. 

The present method makes use of a different type of 
energy-sensitive neutron detector. A diagram of the 


9M. Deutsch and A. Hedgran, Phys. Rev. 75, 1443 (1949). 

10R. S. Caird and A. C. G. Mitchell, Phys. Rev. 94, 412 (1954). 
1 Mukerji, Dubey, and Malik, Phys. Rev. 111, 1319 (1958). 
12 A. OQ. Hanson and J. L. McKibben, Phys. Rev. 72, 673 (1947). 
13 Butler, Dunning, and Bondelid, Phys. Rev. 106, 1224 (1957). 
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Fic. 1. Experimental arrangement. Neutrons from target S are 
collimated by collimator and shield C. The lithium scatterer is 
placed at R and is surrounded by a ring of BF; counters D em- 
bedded in paraffin. Neutrons not scattered by R are detected in 
B, another array of BF; counters in paraffin. 


experimental arrangement is shown in Fig. 1. Mono- 
energetic protons from the Van de Graaff generator 
induce a (p,m) reaction in a thin target at S and thereby 
give rise to monoenergetic neutron groups. As the pro- 
ton energy is increased the energy of each neutron group 
increases by a corresponding amount. Neutrons from 
S are collimated into a beam by collimator C and are 
allowed to strike a resonant scatterer R. Neutrons 
scattered from R are detected by a ring of counters D 
while neutrons transmitted through R are detected by 
neutron counter B. 

Ideally for this method, the scatterer R should be a 
material whose neutron cross section consists of a 
single sharp resonance (at a neutron energy of several 
hundred kev) superimposed upon a small potential- 
scattering cross section which is almost independent of 
neutron energy. When none of the neutron groups from 
the target have the resonant energy, the ratio of 
scattered neutron flux (counts in D) to transmitted 
neutron flux (counts in B) will remain constant, in- 
dependent of resonances in the reaction producing the 
neutrons. However, as the energy of a particular neu- 
tron group passes through the resonant energy for 
neutron scattering in R there will be an increase in the 
measured ratio because of the increased scattering and 
decreased transmission of the particular neutron group. 
The magnitude of this fluctuation in the ratio will 
depend on the strength of the neutron group relative to 
other groups from the target as well as the thickness of 
the resonant scatterer. Knowing the resonant neutron 
energy and the bombarding proton energy, one can 
easily calculate the Q-value for the reaction producing 
the particular neutron group. 

In practice no material has the ideal neutron cross 
section described above. However, the cross section of 
lithium comes very close to satisfying these require- 
ments. The neutron cross section of lithium has a 
single scattering resonance with a width of about 25 kev 
at a neutron energy of about 257 kev." The cross section 
at resonance is ~12 barns while the nonresonant cross 
section increases gradually from about 1 barn at low 


44°C, T. Hibdon (private communication). 
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neutron energies to about 2 barns at 3 Mev. No other 
materials come as close to satisfying the resonance re- 
quirements, so lithium was used as the resonant scat- 
terer in the present experiment. 

Collimating the neutrons from the reaction allows 
one to count only neutrons leaving the target at a 
particular angle to the incident proton beam. Because 
of the motion of the center of mass of the reacting 
system, the energy of the emergent neutrons varies 
appreciably with angle when energetic protons interact 
with nuclei of low or medium atomic weight. This varia- 
tion of neutron energy with angle can be used to elimi- 
nate false rises in the ratio which may be due to reso- 
nances in the total neutron yield from the reaction 
rather than to the emergence of a new neutron group 
of the proper energy. If observations are made at two 
widely separated angles, a change in the counting ratio 
corresponding to a true neutron group will be observed 
at a lower bombarding energy in the forward direction 
than at larger angles. On the other hand, the effects of 
resonances in the neutron-producing reaction will be 
observed at the same bombarding energy for all angles 
of observation. It is then quite easy to compare ratio 
curves taken at two angles and determine which effects 
are due to true neutron groups and which are due to 
resonances in the yield of the (p,m) reaction. 
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Fic. 2. Ratio of scattered to transmitted neutron flux as a 
function of proton energy for a Li?(p,n)Be? neutron source. The 
detector was set at 0° relative to the incident proton beam and 
the target was about 5 kev thick for 2.0-Mev protons. 





NEUTRON ENERGY 


The measurements to be described here were made 
with the large shielded neutron detector which has 
been used for some time at Argonne for the measure- 
ment of neutron transmission cross sections.!* As shown 
in Fig. 1, neutrons from the target were scattered by a 
lithium slab into a shielded ring of BF; proportional 
counters embedded in paraffin, while neutrons trans- 
mitted through the lithium were counted by another 
shielded cluster of BF; counters in paraffin. The reso- 
nant scatterer was a slab of lithium 23 7}X} in. thick 
having a transmission of approximately 50% at reso- 
nance. This lithium was greased with vaseline and 
wrapped with thin Mylar tape to prevent oxidation of 
the lithium. 


RESULTS 


In order to test the method, the Li’(p,7)Be? reaction 
was first used as the source of neutrons. This reaction 
produces a strong group of neutrons associated with 
production of Be’ in its ground state and a much 
weaker group associated with its 430-kev excited state. 
Figure 2 shows a plot of the ratio of scattered neutron 
flux to transmitted flux at 0° for the Li’(p,m) neutron 
source. The strong peak at a proton energy of 2.030 Mev 
is due to neutron emission which leads to the ground 
state of Be’ and corresponds, after correction for target 
thickness, to a neutron energy of 257 kev, the energy of 
the scattering resonance in Li. The peak at a proton 
energy of 2.502 Mev is attributed to the second neutron 
group from the Li’(p,z)Be™ reaction, and yields a value 
of 432+5 kev for the excitation energy in Be’, in good 
agreement with other measurements.'® Extrapolation of 
Batchelor’s!” measurements on the relative intensities of 
the two neutron groups indicates that at this bombarding 
energy the low-energy neutron group should be about 
2% as intense as the ground-state group. The 10% 
rise in the ratio gives an indication of the possible 
sensitivity of the method. The peak in the ratio at a 
proton energy of 2.18 Mev corresponds to a neutron 
energy of 431 kev for the ground-state neutron group. 
The total neutron cross section for oxygen shows a 
strong resonance at this energy so this small peak in 
the ratio curve is attributed to resonance scattering in 
the vaseline and Mylar covering the lithium and in the 
oxidized surface of the lithium scatterer. 

The Mn*(p,n)Fe® reaction was then studied with a 
target consisting of a thin manganese layer evaporated 
on a tantalum backing. The target used in most of the 
work had a thickness of about 40 kev for 2.2-Mev 
protons. A 15-ua resolved proton beam from the 
Argonne Van de Graaff generator was used to bombard 
the target, which was mounted in a rotating assembly 


to prevent excessive heating and consequent deteriora- 
tion of the target. 
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Fic. 3. Results for 0° observation with the Mn®(p,n) Fe 
neutron source. Curves A and B indicate the scattered and trans- 
mitted neutron flux, respectively, as a function of proton energy. 
Curve C shows the ratio of scattered to transmitted flux, also as a 
function of proton energy. The target used for these measurements 
was about 45 kev thick for 2.0-Mev protons. 


Results for observation at 0° relative to the incident 
proton beam are shown in Fig. 3. The upper two curves 
show the scattered and transmitted neutron flux as a 
function of the energy of the incident protons. It is 
evident the neutron yield shows pronounced resonances 
which can distort threshold determinations. The lower 
curve shows the ratio of scattered to transmitted flux, 
again as a function of bombarding energy. Peaks in 
this ratio should occur at proton energies for which 
neutron groups leave the target with an energy of 257 
kev, the resonant energy for neutron scattering from 
lithium. These neutron groups correspond to various 
excited states in the residual nucleus Fe®® above about 
700-kev excitation. It was not possible to use the ratio 
technique with the present equipment at lower bom- 
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TABLE I. Energy levels in Fe®* as measured in various reactions; excitation in Fe® in kev. 


Mn*(p,n)Fe* 
Counter ratio 


41443" 
9314.2" 
1327» 


Time-of-flighte 


399 
901 
2701 
1358 


Present work 
437+ 20 
936+ 8 


1315+10 
1414+ 6 


2170° 
2554» 


2156+ 6 


* Gossett and Butler, reference 6. 

>» Chapman and Slattery, reference 5. 
© Elwyn et al., reference 4. 

4 Lobkowicz ef al., reference 7. 

¢ Caird and Mitchell, reference 10. 
Mukerji et al., reference 11. 

« Sperduto and Buechner, reference 8 


barding energies because of the very low neutron yield 
at those energies. 

Most of the peaks observed in the ratio correspond 
quite well to known states in Fe®®. Unfortunately, as 
with the ordinary counter ratio method, resonances in 
the reaction yield can cause spurious indications in the 
ratio curve. To check for this possibility, the measure- 
ments were repeated with the resonant detector at 60° 
to the incident proton beam. For this angle true neutron 
groups from the reaction should have the 257-kev reso- 
nant energy at about 20-kev higher proton energy, 
while resonance effects in the neutron yield will, of 
course, come at the same bombarding energy. The 
ratio curve taken at 60° to the proton beam, along with 
the corresponding ratio curve taken at 0° with the 
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Fic. 4. Comparison of ratio curves taken at 0° and 60° to the 
proton beam for the Mn**(p,n)Fe®® reaction. The peaks numbered 
2-5 shift the expected amount on changing the angle of observa- 
tion. Peak A is attributed to neutron scattering from oxygen 
contaminant in the lithium. The Mn target was about 40 kev 
thick to 2.0-Mev protons. 
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413 
933 
1322 
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same target, is shown in Fig. 4. The peaks labeled 2 
through 5 shift in energy by the expected amount and 
hence can be said to correspond to true excited states 
in Fe®®. The peak A is attributed to scattering of neu- 
trons corresponding to peak 2 by oxygen contaminant 
in the lithium resonant scatterer, as was also observed 
for the Li?(p,m) neutron source. The other peaks in the 
two curves are not observed to shift by the proper 
amount and are therefore attributed to effects of reso- 
nances in the neutron-producing reaction. 

In order to investigate states of lower excitation in 
Fe®, the transmission of lithium was measured for 
neutrons from the Mn®°°(p,n)Fe®® reaction for proton 
energies below those used in the ratio measurements. 
The transmission of the lithium should show a resonant 
dip for neutrons with an energy of 257 kev. The results 
of these measurements, for neutrons at 60° to the in- 
cident proton beam, are shown in Fig. 5. The dip at a 
proton energy of 1.310 Mev corresponds to neutrons 
leaving Fe in its ground state. After correction for 
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Fic. 5. Transmission of lithium for Mn*5(p,n)-Fe® neutrons 
as a function of proton energy for 60° observation. The target 
was the same as that used for the observations in Fig. 4. 
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target thickness this yields a ground-state Q-value of 
— (1.011+0.005) Mev in good agreement with recent 
threshold measurements.® The very weak dip at a pro- 
ton energy of about 1.75 Mev corresponds to a known 
state in Fe®® at about 420-kev excitation which evi- 
dently is populated very weakly by the (p,m) reaction 
at this bombarding energy. 


DISCUSSION 


A summary of the excitation energies obtained for 
states in Fe® is shown in Table I, along with some of 
the values obtained by other experimenters. There is 
evident agreement between the experiments for most 
of the low-lying states. The level at 1.42 Mev, not ob- 
served by the counter ratio method, is clearly evident in 
the present work. The fact that several levels observed 
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in the (d,p) reaction have not been observed in the 
present work or in any other study of the (p,m) reaction 
probably indicates that they are not populated in the 
(p,m) process. The B+ decay of Co® also leads to two 
levels which are not observed in any of the other 
studies of the Fe®* nucleus. 

The efficiency of the method used in the present ex- 
periment can be improved greatly over that indicated 
here without sacrificing any of the advantages of the 
method. The existing equipment used subtended a 
much smaller solid angle than is desirable and its back- 
ground counting rates were much higher than necessary. 
The use of shielding and counters especially designed 
for this use can make it a very sensitive and effective 
method of measuring neutron energy groups from re- 
actions induced by beams from electrostatic accelerators. 
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Elastic Nucleon-Deuteron Scattering in a Soluble Model as a Test 
of the Impulse Approximation 


Tuomas Furton,* The Johns Hopkins University, Baltimore, Maryland 


AND 


Puitie Scuwep, RIAS, Baltimore, Maryland 
(Received October 14, 1958) 


A comparison of the results of the Born and impulse approxima 
tions for a well-defined situation is made by calculating the nu- 
cleon-deuteron differential elastic cross sections in both approxi- 
mations at incident nucleon laboratory energies of 32, 94, and 146 
Mev. In order to carry out the impulse approximation computa- 
tion in complete detail, including, in particular, contributions from 
off-energy-shell two-particle matrix elements, the assumption is 
made that the two-particle scattering is completely described by 
effective range theory. This assumption, though incorrect, never- 
theless retains some of the features of the actual physical situa- 
tion and provides a means of comparing the results of calculations 
using the impulse approximation and the Born approximation as 
well as a way of studying the effect of including two-particle 
matrix elements off the energy shell. Exact solutions to the two- 


1. INTRODUCTION 


HE problem of nucleon-deuteron scattering has 
received almost as much attention in recent 
years as that of nucleon-nucleon scattering. Although 
nucleon-deuteron scattering presents us with the added 
complications of a three-body problem, it is the only 
means available so far for studying the neutron- 
neutron interaction in the laboratory. In addition, it 
can in principle provide us with further information 
about the other nucleon-nucleon interactions, since 
intrinsic three-body forces are probably not too im- 
portant in as loose a structure as the deuteron. 
Low-energy (0-25 Mev) nucleon-deuteron scattering 


* Consultant at RIAS, Baltimore, Maryland. 


particle model are written down with the aid of the Gel’fand 
Levitan theory and are used in a precise numerical evaluation of 
the impulse approximation expressions. The results of the Born 
and impulse approximations differ considerably. Also, indications 
are that, as expected, the pickup term (which dominates at large 
angles) is not adequately treated by either of the above approxi- 
mations. When this term is not considered, a study of the remain 
ing expressions shows that off-energy-shell effects are significant 
for the deuteron wave functions employed. In view of the rather 
restrictive assumptions made on the two-particle data, a detailed 
comparison of the results with experiment is not possible. Never- 
theless there is a suggestion that the impulse approximation, 
including off-energy-shell effects, describes the experimental 
results best. 


has been extensively treated.! Our own concern will be 
with the intermediate energy range (25-250 Mev). 
Calculations have also been carried out at high energies.” 
As can be expected, the nature of the approximations 
involved is different in the different energy ranges. 

In the intermediate energy range of interest here, 
there are two methods presently available for approxi- 
mating the scattering, assuming that the relevant 
potentials are known. The first of these, the Born 
approximation, has been employed extensively for the 
case of incident nucleons with energies of approximately 


1 For a review of this work, as well as a rather extensive list of 
references, see H. S. W. Massey, Progress in Nuclear Physics 
(Butterworth-Springer, London, 1953), Vol. 3, p. 235 

?R. J. Glauber, Phys. Rev. 100, 242 (1955). 
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90%-*, 150°-*, and 240°. Mev. In each case the required 
two-nucleon potentials employed (which differed in 
different investigations) have been obtained by an 
analysis of the angular distribution in elastic nucleon- 
nucleon scattering using more accurate computational 
procedures than the Born approximation. Since the 
nucleon-deuteron scattering in this energy region can 
be thought of as essentially a superposition of nucleon- 
nucleon scattering processes, the use of the Born 
approximation for nucleon-deuteron scattering is per- 
haps not too consistent. The second method is the 
impulse approximation’ which should provide a more 
consistent procedure for calculation at least in the 
upper half of the energy range. The experimental values 
of the two nucleon differential cross sections have 
been used in actual numerical impulse-approximation 
calculations.® 

The aim of the present work is to apply the impulse 
approximation in detail in a somewhat artificial case 
which nevertheless retains the principal features of the 
actual physical situation. Our main concern is twofold: 
On the one hand, some have claimed that the impulse- 
approximation results, in situations in which the method 
is legitimately applicable, do not significantly differ 
from the predictions of the Born approximation. We 
therefore propose to compare the Born approximation 
and impulse approximation for nucleon-deuteron scat- 
tering in our model. On the other hand, we wish to 
obtain an estimate of the errors made in replacing the 
off-energy-shell matrix elements by scattering ampli- 
tudes on the energy shell, involving the experimental 
two-nucleon phase shifts, in numerical calculations em- 
ploying the impulse approximation. 

Specifically, we make the simplifying assumption 
that effective range theory holds exactly for the energies 
of interest. Then from the four parameters of this 
theory it is possible to construct, using Bargmann’s 
procedure’ for solving the Gel’fand-Levitan integral 
equation,” two-particle wave functions and potentials 
which lead back to precisely the same scattering pa- 
rameters. The effective potentials one obtains in this 
fashion are central potentials and give rise to nucleon- 
nucleon scattering in S states only. While these po- 
tentials are certainly not the appropriate ones in the 


3G. F. Chew, Phys. Rev. 74, 809 (1948). 

‘Horie, Tamura, and Yoshida, Progr. Theoret. Phys. (Kyoto) 
8, 341 (1952). 
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*P. B. Daitch and J. B. French, Phys. Rev. 85, 695 (1952). 

7G. F. Chew, Phys. Rev. 80, 196 (1950); Phys. Rev. 84, 710 
(1951); G. F. Chew and G. C. Wick, Phys. Rev. 85, 636 (1952) ; 
J. Ashkin and G. C. Wick, Phys. Rev. 85, 686 (1952). 

8G. F. Chew, Phys. Rev. 84, 1057 (1951). 

®V. Bargmann (unpublished); T. Fulton and R. Newton, 
Nuovo cimento 3, 677 (1956). 

10J. M. Gel’fand and B. M. Levitan, Doklady Akad. Nauk. 
S. S. S. R. 77, 557 (1951); R. Jost and W. Kohn, Kgl. Danske 
Videnskab. Selskab, Mat.-fys. Medd. 27, No. 9 (1953). 
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energy range under consideration, they nevertheless 
lead to a well defined problem which retains some fea- 
tures of the actual physical situation. One can therefore 
compute scattering amplitudes off the energy shell pre- 
cisely in this model and do all impulse approximation 
calculations exactly. Some of the computations un- 
fortunately require numerical methods. 

The present calculation is perhaps closest in spirit to 
that of Brueckner," as further extended by Smushke- 
vich.” These authors consider scattering by two fixed 
centers and obtain both the exact and impulse approxi- 
mation results. A Born approximation calculation is not 
possible for the problem las set up by them. More im- 
portant, the use of fixed scattering centers restricts them 
to matrix elements on the energy shell. They in effect 
study the magnitude of multiple-scattering corrections 
to the impulse approximation. We complement their 
work in that we can study the effects of off-shell matrix 
elements and can also compute the scattering in the 
Born approximation. On the other hand, we cannot 
obtain the exact solution, nor can we consider correc- 
tions to the impulse approximation. 

In the following three sections we outline the deriva- 
tion of the impulse approximation results for the 
nucleon-deuteron differential cross section, together 
with relevant material concerned with the two-particle 
problem and scattering matrices off the energy shell. 
We assume that Coulomb effects are absent throughout. 
Our results will therefore not be applicable to p-d 
scattering for small center-of-mass angles. The results 
are presented in Sec. 5, and are compared with experi- 
mental data. Detailed calculations of the differential 
cross sections have been carried out for incident nucleon 
laboratory energies of 32, 94, and 146 Mev. 


2. THE SCATTERING CROSS SECTION IN THE 
IMPULSE APPROXIMATION 
For the sake of definiteness, we shall consider the 
case of n-d scattering. The discussion would apply, 
with a slight change in the labeling of the particles, 
equally well to the case of p-d scattering, if Coulomb 
corrections are neglected. The indices 1 and 2 will refer 
below to the neutron and proton in the deuteron (before 
the antisymmetrization of neutron coordinates has been 
carried out), and index 3 to the incident neutron. We 
transform from the individual particle coordinates 1, 
r2, and r3 to the coordinates R, x, r in the usual way." 
The vector R is the center-of-mass coordinate of the 
three particles, x is the distance from the center of mass 
of the deuteron to the free neutron, and r is the relative 
coordinate of the particles in the deuteron. The corre- 
1K. A. Brueckner, Phys. Rev. 89, 834 (1953). 
121, M. Smushkevich, J. Exptl. Theoret. Phys. U.S.S.R. 31, 725 
(1956) [translation: Soviet Physics JETP 4, 611 (1957). 


18 See, for example, R. L. Gluckstern and H. A. Bethe, Phys. 
Rev. 81, 761 (1951), Eqs. (1) and (2). 
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sponding transformations for the wave vectors are 
K=k,+k.+k;, k,=}K—3k-+4q, 
k=$(k;—}(kitk:)], ka=3K—}k-q, (1) 
q=3(ki—k,), k;=3K+k. 


It follows from (1) that if the wave vector of the in- 
cident neutron in the laboratory system is given by 
k,’, the initial center-of-mass wave vector is 


k’= 2k,’ (2) 

The Schrédinger equation for three nonidentical par- 
ticles is 

H=T+VpetVistVo3; (H-E)¥=0, (3) 


where 7 is the kinetic energy operator for the three 
particles and V;; are the appropriate two-particle po- 
tentials. We introduce the particle permutation operator 
of particles 7 and 7, P;, and observe that the Hamil- 
tonian is symmetric in all the particles. The Schrédinger 
equation for the appropriately antisymmetrized wave 
function, 

T= (1-—P,3)¥, (4) 


which has a normalization appropriate to the scattering 
problem, is 
(H—E)T=0. (5) 


A form of the exact solution of (5) which is convenient 
for discussing the elastic scattering is 


W =o, 3+Gi2,3(Vist Vos), (6) 
where 49,3 satisfies the equation 
(T+ V 2— E)P12,3=0, (7) 


and Gj2,3 is the corresponding Green’s function. From 
(6), one obtains the exact amplitude for elastic n-d 
scattering : 


R= — (4r)“"[® 12, 3(K), (Vist Vo3)T ], (8) 


where k” is the final relative n-d momentum and 
|k’| =|k”’|. R is a matrix in spin space. The three par- 
ticle spins combine into one quartet and two doublet 
states,'* but only one of the doublet states contributes 
to elastic scattering. Since we are interested in the 
scattering of unpolarized particles, we average over 
initial and sum over final states when obtaining the 
cross section. 

The impulse assumption consists of approximating 
the expression V’;;¥, when it appears in the scattering 
amplitude, by 


Vi Vis Dba LE() P12,3(k’) J. (9) 


The function (7) is a normalized plane wave for all 
three particles; y,'’ is a plane wave for the particle 
whose coordinate does not appear in the potential V;; 
and is the appropriate exact two-particle wave function 

14 See reference 13 for a table of appropriate spin functions [Eq. 


(27)] and for the results of applying various spin permutation 
operators [Eq. (30) ]. 
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in coordinates r; and r;. Charge independence is as- 
sumed and we further restrict ourselves to potentials 
with no exchange or spin-orbit terms. Such restrictions 
are appropriate in view of our later use of potentials 
which arise from effective range theory. Thus only two 
central potentials, V, and V;,, corresponding to two- 
particle interactions in singlet and triplet states, re- 
spectively, will appear in our results. They may of 
course have different arguments in different terms of 
the scattering matrix. 
The usual calculations lead to the following expres- 
sion for the n-d elastic cross section!’ : 
o, (nd) = (16/9) 
x [3|M'—N|2+4| (9/4)M*+4(M'+2N)|2]. (10) 
In Eq. (10) above, N is the expression 
N= —(4r)"'p([3K"+k'|)X([3R' +k"), (11) 


and M'‘, where 7 refers to singlet or triplet potentials, is 
M'‘= (an)? f argay 63 (k” —k’)+ (q—q’) | 


x e(q)e(q')riL Gk” —3q) ; (7k’—3q’) J. (12) 


The quantities appearing in Eqs. (11) and (12) are 
defined as follows. If we neglect D-state admixture, the 
deuteron wave function ¢(r) is a function of the magni- 
tude of r only and its Fourier transform is 


(13) 


p(q) = fewoinarr 


The expression X(p) is given by 


m 
X(p)=— feroovinar (14) 


h? 


Finally, r,(p’; p) is the two-particle scattering matrix 
element off the energy shell (| p’| #|p| in general): 


m 


r:(p’,.p) = —-—— fe PTV (r)Wp(r)d°r. (15) 
4h? 


The function y, in Eq. (15) is the two-particle scatter- 
ing function first used in Eq. (9) above; m is the mass 
of the nucleon. 

Several other approximate expressions for the n-d 
cross sections will now be discussed. First, we define 
the “sticking” factor in the usual fashion’: 


Si(x)= f explix-no* rr (16) 


where 
x=4(k’—k’). (17) 
16 The factor 16/9 appears in o,(nd) since nucleon-nucleon 


scattering amplitudes are used in M and N, and therefore 
mMett(n—d)/mete (nucleon-nucleon) = 4. 
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If we assume that p(q) is sharply peaked at the origin, 
so that $q and 3q’ can be neglected in comparison with 
tk” and $k’ in the two-particle scattering matrix which 
appears in Eq. (12), we obtain 


M.i=7,(3k" 2k’) S4(«). (12a) 


Chew,’ * in fact, always makes this approximation in 
his impulse approximation calculations. It amounts to a 
neglect of effects due to the off-energy-shell parts of the 
scattering matrix. 

The expression NV arises from the so-called “pickup” 
process: the incident neutron captures the proton in 
the deuteron and becomes the deuteron in the final 
state. The impulse approximation becomes somewhat 
ambiguous in this case. Its most consistent use leads to 
a result identical with Born approximation. Equation 
(11) is in fact the Born approximation result. It is clear 
that this term is significant only for large center-of-mass 
angles. If one is interested in small-angle scattering, 
one may drop it. If one does, the n-d cross section can 
be expressed in terms of the M’s only. With the further 
approximations that lead to (12a), the cross section 
reduces to Chew’s result'® (only S-state two-nucleon 
scattering is considered) 


o¢(nd) = S(x)[ (11/9) | r¢|?+3|7,|?+3 Rer.r*; |. 
Finally, in Born approximation, M* reduces to 


M p= S4(x)Z (2k), 


(10a) 


(12b) 


where 


pn aan (18) 


4rh? 


exp(—2ix-r)V;(r)d*r. 


In Sec. 5, we shall compare results obtained by 
using the various approximate forms of M', discussed 
above. 


3. TWO-PARTICLE MATRIX ELEMENTS OFF 
THE ENERGY SHELL 

We next express the quantity r(p’,p), defined in 
Eq. (15), in terms of the scattering amplitude on the 
energy shell and a simple integral within the potential 

range, over the wave functions. 
The two-particle Schrédinger equation has the form 
(V+ yi = Ux, (19) 

where 

U=(m/h*)V. (20) 


Use of Eq. (19) leads to 


r(k’.k) = — (42) fe KTV (vr), (r)d®r 
(21) 
= — (47)- few e+ vane 


16 Equation (10a) can be shown to agree with Eq. (1) of ref- 
erence 8, except that due to a typographical error, Chew has 
S(|k”’—k’|) instead of S(4|k’—k’}). 
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We restrict ourselves to S-state scattering (i.e., let 
’=V(r) for /=0 and V=0 for /¥0), and take V to be 
short range (fo*dr r?|V(r)|<«). We can then define 
the asymptotic form 


u,(r) sin kr+6(k) ] 
Vulr) =$—— > mr) = =e ————~, (22) 
r r r 


v,(r) a 


for r large compared to the potential range. 6(&) is the 
phase shift for S scattering. We make use of 


(k?+ V*)n.(r) =0, (23) 


by replacing ¥. by Yi—n« in Eq. (21) and integrating 
by parts. In view of (22), it can be shown that the sur- 
face integral at infinity vanishes, and we are left with 
(k’?— k?) . 
2-—— f eit Lyi (r)— mel) Mer 
dor V 
1 d 
+-lim — f ean] [ya R)—(R)] 


R-0 Ag 
d 
- (Se) fa) —mR)]} (24) 
dR 


Equation (24) can be simplified to 


sink’r 
> [ux(r) —v%(r) |dr 


+r(k,k), 


r(k’,k) = wey f 
0 (28) 


where 
e'8(*) sind (k) 


r(k,k) = (26) 


is the on-shell scattering matrix. The integral of Eq. 
(25) is convergent if the potential is not too singular 
at the origin (fo*dr r| V(r) | < ©). The integrand clearly 
goes to zero in the asymptotic region. 

Expressions (25) and (26) can easily be extended to 
the case of arbitrary angular momenta if one assumes 
no spin-orbit coupling. The result for this case is 


r(k’,k)=5- P;(cos6)r,(k’,k), (27) 
i=0 


where @ is the angle between k’ and k and 


r(k',k) =(— iecnr— a f JlR'r)(Unr(r) —v41(r) \rdr 
0 


‘ e®t(k) sind, (k) 


+(a14+(— — —. (28) 
k k 


In the above, 7; is the spherical Bessel function of order 
I, regular at the origin (with m; the corresponding func- 
tion singular at the origin) and u:(7)/r is the exact 
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radial wave function for angular momentum /. The 
asymptotic wave function of orbital angular momentum 
lis 

er(r)/r= (214-1) (2) ee 


X [[cosd,(k) j.(kr) —sind,(k)i(kr) ]. (29) 


4. THE EFFECTIVE-RANGE THEORY POTENTIALS 
AND WAVE FUNCTIONS 
In this section we exhibit the Bargmann solutions® 
to the Gel’fand-Levitan equation” for S-state scatter- 
ing, depending on two real parameters a and £, and 
relate the parameters a and @ to the parameters of 
effective-range theory. 
We define the function 
f(k) = (k—ta)/(k—i8), 
and write the S matrix as 
S=ei8H = f(b)/f(—2). (31) 
The appropriately normalized exact solution to the 
scattering problem is given by 


u(r) =[248f(—2) PLR) (kr) — (—B) FA), (32) 


where 


(30) 


(kyr) =e" "x (Ryr)/ x(k, * ), (33) 
1 fk—ip k+iB 
w(r) B+a 


eer —Br 


w(r) =——+ a —, 
B-—a Bta 


B-a 


(35) 


and 

x(k,~)=k—i8. (36) 
We observe that 
(37) 


f(k)=f(k,0). 
In the asymptotic region Eq. (32) becomes 
vn(r) =[2ikf(—k) PL f(a)e*”— f(— ke"), 
The potential has the form 
V (1) =[-88/ (Ba?) ](1/w". 


Quite aside from the details of the Gel’fand-Levitan 
technique, one can easily check by substitution that 
(32) is the solution for the S-state Schrédinger equation 
with the potential (39) and that Eq. (32) leads to the 
S-matrix (31). 

If both parameters a and @ are positive, only scatter- 
ing solutions exist. If a<0, 8>0, then there is a bound- 
state solution, proportional to f(—ia,r), where the 
bound-state energy is given by 


(38) 


(39) 


(40) 


e= —h’a?/m. 
The normalized wave function can be written in the 


form: 
i-o 
ron(o)=Nue-tar( ), 
1+ e286 


(41) 


03 04 OS 06 O07 08 09 10 
aia 
Fic. 1. Comparison of the Bargmann and Hulthén expressions 
for the deuteron wave function, ¢. The solid curve is a plot of 
rp/N against r for the Bargmann potential (N is the normalization 
constant), and the dashed curve is a plot of the same quantity 
for the Hulthén potential. 


where 
A= (6+ |a|)/(B—|a|), (42) 
and NV, is the normalization constant. 
Equation (41) is to be compared with the bound- 
state wave function arising from the Hulthén potential 
rou (r) =Nye alr({—e—Slalr) (43) 
where 


NiP= (7/9) (\a| /m). 


(44) 
The parameters a and @ are related to the scattering 
length a and the effective range ry by the equations 


a= (1/ro)[—1+ (1—2r0/a)*], (45) 
and 


B= (1/ro) [1+ (1—2r0/a)#]. (46) 


We assume the following values for the effective- 
range parameters” : 
in the triplet state, 
ro= 1.70 10-" cm, 
a=5.39X10-" cm; 
in the singlet state, 
ro= 2.6 10-" cm, 


a= —23.7X10-8 cm. 


(48) 


Figure 1 shows a comparison of r¢z/N pz with r¢u/Nu 
for the parameters listed in expression (47). There is 
rather close agreement between the two wave functions, 
except for very short distances. The predictions of 
effective range theory cannot be expected to be ac- 
curate for such short distances, so this disagreement is 
not very conclusive. The difference is small in any case. 
In fact, computation yields 


(N2?— Nu?*)/Nir = (0.06. (49) 


17 J, M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1954), p. 71. 
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Fic. 2. Differential cross section on-g for elastic neutron 
deuteron scattering at 32 Mev. The dashed curve gives the results 
of the exact impulse approximation calculation on effective range 
theory, and the dash-dotted curve, the Born approximation result 
on the same assumptions. The solid curve gives the experimental 
results as obtained from the work of Ashby'* on p-d scattering. 


5. RESULTS AND DISCUSSION 


The expression (10) for the differential n-d elastic 
cross section in the impulse approximation has been 
evaluated numerically without further approximation 
for incident neutron energies of 32, 94, and 146 Mev by 
the use of the Martin Baltimore IBM 704 electronic 
computer. In addition, the Born approximation ex- 


pression for the cross section has been evaluated at the 
same energies, and the cross section Eq. (10a), ob- 
tained when only on-shell values are considered, has 
been computed at 94 Mev. The required two-body 
scattering wave functions and potentials employed were 
in each case the Bargmann two-parameter expressions 
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Fic. 3. Differential cross section o,»-¢ for elastic neutron- 
deuteron scattering at 94 Mev. The curves have the same sig- 
nificance as in Fig. 2. The experimental points are those of 
Chamberlain and Stern and Teem and Kruse’ on p-d scattering. 
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as given in Sec. 4. The appropriate parameters are 
specified in Eqs. (47) and (48). The deuteron wave 
function used was not the Bargmann expression (41) 
but the somewhat simpler Hulthén wave function as 
given in Eq. (43). The use of expression (43) is perfectly 
self-consistent, and accords with our objective of com- 
paring the impulse and Born approximations. Never- 
theless, we estimated the cross section for 94-Mev 
scattering that would result if the expression (41) 
rather than (43) were employed. Its use would lead to 
a decrease of the cross section which appears significant 
at center-of-mass angles of about 80-120°. We think it 
unlikely: that this decrease would exceed 10-20%. No 
significant changes are to be expected in the 32-Mev 
distribution. Figures 2, 3, and 4 show the results of the 
impulse and Born approximation calculations at the 
three energies considered. For the sake of completeness 
we have also included the experimental results at these 
energies. The 32-Mev data are from the work of 
Ashby,'* the 94-Mev results are due to Chamberlain 
and Stern and Teem and Kruse,!® and the 146-Mev 
measurements of those of Cassels and co-workers.” In 
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Fic. 4. Differential cross section on-q for elastic neutron- 
deuteron scattering at 146 Mev. The experimental points are those 
of Cassels et al.® on p-d scattering. 

18V. J. Ashby, University of California Radiation Laboratory 
Report UCRL-2091 (unpublished), as reported by O. Chamber 
lain and D. D. Clark, Phys. Rev. 102, 473 (1956). 

19Q, Chamberlain and M. O. Stern, Phys. Rev. 94, 666 (1954) ; 
J. M. Teem and U. E. Kruse, Phys. Rev. 95, 664 (A) (1954), and 
unpublished. 

2” Cassells, Stafford, and Pickavance, Nature 168, 468 (1951). 
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Fig. 5, on the one hand the impulse approximation 
calculation at 94 Mev as given by Eqs. (10), (11), and 
(12) is compared with the cross section obtained when 
the term V is set equal to zero; on the other hand, the 
latter result is compared, at the same energy, with 
a(nd), Eq. (10a). We would like to emphasize again 
that comparison with experiment is presented only for 
the sake of completeness. It is very doubtful that cor- 
rections to the impulse approximation can be neglected 
at 32 Mev. On the other hand, the neglect of all but S 
states in the two-particle scattering amplitudes is cer- 
tainly incorrect at the higher energies. Only qualitative 
agreement with experiment can therefore be expected. 
Any precise agreement with experiment must be con- 
sidered accidental and should in fact be viewed as a 
warning that considerable care must be exercised in 
using agreement of previous calculations with experi- 
ment as evidence for any basic properties of nuclear 
interactions such as charge independence and the exist- 
ence and nature of exchange and tensor forces in the 
nucleon-nucleon interaction. 

As far as the details of the results presented in Figs. 2, 
3, and 4 are concerned, there seems to be a considerable 
difference between the predictions of the Born and 
impulse approximations. We are, of course, not in a 
position to say which approximation approaches the 
exact solution of the problem more closely. The experi- 
mental data do indicate, however, that the impulse 
approximation is perhaps more satisfactory than the 


Born approximation, as far as both the shape and the 
absolute value of the cross section are concerned, There 
is at least an order-of-magnitude agreement of the im- 
pulse approximation results with experiment at 32 and 
94 Mev in the forward direction. In fact, the agreement 
at 94 Mev is somewhat startling, if fortuitous. 

The large-angle cross section is due almost entirely 


to the pickup term, as can be seen from Fig. 5. Our 
model is clearly quite inadequate in treating cross sec- 
tions in this region, though it is not clear whether this 
fact is due to the potentials involved or to the nature of 
the approximations used in the calculation, or both. 
The gross features of the angular distribution for all 
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Fic. 5. Comparison of various approximations for the neutron- 
deuteron elastic cross section on-q at 94 Mev. The solid curve 
shows the result for the exact impulse approximation. The dashed 
curve shows the same quantity with the pickup term [Eq. (11)] 
absent. The dash-dotted curve shows the no-pickup result with 
the further approximations introduced by Chew [Eq. (12a) ]. 


angles are governed by the character of the deuteron 
bound state (dominant S state, limited spatial 
extension). 

Finally, we may conclude from a comparison of the 
results of Eq. (10) with NV set equal to zero and Eq. 
(10a), that contributions from matrix elements off the 
energy shell should not be neglected in carrying out 
computations in impulse approximation, at least if a 
long-tailed momentum wave function, like g(r), is 
employed in the calculations. 
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The degree of circular polarization of gamma rays following allowed beta transitions has been investigated 
as a function of the angle @g, between beta-particle momentum and gamma direction and as a function of 
the energy of the beta particle. The anisotropy of the beta-gamma circular polarization correlation observed 
for pure Gamow-Teller transitions (A/ = 1) is used to determine the validity of C4’= Ca. The experimental re- 
sults for Co and Na” are W(@,,)=1— (0.345+0.019) (v/c) cos@g, and W(@z,) =1+ (0.3540.02) (2/c) 
cos@g,, respectively. These values yield C4’= (1+0.2)Ca. 

The degree of circular polarization of the gamma rays following mixed beta transitions (AJ =0) confirms 
the existence of V-A interference terms. For Sc** and Na™ the beta-gamma circular polarization correlations, 


W (@5,) = 1+ (0.24+0.02)(v/c) cos@g,, and 


W (Og) =1+ (0.07+0.03)(v/c) cos@g,, were observed. 


From these measurements the ratios of Fermi to Gamow-Teller components for the Sc** beta transition, 
(My/Mer)*=0.134-0.04, and for the Na™ beta transition, (Mr/Mar)?=0.002+0.010, were determined 


1. INTRODUCTION 


AS a consequence of the nonconservation of parity 
in weak interactions! the gamma radiation fol- 
lowing nuclear beta decay is, in general, circularly 
polarized.*. 

Measurements of the degree of this circular polariza- 
tion give the same information about the coupling 
constants as do experiments with polarized initial 
nuclear states. The first measurement of a_beta- 
gamma circular polarization correlation was reported 
by Schopper® and numerous experiments of this kind 
on allowed as well as on first-forbidden beta transitions 
have since been performed.’—" In this paper measure- 
ments on the pure Gamow-Teller transitions of Co® 
and Na” are presented which give further evidence 
that the violation of parity conservation in beta decay 
is complete, thus giving strong support to the two- 
component neutrino theory. Measurements on the 


mixed Fermi and Gamow-Teller transition of Sc* 


* This work was supported by the U. S. Atomic Energy Com 
mission. 

+ Preliminary results of this work were reported at the Rehovoth 
Conference on Nuclear Structure, September 1957, and at the 1958 
spring meeting of the American Physical Society, Washington, 
D. C. [Bull. Am. Phys. Soc. 3, 205 (1958). 
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(A7=0) confirm the existence of a Fermi Gamow- 
Teller interference term, which excludes the possibility 
of complete violation of time-reversal invariance. In 
addition, these measurements provide a rather accurate 
determination of the relative magnitudes and of the 
signs of the Fermi and the Gamow-Teller matrix 
elements in the Sc** beta transition. 

The angular distribution of circularly polarized 
gamma rays with helicity i emitted after an allowed 
beta transition is given by*: 


W (Og,)=1+5CA (2/c) cosOg,, (1) 


where ©,, measures the angle between the directions 
of the gamma rays and the beta particles of velocity 2. 
For a beta-gamma cascade [,;—* — J,—? — J3, involv- 
ing a gamma transition of pure multipolarity Z, the 
factor A which measures the degree of circular polariza- 
tion can be expressed as: 
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A =— [a(t foibortinu 
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+Cs5'Cy'*)My*+ (CrCa* 
+Cr’Ca"*)Moer*], (6) 


[4, I,=1,-1 
M(lud=] “Ve a 
—(I2+1)/I2, Te=1,+1. 


The usual notation (e.g., Lee and Yang!) is used. The 
upper signs refer to 8~ decay, the lower signs refer to B* 
decay. Adopting the presently accepted relative propor- 
tions of the various coupling constants C;(j=5,T,V,A): 


(a) Ca>Cr, Ca'>Cr’ (neutrino recoil experiments''), 

(b) Cy>Cs, Cy’>Cs’ (neutrino recoil experiments'®), 

(c) b&0 (absence of Fierz interference terms!"~”9), 

(d) C4/Cy=real number, C4’/Cy’=real number (time- 
reversal invariance of the beta interaction*'), 


the expressions for the Gamow-Teller term dgr and for 
the interference term dr.gr can be greatly simplified : 


bar=—CaCa’/(Ca?+Ca”), (7) 
CaCy’+Ca'Cy 
orem ase Ted 

Me My/Mar. 


(8a) 


by-at= 


(8b) 


The results of many parity experiments suggest that 

';/ =+C;; this relationship is a necessary condition for 
the validity of the two-component neutrino theory,??~-4 
since the operator C;+C;’y5 then degenerates into 
C;(1+ys5) which converts a 4-component wave function 
of a massless particle into a two-component wave 
function describing a particle of helicity = +1 and its 
antiparticle of helicity = +1. 

Part of the purpose of the present work was to arrive 
at a reasonably accurate experimental verification of 
Ca’=Ca. At the time this investigation was started, 
measurements of the angular distribution of beta par- 
ticles emitted from polarized nuclei*:5-*? and observa- 
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tions of the longitudinal polarization of beta particles?*-* 
were consistent with C4’= (0.4-2.5)C4. After comple- 
tion of this work greatly improved longitudinal polar- 
ization measurements on the P* and Co® electrons were 
reported by several authors.*~** These recent results 
indicate C4’= (0.8-1.25)C4. The considerably more 
difficult experiments on pure Fermi transitions*~‘ 
yield Cy’= (0.4-2.5)Cy. 


2. APPARATUS AND EXPERIMENTAL PROCEDURE 


The degree of circular polarization P, (P.>0 for 
K>0) of the gamma radiation was measured by ob- 
serving the Compton scattering on polarized electrons. 
The scattering cross section do of this process,“~** and 
hence the intensity of the scattered radiation of mo- 
mentum k depends on P., on the scattering angle 86, 
and on the angle y between the initial photon of mo- 
mentum ky and the electron spin § (m=c=h=1): 


da = 3e'(k/ko)? (dot fPh-)dQ, (9) 
o= 1+ cos*0+ (ko—k) (1—cos8), (10) 


¢-= — (1—cos6)[ (ko +k) cos6 cosy 


+ksin@ siny cosg], (11) 


fis the fraction of electrons which are polarized and ¢ is 
the angle between the (ko,k) plane and the (k,S) plane. 
Polarized electrons are available in magnetized iron. 

The circular polarization analyzer used in the beta- 
gamma correlation measurements described in this 
paper is shown in Fig. 1. It is similar to arrangements 
used by Schopper®:!? and by Boehm and Wapstra.’ 

The fraction of polarized electrons in the magnetized 
iron was determined from a precise measurement of the 
average magnetic induction B in the inner iron cylinder : 
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B=H-+41r208N+AB, where H is the magnetic field, 
6 the Bohr magneton, and NV the number of iron atoms 
per unit volume. AB is the small (~3%) contribution 
to B from the orbital motion of the electrons.*7 The 
differential polarization efficiency €(ko,a) of the analyzer 
for gamma radiation, emitted by a (point) source at 
an angle a@ with respect to the axis of the analyzer 
magnet, is defined by 
N_*—N,2 
P.€(ko,a) sinada=——————- sinada, 


N_*+N,2 


(12) 


where .V_* (.V,*) is the gamma counting rate observed 
with the electron spins pointing toward (away from) 
the source, and P, is the polarization of the radiation 
emitted in the direction a. The quantity ¢(ko,@) was 
obtained by applying Eq. (9) to the geometry of the 
analyzer magnet and by integration over the finite size 
of the Nal(Tl) gamma detector. The absorption of 
gamma radiation before and after scattering, and the 
polarization dependence of the absorption processes, as 
well as the plural scattering in the iron, were taken into 
account in these computations. Fortunately, it was 
found that, whereas the plural scattering gives an 
appreciable contribution to the intensity of the scattered 
radiation (depending on energy and angle from 10 to 
30%), its influence on the polarization efficiency is small 
(1 to 2%).* 

In a beta-gamma correlation experiment P, is not a 
constant, but varies with the angle ©, between beta 
particle and gamma-ray momentum. For allowed beta 
decays, according to Eq. (1), P-= —3CA (u/c) cos(a—B), 
if the beta particle is emitted in the direction of the 
6 counter at an angle 8 with respect to the axis of the 
magnet. Furthermore, the finite size of the beta de- 


Pp, Argyres and C. Kittel, Acta Met. 1, 241 (1953). 
48H. Schopper, Nuclear Instr. 3, 158 (1958). 


tector introduces a spread of P. for each angle a. By 
(graphical) integration of [cos(a—) Je(ko,a) over the 
angle @ (finite length of scattering magnet) and over 8 
(finite size of the beta detector) the effective polarization 
efficiency E(ko) of the analyzer for a beta-gamma 
circular polarization correlation experiment is obtained: 
; C.-C. 
E(ko) P.( 9’) =——_—-= 
C++C 


(13) 


where ©’ is the angle between the axes of the beta 
detector and the gamma detector, and C, and C_ are 
the beta-gamma coincidence counting rates observed 
for the electrons in the iron scatterer polarized away 
from, and towards the source, respectively. It should be 
kept in mind that the effective polarization efficiency 
E(ko) of the equipment so obtained is only correct if 
P.(©g,) is proportional to cos@3,. The computation of 
E(ko) is estimated to be accurate to about 3%. 
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Fic. 2. Circular polarization P.(@’) of gamma rays following 
the beta decay of Co as a function of the angle 0’. 





GAMMA RADIATION 
The measurements of the coincidence counting rates 
were made with a coincidence spectrometer of the usual 
fast-slow type.“ The magnetization was reversed every 
15 minutes and the data recorded automatically. The 
effect of the stray magnetic field on the photomultipliers 
was reduced by shielding, such that the changes in 
single counting rates upon reversal of the magnetization 
was less than 0.1%. All the data were corrected for the 
presence of gamma-gamma coincidences. The sources 
which were less than 1 mg/cm? thick were deposited on 
aluminized Mylar foils of 0.9 mg/cm? thickness. 


3. EXPERIMENTAL RESULTS 
A. Pure Gamow-Teller Transitions 


a. Measurements on Co 


The 5t—* — 4+—n — 2+—1: — 0 cascade of Co™ 
is particularly suited for precise beta-gamma circular 
polarization correlation measurements. In fact, it was 
the first decay investigated in this manner.® Since both 
gamma transitions are pure multipoles of the same 
order (L=2) and the nuclear spin change A/ is equal 
to Z in both gamma transitions, the beta-gamma 
circular polarization correlation of the -y2 pair is the 
same as that of the 8-7; pair.® 

Partly as a check of the performance of the equipment 
the 3, dependence [compare Eq. (1) ] of the circular 
polarization P, of the Co® gamma rays was measured 
(Fig. 2). The integral discriminator in the beta channel 
was set to accept all beta particles with energies larger 
than 95 kev, corresponding to an average value of 
(v/c)w~=0.62 for the Co™ beta particles. The point at 
©’= 180°, where P. was measured most accurately, was 
used to construct the cos’ curve, which is shown as a 
solid line in Fig. 2. An attempt to investigate the v/c 
dependence of P, was made by measuring the degree 
of circular polarization P.7 at ©’=180° as a function 
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Fic. 3. Circular polarization ?.*(v/c) of gamma rays of Co” 
and Na” at ©’=180° as a function of v/c of the beta par- 
ticles. 


#R.M. Steffen, Phys. Rev. 103, 116 (1956). 
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TABLE I. Summary of beta-gamma circular polarization 
correlation data. 


Anisotropy 
coefficient A 


—0.41 +0.07 
—0.40 +0.09 
—0.38 +0.04 
—0.32 +0.07 
—0.344+0.09 
—0.335+0.018 
—0.345+0.019 


8 emitter 


Co® (B-) 


Reference 
Schopper® 
Boehm and Wapstra? 
Steffen’ 

Lundby et al.® 
Debrunner and Kundig” 
Appel et al." 

Present work 





+0.39 +0.08 
+0.295+0.054 
+0.35 +0.02 


Na” (8*) Schopper® 
Appel et al. 


Present work 


—0.068+0.047 
+0.07 +0.04 
+0.05 +0.04 
+0.07 +0.03 


Na* (87) Schopper®! 

Boehm and Wapstra’ 
Steffen§ 

Present work 


+0.33 +0.04 
+0.23 +0.06 
+0.29 +0.11 
+0.24 +0.04 
+0.24 +0.02 


Boehm and Wapstra’ 
Steffen’ 

Lundby et al." 

Jungst and Schopper™ 
Present work 


Sc** (B-) 


of the beta-particle energy. The energy width of the 
window in the beta channel was AE=50 kev. The 
results of these measurements, corrected for the scatter- 
ing of the beta particles in air and for backscattering in 
the beta scintillation crystal, are shown in Fig. 3. In 
view of the large corrections which must be applied at 
low beta energies the measurements were not extended 
to beta energies under 100 kev. Thus the range of v/c is 
rather limited (v/c=0.55 to 0.79) and it is difficult to 
draw any definite conclusions as to the dependence of P. 
on v/c. The experimental points of Fig. 3 agree, within 
limits of error, with P.*=—Av/c. Recently, beta- 
gamma circular polarization correlation experiments 
with a magnetic beta spectrometer were reported,* 
which seemed to indicate a circular polarization of 
P.*=0.3340.06, independent of v. On the basis of the 
experimental results presented here a constant value of 
P.*, although it cannot be excluded entirely, seems to 
be rather improbable. Furthermore, the majority of 
the points in Fig. 3 are lower than 0.33+0.06, the 
value quoted in reference 50. Similarly, measurements of 
Appel, Schopper, and Bloom” at (v/c)4=0.57 give a 
value of P.*=—A (v/c)4=—0.19+0.01, which is also 
considerably below the value of reference 50. In view 
of these inconsistencies more experiments, in particular 
in the low beta-energy region, are required to determine 
the v/c dependence of P.. In the following we assume 
Eq. (1) to be valid. 

A least-square fit of the experimental points of Fig. 3 
to P.*= —Av/c yields the following value for A: 


A= —0,345+0.019, 


in excellent agreement with the result of Appel, 
Schopper, and Bloom" (compare Table I). 


® Page, Pettersson, and Lidquist, Phys. Rev. 112, 893 (1958). 
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b. Measurements on Na”® 


The positron decay of Na*® is followed by a 1.28-Mev 
gamma ray: 3+—*+— 2+—7->0 and is suited for 
beta-gamma circular polarization correlation measure- 
ments. The presence of the annihilation radiation, 
however, requires special precautions. The discriminator 
in the gamma channel was set to accept gamma rays 
above 0.52-Mev energy. The response of the NaI(TI) 
scintillation detector to the gamma radiation scattered 
from the magnetized iron was thus different from the 
previous measurements, where the discriminator setting 
was lower. This fact was taken into account in com- 
puting the polarization efficiency E(ko) of the analyzer. 
A Lucite absorber in front of the analyzer magnet 
prevented positrons from being annihilated in the 
magnetized iron cylinder. From the results of the Na” 
measurements, which are included in Fig. 3, one deduces 


A=+0.35+0.02. 


c. Discussion 
According to Eqs. (2) and (7), the anisotropy coeffi- 
cient A for the Gamow-Teller transitions Co and Na”? 
is given by 
Ca'/Ca 


"++ (C4’/Ca 2 


Ihe upper sign is valid for the 6~ emitter Co®, the 
lower for the 6+ emitter Na’. Figure 4 shows a repre- 
sentation of A as a function of the coupling constant 
ratio Ca’/Ca, together with the experimental values 
determined for Co® and Na*®. From this graph the 
relationship between C4’ and C4 can be determined : 


Ca’=(1.040.2)C a. 


The error (standard error) of this ratio, although it 
seems to be one of the most accurate determinations of 
its kind at present, is relatively large, because of the 
insensitivity of A to variations of C4’/C4, if the latter 
is near unity. It seems rather difficult at present to 











Fic. 4. The anisotropy coefficient A for Co® and Na® 
as a function of Ca’/Ca. 
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improve on the experimental determination of C4’/Ca 
by orders of magnitude, since all parity-effect measure- 
ments suffer from the same difficulty. 


B. Mixed Fermi and Gamow-Teller Transitions 


Once the coupling constants C4, Ca’, Cy, and Cy’ are 
known, the measurement of the beta-gamma circular 
polarization correlation provides a rather sensitive 
method of determining the relative contributions of the 
Fermi and the Gamow-Teller component to an allowed 
beta transition of AJ=0. In the following we assume 
that the relations C4’=C,4 and Cy’=Cy hold exactly. 
Admittedly, the experimental verification of Cy’=Cy is 
even poorer than the one of C4’=Cu4. The results of 
longitudinal polarization measurements of beta par- 
ticles in pure or almost pure Fermi transitions yield 
Cy'= (0.4 to 2.5)Cy. 


a. Measurements on Na™ 


The B~ decay of Na*‘ is followed by two gamma rays 
of equal multipolarity : 4*+—° — 4+— — 2+—2-—- 0. 














Fic. 5. Circular polarization P.(@’) of gamma rays following 
the beta decay of Sc** as a function of the angle 0’. 


The circular polarization measurements on Na*™ were 
performed with an integral discriminator in the 8 
channel accepting 8 particles of energies above 0.80 
Mev [(2/c)w=0.94]. The experimentally determined 
value of P.*= —0.065+0.028 yields 


A=+0.07+0.03. 


In view of the small anisotropy of the Na* beta-gamma 
circular polarization correlation no attempt was made 
to investigate the cos@s, dependence or the variation 
of P. with »/c. The result quoted above agrees with the 
measurements reported by Boehm and Wapstra,’ but 
not with the measurements of Schopper®! (compare 
Table I). 


b. Measurements on Sc** 
This nuclide is of particular interest, since the circular 


polarization measurements on Sc** established the 


5! H. Schopper, quoted in reference 3. 
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presence of V-A interference terms with certainty,’""! 
thus excluding the possibility of complete violation of 
time reversal invariance (Cy/C4= imaginary). 

With the integral discriminator in the 8 channel at 
0.095 Mev the cos@s, dependence of P, was measured 
(Fig. 5). The results of an attempt to verify the v/c 
dependence of P., using a window of 50 kev in the 8 
channel, are shown in Fig. 6. The experimental points 
are consistent with P.=constv/c. 

From these measurements the value of the anisotropy 
factor A of Sc*® is extracted: 


A=-+0,.24+0.02. 


The agreement with the work of the CERN group" and 











VC ———==e 


Fic. 6. Circular polarization P.*(v/c) of gamma rays of Sc** 
and Na* at @’=180° as a function of v/c of the beta par- 
ticles. 


with the results of Jungst and Schopper® is excellent. 
The value of A found in this investigation, however, 
is considerably smaller than the result of Boehm and 
Wapstra’ (compare Table I). 


c. Discussion of Results 


According to Eq. (8) the coefficient A for a AJ=0 
@- transition can be written as 


1 1 Io+1 i CaCvy 
4=+—|+—-(——) —*"] 
[+1 I» I, Ca?+Cy’y? 


According to the most recent measurements on the 


8 W. Jungst and H. Schopper, Z. Naturforsch. 13a, 505 (1958). 
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r 
soe (My / Mey) 90 = 0.36 + 0.06 


(Mp /Mgr 24 = -0.05 £ 0.10 














Fic. 7. The anisotropy coefficient A(y) for mixed transi- 
tions (AJ=0) as a function of the matrix element ratio 
y= My/Mar. 


decay of the free neutron, Cy= —1.19C4, and A can be 
expressed as a function of y=My/Mgar only. A(y) is 
represented as solid line in Fig. 7, together with the 
experimental values for Na* and Sc*®. The values of y 
determined for these two nuclides are indicated in 
Fig. 7. The second set of solutions, y>1, are discarded 
as very improbable. The contribution of the Fermi 
component to the beta transition of Na™ is very small: 
M y= (0.0025+0.0100) Mgr’. The isotopic spin of the 
Na”* ground state is 7=1, whereas the isotopic spin of 
the Mg* state which is populated by the Na™ beta 
decay is T=0. By virtue of the isotopic-spin selection 
rules beta decay by a Fermi transition is forbidden 
between states with ATJ=1. Considering the fact that 
isotopic spin should be a good quantum number for 
nuclides of mass numbers as small as 24, the absence 
(within experimental error) of a Fermi component in 
the Na* beta decay agrees with theoretical expecta- 
tions. In the Sc** beta decay, on the other hand, the 
contribution of the Fermi component cannot be neg- 
lected: Mp?= (0.13+0.04)M er. This is an indication 
that the application of the isotopic spin concept to 
nuclear states with as many as 46 nucleons yields un- 
satisfactory results. 
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Resonant Absorption by the 9.17-Mev Level in N"“7 


S. S. Hanna* AND LuIsSE MEYER-SCHUTZMEISTER 
Argonne National Laboratory, Lemont, Illinois 
(Received March 16, 1959) 


The 9.17-Mev radiation from the reaction C™(p,y)N"“, E,=1.75 Mev, was used to obtain resonant ab 
sorption in the inverse process N+ — N"*(E.,=9.17 Mev). The strength of the absorption was meas- 
ured as a function of absorber thickness. Analysis of the measurements gives !'=(77+12) ev and ol’, 
= (14.542) ev. The latter value indicates dipole radiation. 


N the important program of determining radiative 
lifetimes of nuclear energy levels, the phenomenon 
of resonant absorption or fluorescence provides a power- 
ful method! in the region of short lifetimes (<10~" sec). 
Recently a technique has been used** in which the 
resonant absorption is observed by a simple, direct 
measurement of the transmission through an absorbing 
sample. The method lends itself especially to the de- 
termination of radiative widths of narrow, unbound 
levels which are otherwise difficult to measure. In this 
communication we present more detailed observations? 
on the 9.17-Mev level of N“ with a more complete 
analysis of the results. 

In the radiative capture of particles having fixed 
energy and direction of motion, the energy of the radia- 
tion varies with the angle of emission but has a definite 
value at a given angle. The energy of the incident 
particles may be fixed by selecting a resonant capture 
process or, if the capture is nonresonant, by using a 
monoenergetic beam of particles and a thin target. In 
the present experiment the source of radiation was the 
reaction C¥(p,y)N™ at the resonant energy E,=1.75 
Mev corresponding to the level at 9.17 Mev in N™. 
This radiation was then used to study the inverse 
absorption process N'*+-y — N"™* by varying the energy 
(i.e., angle of emission) of the radiation and observing 
the change in transmission through a nitrogen absorber. 
Since an amount of energy £?/2Mc? is given to the re- 
coiling nucleus in both the emission and the absorption 
process, it is necessary to increase the energy of the 
emitted radiation by an amount £*/Mc* to produce 
resonance, where £ is the energy of the radiation and 
M the mass of the emitting (or absorbing) nucleus. 

t This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

* Visiting Guggenheim Fellow, 1958-1959, Clarendon Labora- 
tory, Oxford, England. 
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1644 (1957); Bull. Am. Phys. Soc. Ser. II, 2,377 (1957) ; Bull. Am. 
Phys. Soc. Ser. IT, 3, 188 (1958). 

8’ P. B. Smith, in Proceedings of the Rehovoth Conference on Nu- 
clear Structure, edited by H. J. Lipkin (North-Holland Publishing 


Company, Amsterdam, 1958), p. 587. P. B. Smith and P. M. 
Endt, Phys. Rev. 110, 397 (1958); Phys. Rev. 110, 1442 (1958). 


Since the energy of the emitted radiation varies as 
E(v/c) cos#, where v is the velocity of the radiating 
nucleus, the resonant angle is obtained from the 
condition 


cosOr= (E/Mc?)/(v/c) = p,/p, 


where p, and p are the momenta of the gamma ray and 
the radiating nucleus, respectively. With £,=1.75 Mev 
and E=9.17 Mev, it follows that 6g=80.8°. 

The experimental arrangement is sketched in Fig. 1. 
The absorber, slit, and detector were mounted on an 
arm which could be rotated about the beam spot on the 
target. Liquid nitrogen, contained in one or more 
Dewar flasks, was used as the absorber. The slit was 
formed by two lead bricks with smooth inner faces 
which were aligned along a radius from the source. In 
an attempt to improve the resolution, some observa- 
tions were made with a slit curved to conform approxi- 
mately to a surface of constant @. The detector was a 
Nal crystal 3 in. diameter and 4 in. long. The target 
was a layert of C'%(71%) considerably thicker (as 
measured in proton energy loss) than the width of the 
resonance. The target spot was approximately 1 mm 
wide and for the observations with good resolution the 
plane of the target was set to coincide nearly (within 
10°) with the plane of the slit. 

The data are summarized in Table I and several of 
the runs are illustrated in Figs. 2 and 3. In the observa- 
tions in Fig. 2 the geometrical width was approxi- 
mately 0.4° and it is reasonably clear that the observed 
widths of about 0.8° should be attributed, in part at 
least, to a natural width of the transmission dip. On 
the other hand, the total instrumental resolution is not 
known well enough to provide an accurate analysis by 
means of line shape as was attempted in our earlier 
report.” Alternatively, the results were anayzed by the 
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RESONANT 


area method which has been developed in detail to 
treat the resonant absorption of slow neutrons.’ We 
shall give only the pertinent results of this development 
which, in almost every respect, is applicable also to the 
resonant absorption of gamma rays. 

The area A above the transmission dip is given in the 
expression (p. 704 of reference 5). 


A?=rnool’F (noo), (1) 


where # is the number of nuclei per cm? of the absorber, 
ao is the cross section at resonance, I is the total width, 
and F is a function which accounts for the departure 
from the “‘thick-sample” value of rnool. (F is given in 
Fig. 1 of reference 5.) It is convenient to use the thick- 
sample approach since, as it turns out, #0921. Also, as 
will appear in the sequel, the Doppler broadening 
(~ 27 ev) of the absorption line may be neglected in the 
analysis (see Fig. 5 of reference 5). 

For two measurements corresponding to two thick- 
nesses of absorber, the ratio of the areas is given by 


Ao\? no F(n2a0) 
(=) steer, (2) 

A; ny F (nyo) 
Since A», Ay, m2, and 7, are known experimentally, this 
expression can be used to obtain a value of oo. For the 
circles in Fig. 4, 4; and correspond to the thinnest 
sample used and 12 and m2 successively to the three 
thickest samples. The curve is obtained for m,o9=0.95. 
With ,=2.4X 10 nuclei/cm? (7 cm of nitrogen), we 
find o>=4.0 b. From Eq. (1) it follows that '=88 ev. 
The crosses in Fig. 4 were obtained with A; and n, 
representing values for the 15-cm absorber. The curve 


TABLE I. Summary of the measurements. The orientation of 
the target is measured with respect to the plane of the slit. The 
energy scale is obtained from dE/dé=690 ev/deg. 


Observed 
width Area of dip 
(degrees) (ev) 


Geometrical 
width of slit 
(degrees) 


Absorber 
thickness 
(cm) 


Target 
orientation 
(degrees) 


385+30 
330440 
280+40 
290+30 
320+40 
260+30 
y= 285+20 


1( 


by ] 
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1 
1 
1 
1 
1 


Rew uus! 
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0. 


210+30 
210+40 
y=210+20 


120+30 
85+30 
110+30 
y= 105420 


sss 
coco 


5 Melkonian, 
(1953). 


Havens, and Rainwater, Phys. Rev. 92, 702 
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Fic. 2. Transmission curves obtained with a narrow slit for 
two thicknesses of absorber. The energy scale may be obtained 
from dE /dé=690 ev/degree. 


shown is for n,o9=3.8. Hence o9=7.2 b and = 66 ev. 
It is not practicable to extend the analysis to larger 
values of 09, because the curves above 2,;o9=4 con- 
verge rapidly to the limiting case for nya9= ». We adopt 
the value '= (77412) ev. 
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Fic. 3. Transmission curves obtained with a wide slit for three 
thicknesses of absorber. The energy scale may be obtained from 


dE /d6=690 ev/degree. 
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n/n 
Fic. 4. The ratio method for obtaining oo. The area A; and 


thickness m, refer to a given absorber, and A» and m2 to one or 
more thicker absorbers. 


The absorption cross section at resonance may be 
obtained from the one-level formula 


oo= 2rKol',/T, (3) 


where X is 1/(27) times the wavelength of the radiation, 
I’, is the radiation width, and w is the statistical factor 
(2J,+1)/(2J,+1), in which J, and J, are the spins of 
the upper and lower states; the statistical weight 2 for 
the gamma ray has been absorbed in the numerical 
constant in Eq. (3). Combining Eqs. (1) and (3), we 
obtain 

A*= 29M nwl TF (noo). (4) 


For thick samples (noo>1), F is a slowly varying func- 
tion so that A? is nearly linear in m. The quantity 
wl',! is therefore determined with good accuracy as 
illustrated in Fig. 5. The best agreement is obtained 
with wl’, l’= 1120 ev’. Actually, in obtaining this fit the 
function F (noo) is treated as a parameter. The final 
value selected gives a measure of oo, but this determina- 
tion is equivalent to the analysis in Fig. 4. With 
wl", l= (11204100) ev? and '= (77412) ev we obtain 
wl", = (14.542) ev. 

Another approach to the data is obtained from Eq. 
(4) if, for each absorber, wl, is plotted against I’. The 
intersection of the curves thus obtained provides a 
solution giving wl’, and I’. This technique is illustrated 
in Fig. 6 for three of the absorbers. The failure of the 
three curves to intersect in a common point is, of course, 
indicative of the errors in the measurements. In general, 
the values of wl’, and I’ are not obtained with as great 
an accuracy as the product of,I’. 


Fic. 5. Method of 
obtaining the prod- 
uct wI',I. For the 
curve with of,T= 
1320 ev?, a value of 
wI',=13 ev is as- 
sumed in obtaining 
F (noo) ; for the curve 
with wl, =940 ev?, 
wl", =20 ev is used. 
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The value found for wI', strongly indicates dipole 
radiation. A width I',~14 is about 0.03 Weisskopf unit 
for £1 radiation, about 0.8 Weisskopf unit for M1 
radiation, and about 140 Weisskopf units for E2 radia- 
tion. The dipole values are very acceptable, but the 
quadrupole value is unreasonably large.* Spin zero is 
ruled out for the excited state because of the anisotropy’ 
of the radiation in the capture process C' (p,y) N™. More- 
over, the polarization of the capture radiation indicates 
even parity,* so that the only remaining possibilities are 
1+ and 2+, which give ',= (14.5+2.5) ev and (8.7+1.5) 
ev, respectively. The second value is equivalent to 
0.5 Weisskopf units. The angular distribution’ of the 
9.17-Mev gamma ray can also be fitted with an as- 
signment of either 1+ or 2+. Recently however the 
presence of a small term in cos‘? was reported,® which 
would require the presence of some £2 radiation and 
the assignment 2* to the excited state. 

The level parameters obtained from the resonant ab- 
sorption may be used to compute the cross section or 


45 CMof N'4 


Fic. 6. Method of 
intersecting curves. 
The quantity wl, is 
plotted against I for 
an absorber [see Eq. 
(4)]. The intersec- 
tion of two such 
curves gives a solu- 
tion for the two corre- 
sponding absorbers. 
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yield for the inverse capture process. In this process the 


cross section at resonance is 
or=4rk,wT pT, /T?, (5) 


where A, is 1/(2m) times the wavelength of the proton 
and w, is the statistical factor equal to (2/,+1)/ 
(2s+1)(2i+1), in which s and i are the spins of the 
initial particles. Putting in the numerical values, we 
find ¢r= (200440) mb. (Note that the result is rather 
insensitive to the value of J,.) For the thick-target 
yield we have’® 

VY =4norl'/e, (6) 


where ¢ is the stopping power of the target for the 
6D. H. Wilkinson in Proceedings of the Rehovoth Conference on 
Nuclear Structure, edited by H. J. Lipkin (North-Holland Pub- 
lishing Company, Amsterdam, 1958), p. 175. 
7 Woodbury, Day, and Toliestrup, Phys. Rev. 92, 1199 (1953). 
8 Strassenburg, Hubert, Krone, and Prosser, Bull. Am. Phys. 
Soc. Ser. II, 3, 372 (1958). 
* Fowler, Lauritsen, and Lauritsen, Revs. Modern Phys. 20, 
236 (1948). 
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incident beam. Using the value! e=3.110-'* ev-cm?, 
we find Y= (7.7+1.5)X10~ gamma rays (9.17 Mev)/ 
proton. 

The thick target yield of radiation was measured by 
use of a Nal crystal 3 in. in diameter and 4 in. long, 
and also one 3.5 in. in diameter and 3.5 in. long. The 
results for the two crystals agreed satisfactorily. Meas- 
urements were made at an angle of 0° and at distances 
of 6 in. and 11.5 in. from the target. The efficiencies of 
the crystals were obtained from the computation of 


10 W. Whaling, Handbuch der Physik (Springer-Verlag, Berlin, 
1958), Vol. 34, p. 193. 
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Miller, Reynolds, and Snow." In obtaining the total 
yield, the angular distribution of the radiation and the 
isotopic composition of the target were taken into ac- 
count. The value obtained was Y=(7.4+3)x10~ 


gamma ray (9.17 Mev)/proton, which may be com- 
pared with the value above and with the value of 
11.5X10-* obtained previously by Seagrave.” In the 
latter result, however, no correction’ has been made 
for the 10% branch to the level at 6.44 Mev. 


4 Miller, Reynolds, and Snow, Rev. Sci. Instr. 28, 717 (1957). 
2 J. D. Seagrave, Phys. Rev. 85, 197 (1952). 
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and Aluminum with 14.8-Mev Neutrons* 
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Absolute neutron activation cross sections at 14.8 Mev have 
been measured for bismuth, copper, titanium, and aluminum 
based on comparison with the Cu®(n,2n)Cu® reaction (556 
millibarns) which served as a standard for monitoring the flux. 
The reactions studied, measured half-lives, and cross sections are: 
Bi? (n,a) TI, 4.29+0.05 min, 1.1+0.3 mb; Bi (n,p) Pb, 
3.3140.03 hours, 0.83+0.40 mb; Bi?(n,y)Bi?®, <1.7 mb; 
Cu®(2,2n)Cu®™, 12.85+-0.05 hours, 954+130 mb; Cu®(n,p) Ni®®, 
2.56+0.20 hours, 27+11 mb; Ti*(m,p)Sc®, 1.8.0.2 min, 27+6 
mb; Ti®(n,p)Sc, 22+3 min, 48+15 mb; Ti(n,y)Ti®, <9 mb; 
Ti*(n,p)Sc*, 5822 min, 29+5 mb; Ti**(n,p)Sc*, 44.04-0.9 hours, 
58+8 mb; Ti!?(n,p)Sc*7, 3.45+0.06 days, 230+40 mb; Ti*® 
(n,2n)Ti*®, 3.06+0.08 hours, 50.4+8.0 mb; Ti‘*(n,p)Sc**, 8542 


INTRODUCTION 


EUTRON activation cross sections of bismuth, 

copper, titanium, and aluminum have been 
measured at 14.8 Mev as part of a systematic study 
being carried out for comparison with nuclear reaction 
theory. Monoenergetic neutrons of 14.8+0.9 Mev 
energy (taken at 0° to the beam axis) are produced by 
the H'(d,z)He* reaction in thin zirconium-tritium 
targets giving total yields ranging from 10° to more than 
10" neutrons/second on the University of Arkansas 
400-kv Cockcroft-Walton accelerator.! 


* Supported in part by the U. S. Atomic Energy Commission. 

7 On leave from University of Arkansas; temporary address: 
The Gustaf Werner Institute for Nuclear Chemistry, University 
of Uppsala, Sweden. 

1 Bronner, Ehlers, Eukel, Gordon, Marker, Voelker, and Fink, 
Nucleonics 17, No. 1, 94 (1959); R. W. Fink, Atomic Energy 
Commission Report ORO-172, 1958 (unpublished). Detailed 
information on the neutrons produced in the DD and DT reactions 
is contained in the report by J. D. Seagrave, Atomic Energy 
Commission Report LAMS-2162, 1958 (unpublished), J. H. Coon, 
in Fast Neutron Physics, edited by J. B. Marion and J. L. Fowler 
(to be published), Chap. IV. D; and by J. Benveniste and J. 
Zenger, Atomic Energy Commission Report UCRL-4266, 1954 
(unpublished). 


days, ~520 mb; Al?7(n,a)Na™, 15.00+0.06 hours, 114+7 mb; 
Al??(n,p) Mg*’, 9.46+0.02 min, 53-5 mb. 

Comparisons of the experimental cross sections with values 
estimated according to the continuum theory of the compound 
nucleus outlined by Blatt and Weisskopf are in agreement within 
an order of magnitude, except in the case of the bismuth results 
which exhibit large discrepancies. 

From irradiations of natural titanium and highly enriched 
Ti®, a new activity was observed having a half-life of 22+3 
minutes. This activity is not produced from enriched Ti‘ or 
Ti*® samples, and it is therefore assigned tentatively to an isomer 
of Sc®. Further work on this activity is in progress. 


EXPERIMENTAL 


The samples were in the form of solid metallic foils 
1.7 to 2.1 cm in diameter having surface densities in 
mg/cm? as follows: copper, 3 to 6; aluminum, 3; 
natural titanium, 8; and bismuth, 34 to 56. Enriched 
samples of titanium? were in the form of TiO, powder. 
All target materials were of reagent-grade purity. 

8 8 8 y 
Irradiations were carried out for periods ranging from 
10 to 60 minutes, the samples being placed in contact 
with the back of the target plate. In the experiments in 
which limits were obtained for the (,y) cross sections 
at 14.8 Mev of titanium and bismuth, the samples were 
wrapped in cadmium sheet in order to eliminate any 
possible contribution from slow neutrons. The flux 
passing through the samples generally was of the order 
2 The enriched samples of titanium had the following mass 
analyses, as supplied by Oak Ridge National Laboratory: Ti", 
85.640.3% (with 1.740.1% Ti**, 11.340.2% Ti, 0.8+0.1% 
Ti®, and 0.6+0.1% Ti™ as isotopic impurities) ; Ti*’, 81.5+0.2% 
(with 1.340.1% Ti*, 1.34%0.1% Ti?, 14.540.1% Ti**, and 
1.4+0.1% Ti® as isotopic impurities); Ti, 84.69+0.04% (with 
1.25+0.01% Ti, 1.2340.04% Tit’, 10.99+0.07% Tit’, and 
1.84+0.03% Ti** as isotopic impurities.) 





990 POULARIKAS 
of 10’ to 10° neutrons/cm*-sec, as monitored by the 
Cu®(n,2n)Cu® reaction (556+28 mb)? in thin copper 
foils placed before and after the sample in sandwich 
fashion. For cross-section measurements, radiochemical 
separation was not performed as it was not required. 
Counting was begun approximately 2 minutes after 
bombardment on a stable, aluminum-walled methane- 
flow beta-proportional counter having a 0.9-mg/cm? 
aluminized Mylar end-window. The counting rates were 
small enough so that dead-time losses did not exceed 
0.8%. Absolute beta counting was made as precise as 
possible by use of the thinnest practical samples and 
by taking into account corrections for the following 
factors: counting efficiency (defined as the ratio of the 
events registered/total events in the sensitive volume 
of the detector) air and window transmission,‘ satura- 
tion backscattering,® self-absorption and self-scattering,® 
and background. Sample and monitor were of the same 
diameter and were placed in identical positions in the 
counter so that errors in geometry canceled. All samples 
were followed until decay was substantially complete. 
With the exception of Cu® and Ti*, all of the nuclides 
studied emit essentially one particle per disintegration 
so that the counting efficiencies could be taken in the 
first approximation as unity. In the case of Cu® we 
assumed that the decay proceeds 58% by emission of 
particulate radiation and 42% by electron capture with 
an intrinsic counting efficiency for the latter of 0.1 per 
disintegration giving an over-all counting efficiency of 
0.695+0.050 for Cu, assuming the K-fluorescence 
yield of nickel to be wx=0.366+0.011.7 In the case 
of Ti*, we assumed 84% particulate radiation and 16% 
electron capture from a theoretical result given by Way, 
McGinnis, and van Lieshout.’ Thus, if we accept an 
efficiency of 0.1 per disintegration for scandium K 
x-rays and a value of wx=0.20 for scandium,’ the 
counting efficiency of Ti*® becomes 0.92+0.05. 
Absolute cross sections were computed” from the raw 
counting data, after correction to infinite bombardment 
time from the known duration of bombardment with 
the assumption of constant flux during irradiation. 


3S. Yasumi, J. Phys. Soc. (Japan) 12, 443 (1957). 

‘Gleason, Taylor, and Tabern, Nucleonics 8, No. 5, 12 (1951). 

5B. P. Burtt, Nucleonics 5, No. 2, 28 (1949); J. R. Zumwalt, 
Atomic Energy Commission Report AECU-567, 1950 (un- 
published); L. Yaffe, Conference on Absolute Beta Counting, 
Prelim. Rept. No. 8 (National Research Council, Washington, 
D. C., 1950). 

6W. E. Nervik and P. C. Stevenson, Nucleonics 10, No. 3, 
18 (1952); Walton, Thomson, and Croall, Atomic Energy Research 
Establishment Report AERE-c/R-1136, 1953 (unpublished) ; 
Cuninghame, Sizeland, and Willis, Atomic Energy Research 
Establishment Report AERE-c/R-2054 1957 (unpublished); R. 
G. Baker and L. Katz, Nucleonics 11, No. 2, 14 (1958). 

7C. E. Roos, Phys. Rev. 105, 931 (1957). 

®Way, King, McGinnis, and van Lieshout, Nuclear Level 
Schemes, A=40 to A=92, Atomic Energy Commission Report 
TID-5300 (U. S. Government Printing Office, Washington, D. C., 
1955). 

® Broyles, Thomas, and Haynes, Phys. Rev. 89, 715 (1953); 
P. R. Gray, Phys. Rev. 101, 1306 (1956). 

1 J). J. Hughes, Neutron Cross-Section (Pergamon Press, Inc., 
New York, 1957). 
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During accelerator runs the neutron flux is monitored 
continuously by means of a “long counter” for neutrons 
and an argon-flow proportional counter which observes 
a particles from the H*(d,n)He' reaction. The observed 
steadiness of the neutron yield (+5%) during the 
bombardments justifies the constant-flux assumption. 
At least three runs were made for every cross section 
determined with the exception of the Ti‘®(,p)Sc* 
value, which is based on only one run. 

In addition to the errors in absolute cross sections 
arising from the usual interpolations of the correction 
factors‘~* involved in absolute beta counting, there is an 
error introduced in those instances where a multi- 
component decay must be resolved into two or more 
activities with similar half-lives. This difficulty appeared 
in the titanium bombardments in which the Ti*’(n,p) 
cross section appeared to be smaller with enriched Ti” 
than with natural titanium owing to the difficulty of 
resolving 3.43-day Sc [arising from the Ti*’(,p) 
reaction ] and 4.8-day Ca“ [arising from the Ti®(n,a) 
reaction] from bombardments of natural titanium, 
from which these activities had low counting rates after 
the initial decay of 44-hour Sc‘*. By bombarding 
enriched Ti®, the Ti**(”,p) cross section was established 
unequivocally. 

The results and probable errors are listed in Tables 
I and II. 

A new activity having a half-life of 22+3 minutes 
was observed in bombardments of natural titanium 
and of enriched Ti®. Radiochemical separation demon- 
strated that it followed scandium chemistry." Since it 
was not observed from enriched Ti" or Ti* samples, we 
tentatively assign it to an isomer of Sc”. No activity 
having a 22-minute half-life is produced from known 
impurities” in the natural titanium. 

The 85-day half-life of Sc‘* from the Ti**(7,p) reaction 
was followed for more than 100 days. From its counting 
rate extrapolated to the end of bombardment (30 
counts/min above background), a rough estimate of 
the cross section was obtained (~520 mb). 


DISCUSSION 


The absolute cross sections for (”,p) reactions of 
Ti**, Tit’, Ti*8, and Ti*® show an interesting trend with 
mass number. The relative cross sections lie in a ratio, 
respectively, of 2.26:1:0.252:0.131. This agrees very 
well with the trend reported by Levkovskii,’ who 
determined relative (n,p) yields for Ti’, Ti’, and Ti* 
in the ratio, respectively, of 1:0.25:0.137. This trend, 
as well as a similar one for (,a@) reactions, has been 
interpreted by Levkovskii® to reflect a decreasing 


1 (to be published). 

12 Tmpurities in natural titanium foils consisted of 0.018% 
carbon, 0.05% iron, 0.01% nitrogen, and 0.007% hydrogen 
according to analyses supplied by American Silver Company, 
Flushing, New York. 

183V. N. Levkovskii, J. Exptl. Theoret. Phys. U.S.S.R. 31, 360 
(1956) ; 33, 1520 (1958) [translations: Soviet Phys. JETP 4, 291 
(1957); 6, 1174 (1958) ]. 
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Calculated 
cross section Ratio 
Jexp/Ceale 


Q-value 
(Mev) 


Literature 





AF*(n,p) Mg?” 9,460.02 min 53+ 5 


AP? (n,a) Na” 15.00+0.06 hours 
sc 
Sc? 
Sc“ 
Sc” 
oc” 
Son 
Ti! 


Ni® 


8542 days 
3.45+0.06 days 

44.0 +0.9 hours 

58+2 min 
1.80+0.20 min 

22+3 min 

(5.89 min) 
2.55+0.20 hours 


Ti*®(n,p) 
Ti‘? (n,p) 
Ti*®(n,p) 
Ti (n,p) 
Ti (n,p) 
Ti® (n,p) 
Ti®(n,y) 
Cu®(n,p) 
3.31+0.03 hours 


4.29+0.05 min 
(5.10 days) 


Pb 
T}26 
Biz 


Bi? (n, p) 
Bi? (na) 
Bi (n,y) 


*® Brown, Morrison, Muirhead, and Morton, Phil. Mag. 2, 785 (1957). 


§5+15* — 2.59» 0.44 
79+ 154 
52e 
87+ 7° 

120+15¢ 

116+ 8.18 


— 3.14! 0.26 
0.85 
1.20 
0.31 
0.29 


0.26 


—1.57 

+2.11' 
—3.21! 
—1.27 


—3.5! 


92.7¢ 


3.5=- 1.0! 
31 =t13! 
19 + 4m 


— 1.3* 5! 5.4 


0.043 19 
0.063 17 


—0.63" 
+974 


1.2 
1.45+ 0.15! 


b Neutron Cross Sections, compiled by D. J. Hughes and R. B. Schwartz, Brookhaven National Laboratory Report BNL-325 (Superintendent of Docu- 
ments, U. S. Government Printing Office, Washington, D. C., 1958), second edition. 


¢S. Yasumi, J. Phys. Soc. (Japan) 12, 443 (1957). 
4 Haling, Peck, and Eubank, Phys. Rev. 106, 971 (1957). 
e E. B. Paul and R. L. Clarke, Can. J. Phys. 31, 267 (1953). 


fA. H. Wapstra, Physica 21, 367 (1955); A. G. W. Cameron, Chalk River Laboratory Report CRP-690, 1957 (unpublished). 


« Grundl, Henkel, and Perkins, Phys. Rev. 109, 425 (1958). 


h The sum of the experimental (”,p) cross sections for both isomers of Sc has been compared with the theoretical value. 
i Perkin, O'Connor, and Coleman, Proc. Phys. Soc. (London) 72, 505 (1958). 


i R.S. Scalan and R. W. Fink, Nuclear Phys. (to be published). 
kG. Brown and H. Muirhead, Phil. Mag. 2, 473 (1957). 


1 The sum of the direct interaction cross section (30 mb) and the compound nucleus cross section (5 mb) as calculated by Brown and Muirhead gives 


ratio Gexp/doale =0.74. 
mS. G. Forbes, Phys. Rev. 88, 1309 (1953). 
2 L. J. Lidofsky, Revs. Modern Phys. 29, 773 (1957). 
© J. R. Huizenga, Physica 21, 410 (1955). 


probability for emission of a proton from an excited 
nucleus with decreasing concentration of protons in the 
nucleus. If this hypothesis be a valid one, then (,2n) 
cross sections should show an increase with increasing A 
at constant Z. Existing data on 14-Mev cross sections 
indicate that this trend generally is followed throughout 
the periodic table, but is especially marked in the 
low-Z and middle-Z regions. 

In the case of bismuth, the (,a) cross section is about 
the same in magnitude as the (”,p), and both values are 
a bit less than 20 times larger than predicted from the 
continuum theory of a compound nucleus (see Table I). 
However, the theoretical results were obtained from 
the averaged level density formula given in the next 


section, so that the effect of the closed shells (Z=82, 
N=126) which causes an anomalous decrease in the 
level density and hence a decrease in the calculated 
cross sections has not been taken into account. Thus, 
the deviations between theory and experiment for the 
(n,v) and (n,p) cross sections of bismuth in Table I 
really are minimal values; the true disagreements very 
likely are larger. 

One thinks that the large (,p) cross section of 
bismuth might be explained, at least qualitatively, by 
direct interaction of the incoming neutron with the 
83rd proton, one above the closed proton shell. Brown 
and Muirhead" predict a value of about 0.5 mb in the 
region of bismuth on the assumption, however, that 


TABLE IT. Absolute (”,2n) cross section measurements; comparison with previous data and with theory at 14.8 Mev. 


Measured cross section 
(millibarns) 


Present work 


50.44 8.0 


Measured half-life 


Reaction 
Ti*®(n,2n) Ti*® 3.06+0.08 hours 27.98 


Cu®(n,2n)Cu™ 12.85+0.05 hours 954 +130 9354 


1000+ 100° 


Literature 


Calculated 
‘ross 
4 section 


€< a 
(Mev) (Mev) (Mev) €c/8 (mb) 
i 1.0¢ 3.84 0.312 54 
ie 3.52 0.341 64 
2.75 1.67 095 
2.82 1.63 675 


O-Value 
(Mev) 


— 10.30" 


9 79» 


4.6 


®L. A. Rayburn, Bull. Am. Phys. Soc. Ser. IT, 3, 337 (1958); Ser. II, 3, 365 (1958). 
b A. H. Wapstra, Physica 21, 367 (1955); A. G. W. Cameron, Chalk River Laboratory Report CRP-690, 1957 (unpublished). 
¢ Feld, Feshbach, Goldberger, Goldstein, and Weisskopf, Atomic Energy Commission Report N YO-636, 1951 (unpublished). 


4 J. Heidman and H. A. Bethe, Phys. Rev. 84, 274 (1951). 


¢ Neutron Cross Sections, compiled by D. J. Hughes and J. A. Harvey, Brookhaven National Laboratory Report BNL-325 (Superintendent of Documents, 


J}. S. Government Printing Office, Washington, D. C., 1955). 


~ 4G, Brown and H. Muirhead, Phil. Mag. 2, 473 (1957). 
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direct nucleon-nucleon interactions occur throughout 
the nuclear volume rather than primarily with nucleons 
outside of a closed shell. That the (”,a) cross section of 
bismuth is so large and of the same magnitude as the 
(n,p) is interesting in that one does not readily imagine 
a simple mechanism for a direct interaction process for 
ejection of an alpha particle from bismuth. However, 
Wilkinson'’® has summarized the evidence for the 
existence of a tendency for the region of low density 
in the nuclear surface to be relatively rich in nucleon 
clusters such as alpha particles owing to the lower 
average binding energies extant in the diffuse surface. 
The existence of such performed alpha-particle clusters 
could explain the large (n,a) cross sections and the 
evidence for direct interaction production of alpha 
particles in (p,a) reactions.'® Such nucleon clusters 
would also explain the fact that a large measure of 
preformed alpha particles in the surface of heavy 
nuclei must be assumed in order to account for the 
emission rate of alpha radioactive decay.!” Another 
factor which would enhance the cross sections for alpha 
emission in (p,a) and (n,a) reactions is the larger 
penetrability arising from the diffuse potential at the 
nuclear surface. 


THEORETICAL COMPUTATIONS 


Theoretical estimates of the (”,p) and (,a) cross 
sections have been made using the continuum theory 


of the compound nucleus as outlined by Blatt and 
Weisskopf.'* Level densities were computed from the 
formula,!® 


wx) =C exp[2(aE)*], 


where the values of the constants C and a were taken 
from the work of Feld, Feshbach, Goldberger, Gold- 
stein, and Weisskopf."” In determining C it was 
assumed" that 


1 2Ceven-even = 2.4Ceven-odd = 2.4Codd-even = Codd-odd. 


15 TD). H. Wilkinson, Phil. Mag. 4, 215 (1959). 

16 P. E. Hodgson, Nuclear Phys. 8, 1 (1958); C. B. Fulmer and 
B. L. Cohen, Phys. Rev. 112, 1672 (1958). 

177, Perlman and J. O. Rasmussen, /andbuch der Physik, edited 
by S. F. Fliigge (Springer-Verlag, Berlin, 1957), Vol. 42, p. 109. 

18 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, Inc., New York, 1952). 

19Feld, Feshbach, Goldberger, Goldstein, and Weisskopf, 
Atomic Energy Commission Report NYO-636, 1951 (unpublished). 
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FINK 


The computations have been carried out with ro 
= 1.3 10-* cm and a= 12.2 for bismuth” and a=1 for 
titanium.” The latter value is in agreement with that 
given by the semiempirical formula a=0.035(A —12) 
Mev of Heidman and Bethe.” The Q-values were 
obtained from total beta disintegration energies,”! 
atomic mass tables based on experimental data,” or 
atomic mass tables computed from a semiempirical 
formula.” 

Results of these theoretical computations are given 
in Table I for comparison with the experimental data. 

In the case of (n,2n) reactions, theoretical estimates 
have been computed from the formula given by Blatt 
and Weisskopf'* on the assumption that neutron 
emission becomes predominant as soon as it becomes 
energetically possible. The threshold energies were 
taken from Segré.** The results are compared with our 
experimental values in Table II, in which e, is the 
maximum emission energy of the second neutron in the 
(n,2n) reaction and is equal to the difference between 
the energy of the incoming projectile and the threshold 
energy” for the reaction, a is a constant in the level 
density formula, and @ is the nuclear temperature. It 
can be seen from Table II that the theoretical estimates 
for the (,2m) cross sections of copper and titanium 
agree well with the experimental values. 


ACKNOWLEDGMENTS 


We are indebted to Mr. Jack Wray for operation of 
the accelerator during the bombardments. We are 
indebted to Dr. J. Cunningham for anion exchange 
separation of the 22-minute scandium activity from 
titanium targets. One of us (A.P.) wishes to acknowl- 
edge a U. S. Government Fulbright Award under the 
International Educational Exchange Program (1956- 
1957) and scholarship assistance from the Arkansas 
Foundation for the International Exchange of Students. 


20 J. Heidman and H. A. Bethe, Phys. Rev. 84, 274 (1951). 

211. J. Lidofsky, Revs. Modern Phys. 29, 773 (1957). 

22 A. H. Wapstra, Physica 21, 367 (1955); A. G. W. Cameron, 
Chalk River Laboratory Report CRP-690, 1957 (unpublished) ; 
J. R. Huizenga, Physica 21, 410 (1955). 

23N. Metropolis and G. Reitwiesner, Atomic Energy Com- 
mission Report NP-1980, 1950 (unpublished). 

*4E. Segre, Experimental Nuclear Physics (John Wiley & Sons, 
Inc., New York, 1953), Vol. 2, p. 350. 





PHYSICAL REVIEW VOLUME 


115, 


NUMBER 4 AUGUST 15, 1939 


Angular Distributions of Proton Groups from the Al’’(n,p)Mg’’ Reaction at 14 Mev* 


O. E. OverseETH, JR.,f AND R. A. PECK, JR. 
Brown University, Providence, Rhode Island 


(Received March 18, 1959) 


A study has been made of the high-energy proton groups from the Al?”(m,p)Mg*’ reaction at 14 Mev 
with emulsion detectors, continuous survey being made in the interval 10°-70° (lab system). Proton groups 
corresponding to the residual Mg?’ nucleus left in the ground state and at excitations of 1.0, 1.6, 2.1, 2.8, 
and 3.5 Mev are identified. Several of these groups are characterized by a pronounced peaking in forward 
directions characteristic of direct interaction processes. The protons leading to the ground-state form a 
peak in the vicinity of 30°, those to the 1.0-Mev level at 36°, and those to the 1.6-Mev level at about 50°. 
The 3.5-Mev group is not resolved from known close-lying levels and the cluster exhibits an isotropic 
distribution. The 2.1-Mev and 2.8-Mev groups, corresponding to no previously reported levels in Mg’, 
also display an isotropic distribution and probably represent several unresolved levels. The three lowest- 
lying levels shown. approximate fits to theoretical curves consistent with reactions proceeding either by 


direct collision or by excitation of collective modes. 


INTRODUCTION 


EASUREMENTS made in the past few years on 
nuclear reactions at intermediate energies have 
indicated serious discrepancies with the predictions of 
the statistical model of nuclear reactions.! In particular, 
angular distribution measurements of inelastically scat- 
tered protons,’ neutrons,’ deuterons,‘ and alpha parti- 
cles® leading to low-lying levels have generally shown 
strong peaking in the forward directions. It has been 
proposed that such reactions proceed in part by either 
a direct collision of the incoming nucleon with a nucleon 
of the target nucleus,® or by excitation of rotational 
collective modes of the target nucleus.’ 

Recent studies of (”,p) reactions at 14 Mev have also 
indicated that a non-compound-nucleus mechanism is 
operative in these reactions. Such evidence has come 
from measurements of cross sections,® excitation func- 
tions,’ energy spectra,’’’ and angular distributions for 
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gross portions of the spectrum.'?~!° Perhaps the strongest 
indication of direct interaction behavior has come from 
the angular distribution studies where it generally ap- 
pears that the high-energy protons emitted are charac- 
terized by a forward peaking. However, no work has 
appeared giving quantitative information about the dis- 
tribution of these protons associated with a single final 
state of the residual nucleus. The present experiment 
is an attempt to gain some information on the mecha- 
nisms involved in (”,p) reactions at intermediate ener- 
gies by studying the angular distributions of the high- 
energy protons emitted in the forward directions from 
the Al??(n,p)Mg*’ reaction induced by 14-Mev neutrons. 
The measurements are confined to approximately the 
first 4 Mev of excitation of the residual nucleus and to 
angles less than about 70° (lab system). 

The Q value for the reaction is —1.811 Mev,'® and 
levels in Mg?’ at 0.99, 3.50, 3.56, 3.76, and 4.13 Mev 
have been established from Mg**(d,p)Mg®’ reaction 
studies.!? Most proton spectra published ""*-° for the 
Al" (n,p)Mg?’ reaction have been confined to residual 
excitations above 4 Mev, but examination of the low- 
excitation portion of the spectrum" has shown that the 
low-lying levels can be identified by the corresponding 
proton groups. In the latter study the level at 1.0 Mev 
and a cluster at 3.5 Mev were confirmed ,and a level at 
1.6 Mev reported. The protons from these groups were 
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Fic. 1. Experimental arrangement of the second exposure. 


observed to have a greater yield in the forward than in 
the backward hemisphere, as has also been reported to 
be the case for the higher energy protons from gross 
portions of the spectrum not associated with resolvable 
levels. 

EXPERIMENT 


Neutrons were produced by bombardment of a triti- 
ated zirconium foil with 175-kev deuterons in a Cock- 
croft-Walton accelerator.'* The energy profile of the 
neutron beam was determined by emulsions to have a 
leading edge at 14.1 Mev and to have a half-width of 
about 0.6 Mev. The target was commercial aluminum 
foil, 99.45% pure, and 4.7 mg/cm? thick which is equi- 
valent to an energy loss of 0.14-0.19 Mev for proton 
energies corresponding to 0 to 4 Mev excitation. Ilford 
C2 emulsions 400 microns thick were employed as de- 
tectors and processed by a two-solution temperature- 
controlled method.” 

Since the cross section for any proton group was ex- 
pected to be of the order of millibarns or less, an extreme 
form of “poor geometry” was adopted. However, be- 
cause of the geometrical information implicit in a proton 
track, the disadvantage of poor geometry can be re- 
moved analytically in the processing of the data. Two 
exposures are represented in the final data, the first in 
the geometry of reference 12, and the second in that of 
Fig. 1. The two arrangements are qualitatively similar, 
the second involving the higher recording efficiency, 

ian A. Peck, Jr. and H. P. Eubank, Rev. Sci. Instr. 26, 441 
(1955). 


wy, C. Allred and A. H. Armstrong, Los Alamos Scientific 
Laboratory Report LA-1510, 1951 (unpublished). 
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particularly for the smaller angles. In each arrangement 
two plates were used, their emulsions normal to the 
target plane, and close to it. An evacuated chamber 
containing the plates, target, and target backing, was 
positioned close to the neutron source with no collima- 
tion of the neutron beam attempted. In Run I, the 
target was 2 in.X2 in., supported on lead, 20 cm from 
the neutron source, and 4.6 cm from the near edge of the 
plates; in Run II, the target was 1 in.X3 in. (the larger 
dimension parallel to the emulsion surface), supported 
on gold, 5 cm from the neutron source, and 3 cm from 
the plates. The exposures were to 5.6 108 and 2.1 10° 
neutrons/cm’, respectively, determined by emulsion re- 
coil measurements and checked by a calibrated BF; 
long counter. Bombardment times, and hence the num- 
ber of reaction prétons recorded in the emulsions, were 
limited by the density of recoil proton tracks in the 
emulsion volume caused by the incident neutron beam 
which made the emulsions unreadable. The two ex- 
posures contributed roughly equal number of tracks to 
the final data set as different areas were scanned ; sepa- 
rate background exposures were made for the two cases. 
Symmetrical areas were read on the two plates in each 
exposure. 

Tracks were measured with a Zeiss W microscope 
using oil immersion and 1000X magnification. Selection 
criteria were designed to select tracks originating at the 
emulsion surface, terminating within the emulsion, 
oriented within the solid angle defined by the aluminum 
target, and falling in the energy range 7 to 13 Mev. 
These energy limits allow a generous latitude for the 
unbiased recording of protons reflecting the first 5 Mev 
of excitation while excluding any contributions from 
(n,np), (n,d), and (n,a) reactions in the target. The 
angular limits were reduced in analysis to exclude pro- 
tons ostensibly originating in the outermost §-in. strip 
of the target. The criterion that the proton track start 
at the surface of the emulsion was applied in the strictest 
possible sense in order to discriminate against any recoil 
protons originating near the surface. In the application 
of this criterion many bona fide reaction protons were 
undoubtedly rejected as recoils through failure to cause 
grain development at the resolvable surface of the emul- 
sion. As a result this experiment can only give informa- 
tion on minimum values of the reaction cross sections. 
However, this rejection of some of the reaction proton 
tracks introduces no systematic bias in the angular dis- 
tributions. Much of the area scanned was studied twice 
to check reproducibility in the location, acceptance, and 
measurements of tracks; it was found that angles were 
reproduced to within 1° and energies to within 0.1 Mev. 
A total emulsion area of 21.8 cm? was scanned yielding 
over 1600 measured tracks, of which 650 survived all 
final screening and fell within the excitation range (0.0 
to 4.3 Mev) of interest. On the average about one hour 
was devoted to the location and measurement of each 
acceptable track. 





ANGULAR 


ANALYSIS 


From the measurements on each accepted track the 
following quantities were computed: local emulsion 
shrinkage factor, full emulsion range, proton energy,” 
point of origin in the target plane, space angle between 
neutron and proton directions, and the Q value of 
the proton. The calculations were performed on an 
IBM-605 card-punch computer, and required approxi- 
mately 20 seconds per track. In this analysis the neu- 
trons were assumed to be emitted from a point source 
at the center of the tritium-zirconium button where 
previous studies showed that the deuteron beam was 
well concentrated due to collimation and focusing. The 
calculated target points at which the reactions occurred 
were plotted and for both exposures gave a uniform 
scatter diagram within the imposed target limits, indi- 
cating the absence of strong contributions from any 
nonuniform target contamination, and of any effective 
directional bias in the microscopic analysis. Background 
contributions evaluated from the background exposures 
were found to be negligible except for energies corre- 
sponding to Q>—1.7 Mev, a region irrelevant to the 
analysis of the reaction. 

As a check on the efficacy of the microscopic dis- 
crimination against recoil protons originating in the top 
micron or so of the emulsion, the full set of proton data 
were separated analytically into two groups, according 
to whether or not they energetically could represent 
such recoils within the full latitude permitted by the 
observed energy width of the primary neutron beam 
and the maximum possible extension of the source of 
neutrons. Separate plots of these groups as total spectra 
showed essentially the same peak positions and peak-to- 
valley ratios except near the ground-state peak where 
there exists the possibility of some contribution of back- 
ground recoil protons. 

In the geometry employed, the recording efficiency of 
the emulsions is angle dependent in a manner itself de- 
pendent on the extent and location of emulsion area 
scanned. The angular bias function (fraction of all pro- 
tons emitted from the target at a given reaction angle 
which are detected in the portion of the emulsion 
scanned) was computed by numerical analysis based 
on sixty uniformly distributed target loci for each ex- 
posure. This correction function varies by less than a 
factor of two over the range 3° to 50° for the first ex- 
posure, and 4° to 62° for the second, and should be 
quantitatively reliable over larger angular range. All 
angular distributions displayed here have been corrected 
for this detector anisotropy. Moreover, all distributions 
shown represent the combination of results of the two 
runs, each track being appropriately weighted according 
to the efficiency of the detector at the particular reaction 
angle of the track for the particular run. Results of the 
two runs were analyzed separately and the similarity 


°° The range-energy tables given in Appendix A of reference 19 
were used. 
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Fic. 2. Proton energy distribution as a function of excitation. 
The arrows mark the energies corresponding to previously reported 
levels of Mg?’, and the vicinity of the ground state is shown with 
smaller energy intervals as an insert. For reasons discussed in the 
text all experimental cross sections reported here are to be re- 
garded as minimum values. 


of distribution argues favorably for the reproducibility 
of the experiment. 


RESULTS 


The total spectrum of acceptable tracks, integrated 
over angles from 5° to 70°, is presented in Fig. 2, with 
the vicinity of the ground state also being shown with 
smaller energy intervals as an insert. The proton energy 
dependence on reaction angle has been removed by 
plotting the tracks as a function of their Q value. The 
corresponding excitation energy of the residual Mg?’ 
nucleus is also indicated on the abscissa. Arrows mark 
the energies corresponding to excitations of known levels 
(0.00, 0.99, 1.60, 3.50, 3.56, 3.76, and 4.13 Mev). Corre- 
sponding proton groups appear to be as well defined as 
can be expected with these separations and the known 
energy spread in the primary neutron beam (0.6 Mev 
at half maximum), and these groups are in satisfactory 
agreement with the known levels of Mg.”’ Groups corre- 
sponding to excitations at 1.0, 1.6, 3.5, and 4.1 Mev are 
quite reasonably marked, and the fine-structure spec- 
trum shows fair evidence of a ground-state contribution, 
presumably superimposed on recoil contamination. 

Two additional groups appear quite strongly at 
excitations around 2.1 and 2.8 Mev, corresponding 
to no previously reported levels, although Haling’s 
Al(n,p)Mg?’ spectrum" suggests the possibility of 
further structure between the 1.6- and 3.5-Mev groups 
in view of the anomalous width of the 1.6-Mev group. 
The Mg?*(d,p)Mg?’ investigations” tended to be ob- 
scured in this excitation region due to strong proton 
contributions from (d,p) reactions in the oxygen to the 
MgO targets and in a target contaminate attributed 
to carbon. 

Although both resolution and statistics are limited, 
the definition of these groups appears adequate for the 
identification of protons associated with specific final 
states of Mg?’, and the angular distributions (in the lab 
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Fic. 3. Angular distribution of protons leading to the ground 


state. All angles in Figs. 3 through 7 are in the laboratory system. 
The solid curve is j2*(KR) for R=7.4X10~ cm. 








system) of several of these groups are displayed in 
Figs. 3-6. Protons for these distributions were selected 
within energy limits chosen to exclude the region of 
confusion between adjacent groups, and the data have 
been combined in 5° intervals for the graphical presenta- 
tion. The angular distribution of all protons in the 
energy interval studied is given in Fig. 7. 

The angular distributions for the ground and 1-Mev 
level are characterized by a distinct peaking in the 
vicinity of 30° and 36°, respectively. Although there is 
the possibility of recoil contamination in the group state 
group, this group exhibits the clearest peak. The distri- 
bution for the 1.6-Mev group has a less well-defined 
maximum, but appears to peak in the vicinity of 50°. 
With the decreased level spacings expected at higher 
excitations and the limited resolution of this experiment, 
it is quite possible that some of the protons in this 
interval represent transitions to nearby levels. The dis- 
tributions for the 2.1-, 2.8-, and 3.5-Mev groups are not 
characterized by any peaking, and appear essentially 
isotropic. As an example of the type of distribution re- 
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Fic. 4. Angular distribution of protons leading to the 1-Mev 
level. The solid curve is j°(KR) for R=6.5X10-* cm. 
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sulting for these groups, the angular distribution for the 
3.5-Mev group is presented in Fig. 6. This group is 
assumed to contain protons corresponding to transitions 
to several close lying unresolvable levels, and it is quite 
possible that this is also the case for the 2.1- and 2.8-Mev 
groups. The distribution for all protons in the energy 
interval studied is characterized by isotropy for angles 
greater than 30° with a decreasing cross section in the 
extreme forward directions. 

A summary of the experimental results is presented 
in Table I. It has already been noted that due to the 
particular stringency of screening procedures adopted 
the experimental cross sections resulting from this study 
must be regarded as minimum values for the reaction, 
and it is estimated that they may easily be too low by 
a factor of two. 

The uncertainty in the relative cross sections for the 
groups due to statistical probable errors are generally of 
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Fic. 5. Angular distribution for protons leading 
to the 1.6-Mev level. 


the order of 10%. The vertical error flags in the angular 
distributions are statistical probable errors, and the un- 
certainty in the angle determinations is the result of the 
point-source approximation for the neutron source. This 
latter approximation can introduce a maximum un- 
certainty of 0.2 Mev for the Q value of any measured 
track. 
DISCUSSION 


The angular distributions of the protons associated 
with the three lowest lying levels give strong evidence 
that the (”,p) reaction leading to these states has pro- 
ceeded by a direct interaction mechanism. These dis- 
tributions are characterized by a pronounced peaking in 
the forward directions, with the angle of peaking in- 
creasing with the excitation of the level as might be 
expected of a direct collision process. Moreover, the 
cross section for the protons associated with the first 
4 Mev of excitation has been found to be at least an 
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order of magnitude greater than the statistical theory 
would predict. 

The theory of direct interaction processes as proposed 
by Austern, Butler, and McManus’ predicts that the 
angular distributions for the high-energy proton groups 
should be given by 77(KR), where K is the absolute 
value of the momentum transfer vector, R is the inter- 
action radius, and the parameter / characterizing the 
distribution is limited by the shell model selection rule, 
for this case, to 1,+/,2/2 |l,—1,| where / must be 
even if there is no change of parity, and odd if there is. 
The derivation of this form for the distribution is based 
on the assumptions (1) that a single collision between 
the incident nucleon and one of the target nucleons 
occurs in a region near the surface of the nucleus, and 
(2) that the incident and outgoing particles may be 
represented by plane waves. Although the validity of 
these assumptions is open to question in the reaction 
under consideration, the distributions determined in this 
experiment appear to show rough fits to a distribution 
of this type. 

From the Butler theory it is expected that the angular 
distribution for the ground state should be given by 


TABLE I. Summary of experimental results. 


Level (Mev) 





Angular distribution 


Maximum at 30° (lab) 
Maximum at 36° 
Maximum at 50° 
Isotropic 

Isotropic 

Isotropic 

Isotropic for 6>30° 


@min (mb) 








Ground state 





j2(KR). The spins of the Al’? and Mg?’ ground states 
have been measured to be 3 and 3, respectively, each 
with positive parity.!® According to the shell model the 
emitted proton can be expected to come from a dy shell 
and the captured neutron to enter an s; orbit, in which 
case the selection rule allows only /= 2. The distribution 
for the ground state gives a fairly satisfactory fit (see 
Fig. 3) to j:?, but requires the unorthodox radius of 
7.4X 10-8 cm. The distribution can also be fit with the 
1=1 curve for the more plausible radius of 4.7 10-% cm, 
but since no change in parity is involved, / must be 
even and /=1 rejected. That such a large interaction 
radius must be used to fit the data to the theoretical 
curve means that the experimental distribution peaks 
at a smaller angle than the Butler theory would predict. 
Similar behavior has also been found to be the case in 
some (p,p’) scattering, where it has been found that the 
experimental data can be successfully accounted for by 
a distorted-wave calculation.” The results of such calcu- 
lations, in which the influence of the nuclear and Cou- 
lombic potentials on the incoming and outgoing waves 

21.C, A. Levinson and M. K. Banerjee, Ann. Phys. 2, 471 (1957); 
iso S. Yoshida, Proc. Phys. Soc. (London) A69, 668 
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Fic.6. Angular distribution for protons leading 
to levels around 3.5 Mev. 


are considered, generally appear to shift the angles of 
peaking to smaller values.” Thus, the possibility exists 
that the experimental distribution found here may re- 
flect the inadequacy of the plane-wave approximation 
in the Butler theory. However, as has already been 
pointed out, the ground-state group may contain back- 
ground contribution from recoil protons which would 
accentuate smaller angles. The Q interval was chosen 
to discriminate against this background, and the clean 
peaking of the angular distribution argues for its success; 
still the possibility exists that the peaking of the experi- 
mental curve at smaller angles than the Butler theory 
predicts may result from a background contribution. 
The angular distribution for the 1.0-Mev group can 
also be best fit by the 2” curve (see Fig. 4), requiring a 
radius of 6.5 10-8 cm, where, as with the ground state, 
the radius has been determined by matching the maxima. 
The distribution for the 1.6-Mev group has a less well- 
defined maximum, but if we take the maximum as oc- 
curring at 50°, the maximum of the theoretical curve for 
1=1 could only be matched using a radius of 3.3 10-" 
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Fic. 7. Angular distribution of all protons corresponding 
to the first 4.9 Mev of excitation. 
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” For example, distorted-wave calculations by K. W. Ford and 
N. K. Glendenning (private communication) for the (n,n’) re- 
action in light elements at intermediate energies result in /=2 
curves peaking at 0°. 
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cm, and the /=2 curve fitted using a radius of 5.3 10-" 
cm. Hence it would appear that this distribution might 
also be best fitted by the /=2 curve. Although this 
region of the periodic table has not been very thoroughly 
studied in terms of the shell model, it appears that such 
assignments are not inconsistent with it. In contrast 
with the three lowest-lying levels, the angular distribu- 
tions for the 2.1-, 2.8-, and 3.5-Mev groups are not 
characterized by any particular peaking. This may be 
expected for the 3.5-Mev group which is known to con- 
sist of protons corresponding to several close-lying un- 
resolvable levels each having a different configuration. 
Since the distributions of the 2.1- and 2.8-Mev groups 
also show no particular peaking this may be regarded 
as an indication that these groups also may consist of 
two or more levels not resolved in this experiment. 

Recently several nuclei in the vicinity of A=27 have 
been examined on the basis of the Bohr-Mottelson col- 
lective model. In particular, the known level structures 
of Mg®® and Al**,?8 and Al’*,4 have been accounted for 
by this model. Accordingly, the possibility that a direct 
interaction has proceeded by an excitation of rotational 
collective modes must be considered for this reaction. 
This theory’ predicts that to first order in the deforma- 

%H. E. Gove, Proceedings of the University of Pittsburgh Con- 
ference on Nuclear Structure, 1957, edited by S. Meshkov (Uni- 
versity of Pittsburgh and Office of Ordnance Research, U. S. 
Army, 1957). 

* R. K. Sheline, Nuclear Phys. 2, 382 (1956). 
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tion parameter, such a collective behavior results in 
angular distributions given by j:2(KR). The results 
of this experiment are entirely consistent with this 
prediction. 

The only other angular distribution available for 
comparison with the results of this experiment is the 
distribution given for this reaction at 13.2 Mev by the 
Glasgow group'® for all protons in the energy range 
Q=-—1.7 to —6.2 Mev. The two distributions are con- 
sistent for angles greater than 30°, but disagree at the 
extreme forward directions. The Glasgow determination 
shows a rising differential cross section at the extreme 
forward angles (points at 20° and 10°) to a maximum 
of roughly twice the isotropic value, while the present 
observation shows the opposite behavior forward of 30°. 
The basis of this discrepancy is not clear. 


ACKNOWLEDGMENTS 


We are indebted to Dr. H. P. Eubank for extensive 
assistance in conducting this experiment and would also 
like to acknowledge the assistance of the staff of the 
Brown University Computer Laboratory in the pro- 
gramming and running of the data processing calcula- 
tions. One of us (O. E. O.) would also like to thank 
Dr. C. A. Levinson for many informative conversations 
on the theory of direct interaction processes, and to 
acknowledge the Ohio Oil Fellowship held in 1956-1957. 





PHYSICAL REVIEW VOLUME 


115, 


NUMBER 4 AUGUST 15, 1959 
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Differential cross sections have been measured for the elastic scattering of 14-Mev neutrons by Al, S, Ti, 
and Co over the angular range from 10 to 138 degrees using a ring geometry and a plastic scintillator as 
detector. The experimental results are essentially in agreement with the optical model calculations of 


Bjorklund and Fernbach. 


INTRODUCTION 


HE optical model! has been used for several years 
to explain various nuclear interactions. A most 
striking result was the qualitative interpretation of 
the experimental data for total neutron cross sections 
by Feshbach, Porter, and Weisskopf.? The quantitative 
fitting of the experimental data was later considerably 
improved by the introduction of a diffuse-surface 
optical model with a rounded well potential.’ For 
14-Mev neutron elastic scattering, it appears that the 
best fits so far are obtained by Bjorklund and Fernbach* 
using a rounded well potential to which is added a 
spin-orbit term 
The elastic scattering of neutrons at 14 Mev is 
particularly interesting in that the scattering is 
essentially all shape elastic, the decay of the nucleus 
through the compound elastic channel being relatively 
improbable. The absence of Coulomb interaction is 
also a simplifying factor. In recent years, precise 
measurements of differential elastic scattering cross 
sections for several neutron energies and for various 
elements have been reported by many investigators.°~* 
The present work was undertaken with the purpose of 
extending the experimental data at 14 Mev. 


APPARATUS 


Figure 1 shows schematically the experimental 
arrangement. The scattering angle @ is varied by using 


t Assisted by the Atomic Energy Control Board of Canada. 
This paper contains material submitted by the first-named author 
in partial fulfillment of the requirements for the Ph.D. degree at 
the Université de Montréal. 

* Present address: Canadian Armaments Research and Develop- 
ment Establishment, Valcartier, Province of Quebec, Canada. 

t On leave from the University of Delhi, Delhi, India. Present 
address: University of Delhi. 

1R. Serber, Phys. Rev. 72, 1114 (1947); Fernbach, Serber, and 
Taylor, Phys. Rev. 75, 1352 (1949). 

2 Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 

3 Melkanoff, Nodvik, Saxon, and Woods, Phys. Rev. 106, 793 
(1957). 

4F, Bjorklund and S. Fernbach, Phys. Rev. 109, 1295 (1958) ; 
University of California Radiation Laboratory Report UCRL- 
4296, 1957; also private communication. 

5 Donald J. Hughes and Robert S. Carter, Brookhaven National 
Laboratory Report BNL-400, June 1956 (unpublished). 
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250 (1958). 

7 Anderson, Gardner, Nakada, and Wong, Phys. Rev. 110, 160 
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8 J. O. Elliot, Phys. Rev. 101, 684 (1956). 
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(1958). 


6, 210 


rings of various sizes, by sliding the rings along the 
axis of symmetry, and by changing the target-detector 
distance. The rings have a #-in. by #-in. cross section 
and their mean diameters are 3 in., 5 in., and 7 in. The 
target-detector distance is varied from 45 to 80 cm. 
In this way, @ can be varied from 10 to 138 degrees. 
A shadow bar of brass or of Mallory 1000 Metal!® is 
used to shield the detector from the direct beam. Its 
length can be varied so as to provide maximum attenu- 
ation without obstructing the scattering geometry. 

Neutrons are produced by the T(d,z)He* reaction 
using a 30-microampere unanalyzed deuteron beam 
from a high-frequency 500-kilovolt Cockcroft-Walton 
accelerator.'' The total neutron flux is about 3X 10° 
neutrons/second. 

The axis of symmetry for the scattering geometry is 
at 100° to the deuteron beam. At this angle, the 
neutron energy is approximately independent of the 
incident deuteron energy and has a mean value of 
14.0 Mev. The energy and the flux of the neutrons 
incident on different portions of the ring vary some- 
what, but since the angle 6; is always less than 11 
degrees, the maximum spread in neutron energy is 
+300 kev. As regards the asymmetry of the neutron 
flux, it was found by moving the detector by 11 degrees 
on both sides of the axis of symmetry that the average 
flux of neutrons arriving at the ring does not differ by 
more than 1% from the neutron flux along the axis 
of symmetry. 

The detector is a type NE 101” plastic cylinder, 


EUTERON BEAM 











RING SCATTERER 


Fic. 1. The scattering geometry, showing the relative positions of 
neutron source, ring scatterer, shadow bar, and neutron detector. 

Mallory 1000 Metal is 90% tungsten, 6% nickel, and 4% 
copper. It is obtained from P. R. Mallory Company Incorporated, 
Indianapolis, Indiana. 

1 Lorrain, Béique, Gilmore, Girard, Breton, and Piché, Can. J. 
Phys. 35, 299 (1957). 

® Nuclear Enterprises Ltd, Winnipeg, Canada. 
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Fic. 2. The sensitivity of the scintillation detector as a function 
of 62. The maximum value of 62 which was used in the experiments 
illustrated in Fig. 1 was 128 degrees. 


1 cm in diameter and 1 cm long. The small size of the 
detector not only permits good angular resolution, but 
also permits discrimination against gamma rays from 
inelastic scattering. The neutron counting system 
involves integral pulse-height selection with a threshold 
set at a proton energy of 10.2+0.4 Mev. This threshold 
is high enough to suppress the gamma rays, as was 
verified by determining the pulse-height spectra for the 
6 Mev gammas from F'*(p,a)O'™* at the 340-kev 
resonance and for the 14.8- and 17.6-Mev gammas 
from Li’(p,y)Be® at the 440-kev resonance. In each 
case the end point of the spectrum was well below the 
selected bias. Coon et al.6 have shown that, under 
such conditions, the effect of gamma rays on the elastic 
scattering measurements is negligible. 

With the present method of measurement, it is not 
possible to discriminate completely against inelastically 
scattered neutrons. Those involving low-lying levels in 
the scattering nuclei may have an energy above the 
10.2-Mev threshold and thus contribute to the apparent 
experimental elastic cross sections. A higher bias could 
have reduced this contribution, but then the error in 
the energy sensitivity correction would have become 
important. The statistical errors also increase as the 
scattered neutron counting rate decreases. An estimate 
of the contribution of the inelastically scattered 
neutrons will be given in more detail below. 

The relative angular sensitivity A (62) of the detector 
is the ratio of the counting rate when the detector is 
oriented with its axis of symmetry at an angle 62 with 
respect to the incident neutrons, to the counting rate 
with the neutrons entering along its axis. Figure 2 
shows A(62) for a 10.2-Mev threshold. The curve is 
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not affected by a +1.0-Mev change in the detector 
threshold. 

The neutron flux is monitored by a Hornyak"® 
detector using ZnS in Lucite as scintillator. The 
monitor is placed at 100 degrees to the direction of the 
deuteron beam so as to avoid any fluctuation in the 
monitored neutron energy which could arise from a 
variation of the deuteron beam energy. 


CALCULATIONS 


The differential elastic cross sections are calculated 
from the experimentally determined scattering ratios, 
the scattering ratio being defined as the intensity of 
the elastically scattered beam divided by the intensity 
of the direct beam, both intensities being measured 
with the detector at the same position. The scattering 
ratio is obtained by counting under three sets of 
conditions: V.s=counts with ring scatterer and shadow 
bar in position, Vg=counts with scatterer removed, 
Np=counts with both scatterer and shadow bar 
removed. The scattering ratio is then defined as 


S=(Ns—Np)/(No—Nz). (1) 


Differential cross sections are then evaluated from 
the expression 


Fol (6) ssi 


SR? csc*O exp(onend) 


(2) 





nV 


A(6)e(E’) J" 


where R is the mean radius and d the thickness of the 
ring, ~V is the number of scattering nuclei, ope is the 
nonelastic scattering cross section, A (62) and e(£’) are 
detector sensitivity correction factors, and J is a 
correction factor for the angular resolution effects. 

The relative energy sensitivity e(£’) is introduced 
to account for the nonuniform efficiency of the detector 
to neutrons of different energies. This is required 
because neutrons elastically scattered at any angle 
other than zero degrees lose energy to the recoiling 
residual nucleus. This factor can be calculated very 
simply by assuming that (a) the top of the recoil 
proton spectrum is proportional to the energy of the 
incident neutrons; (b) the shape of the recoil proton 
spectrum is independent of the neutron energy over a 
small energy range; (c) the broadening of the recoil 
proton spectrum due to the angular spread, and hence 
to the energy spread, in the scattered neutrons is 
negligible; and (d) the efficiency of the detector is 
proportional to the total cross section o»,», which itself 
is a function of the neutron energy. Under these assump- 
tions, the recoil proton spectrum due to neutrons of 
energy E’ can be found from that due to neutrons of 
energy £ by a simple linear transformation. 

Let us consider the spectra of two groups of equal 
numbers of neutrons, one of energy £ and another of 
energy E’. The relative efficiency e(E’) is the ratio 
A'/A of the areas under the E’ and E curves to the 


3 W. F. Hornyak, Rev. Sci. Instr. 23, 264 (1952). 
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right of the discrimination level Ey. If the E’ curve is 
now multiplied vertically by ¢/o’ and horizontally by 
E/E’, it becomes identical to the E curve under the 
above assumptions. The area A’ is thus o’/o times the 
area A” under the E& curve to the right of E,’, where 


Ed'/Ea=E/F’. (3) 
Then 
e(E’)=A'/A=(onp /onp)(A”/A). (4) 


The relative efficiency e(£’) at an energy EF’ close to 
E for a fixed discrimination level Eg can thus be 
calculated from the single spectrum for the energy E. 
The result is shown in Fig. 3 for various detector 
thresholds. The curve for the 10.2-Mev threshold is 
used in evaluating the scattering cross sections. 

The maximum uncertainty in the threshold due to 
drift of the electronics in the detector channel and to 
the resulting shift in the end point of the spectrum is 
+0.4 Mev. The dashed curve of Fig. 3 gives the 
maximum error in the relative energy sensitivity e(£’) 
due to this deviation of the detector threshold from 
10.2 Mev. 

The finite size of the scattering ring gives rise to a 
spread in the scattering angle. This has been partly 
corrected for by iteration" and is accounted for by the 
factor J in Eq. (2). The distortion of the o.)(@) curve 
due to the angular resolution effects is small except 
near the sharp minima where our data do not permit a 
proper correction. 

Multiple scattering is partly accounted for in the 
calculation of o(6) by the substitution of one for ot, the 
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Fic. 3. The calculated relative energy sensitivity of the detector 
e(E’). The abscissa is the ratio (detected neutron energy in 
Mev)/14.0. The relative energy sensitivity e(E’) is given by the 
solid curves for the detector thresholds shown. The dashed curve 
is the percent error in the energy sensitivity correction for the 
maximum deviation of +0.4 Mev in the detector threshold from 
10.2 Mev. 


44M. K. Machwe, Ph.D. thesis, University of Delhi, Delhi, 
India (unpublished). 
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Fic. 4. The differential cross section o (6) for the elastic scatter 
ing of 14-Mev neutrons from Al as a function of the angle 6 in the 
center-of-mass system. For the data of Anderson e¢ al.,’ the 
neutron energy was 14.6 Mev, while for the data of Coon e¢ al.,® 
the neutron energy was 14.5 Mev. The solid curve is from the 
optical model calculation of Bjorklund and Fernbach‘ at 14.0 
Mev. The dashed curve is the differential inelastic cross section 
calculated by Anderson." 


total cross section, in the exponential of Eq. (2).'* Errors 
due to the uncertainty in the multiple scattering cor- 
rection are estimated to be about 5%. 

Apart from the contribution of the inelastically 
scattered neutrons to the measured elastic cross 
section, the most important source of error comes from 
the counting statistics. Statistical errors vary from 
2.5% to 18%, the higher values applying to large 
angles where o(@) is low. Errors due to drift in the 
electronic circuits are less than 5%. In the case of 
sulfur, it is suspected that the cross sections are 
modified to some extent by undetermined impurities. 


RESULTS 


The observed differential elastic cross sections for 
14-Mev neutrons scattered from Al, S, Ti, and Co are 
shown in Figs. 4, 5, 6, and 7. The angles shown are 
center-of-mass scattering angles. The results for Al are 
in good agreement with those obtained by Coon ef al.® 
and by Anderson et al.’ The results for S are also in 
excellent agreement with those of Elliot’ over the 
angular range where comparison is possible. 

Our results for Co (A=59) can be compared with 
the data obtained for Ni (average A=58.7) by Berko 
et al.2 This comparison is possible since, according to 
the optical model, scattering cross sections are expected 
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Fic. 5. The differential cross section for the elastic scattering 
of 14-Mev neutrons from S. For the data of Elliot,* the neutron 
energy was 14.1 Mev. The solid curve is from the optical model 
calculation of Bjorklund and Fernbach (private communication). 


to depend only on the mass number A. The comparison 
shows a close correspondence in the shapes of the 
spectra. An exact agreement is not expected however 
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Fic. 6. The differential cross section for the elastic scattering 


of 14-Mev neutrons from Ti. The solid curve is from the optical 
model calculations of Bjorklund and Fernbach‘ for 14.0 Mev. 
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since our results are absolute, whereas those of Berko 
et al. have been normalized to agree with the calculations 
of Bjorklund et al. at some point. The results for Ti 
are shown in Fig. 6. 

In all cases where a comparison can be made with 
available previous data, our results are slightly higher 
at all angles. Since the detector threshold in our 
experiment was 10.2 Mev, our results are expected to 
be somewhat high because of the contribution from 
inelastically scattered neutrons. The dashed curve in 
Fig. 4 gives the magnitude of the direct-interaction 
inelastic cross sections for neutrons between 10 and 
14 Mev, as calculated by Anderson.’ The experimental 
value of o»,n’(0) for Fe integrated from 9 to 14 Mev 
reported by Coon ef al.® is given by the dashed curve 
in Fig. 7. The inelastic cross sections for Co can be 
assumed to be similar to that for Fe. 

The solid curves shown in Figs. 4, 5, 6, and 7 have 
been calculated by Bjorklund and Fernbach‘ using a 
potential of the form 


V = V crp(r) +i V org r)+ V sp(h/uc)r™ (dp ‘dr)e- 1, (5) 


where 
p(r)=[1+exp{ (r—Ro)/a} }", 
q(r) =exp[— (r— Ro)?/B* ], 
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Fic. 7. The differential cross section for the elastic scattering 
of 14-Mev neutrons from Co. The solid curve is from the optical 
model calculations of Bjorklund and Fernbach.t The dashed 
curve is the differential inelastic scattering cross section for Fe 
and for neutron energies from 9 to 14 Mev.® The results of Berko 
et al. have been normalized to agree with the theoretical curve. 


18 J. D. Anderson (private communication). 
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and 
Ro= roA 4. 


For 14-Mev neutrons, the parameters which they 
found to give the best fit with the available experi- 
mental data are Vcr=44 Mev, Vc7=11 Mev, Vsr=8.3 
Mev, a=0.65 fermi, 6=0.98 fermi, and ro>=1.25 fermi 
(1 fermi=10-" m). 

The agreement between the calculated curves and 
the present results is generally good. The sharp first 
minimum for Al, S, and Co has not been observed, 
presumably because of our imperfect discrimination 
against inelastically scattered neutrons and also 
because of insufficient correction for angular resolution 
effects. At large angles, the discrepancy between our 
results and the calculated curves is easily accounted 
for by the possible contribution of inelastic neutrons, 
as may be seen from Fig. 7. 

The total cross sections for Al, Ti, and Co for 14-Mev 
neutrons were measured as a check of the instrumenta- 
tion. The values obtained are found in Table I and 
compare fairly well with the values reported by Hughes 
and Schwartz!® and used by Bjorklund and Fernbach* 
for the selection of the optical model parameters. 

The integrated elastic cross section a. is obtained 
from the area under a smooth curve drawn through the 
experimental points in Figs. 4, 5, 6, and 7, and extra- 
polated to 0° and to 180°. These values are given in 

16 Neutron Cross Sections, compiled by D. J. Hughes and R. B. 
Schwartz, Brookhaven National Laboratory Report BNL-325 


(Superintendent of Documents, U. S. Government Printing 
Office, Washington, D. C., 1958), second edition. 
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TABLE I, Integrated elastic, nonelastic, and total 
cross sections in barns. 


m7 one 
Measured BNL-325* Measured 


1.73+0.06 


Element Gel BNL-325 


Al 0.83+0.04 
S 0.91+0.05 
Ti 1.04+0.05 
Co 1.29+0.07 


1.7 0.90+0.10 1.0 
2. 1.1 
2.23+0.06 23 1.19+0.11 1.2 
2.72+0.05 y By | 1.43+0.11 


* See reference 16. 


Table I. The values of one=o1—o1 obtained during 
these experiments are also given in Table I along with 
the BNL values. For the purpose of internal consistency, 
the values of one obtained during the present work are 
used in Eq. (2) for the calculation of o1(6). 

Work is proceeding on several other elements with 
improved accuracy throughout. 
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Decay of Pm™ 
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Pm! has been produced by an (a,n) reaction on Pr™ in the Copenhagen cyclotron. The half-life of Pm! 
has been determined and found to be closer to 450 days rather than to the previously reported value of 
300 days. The decay of the nuclide to levels in Nd™ has been studied, using a 100-channel gamma-ray 


analyzer and a six-gap 8-ray spectrometer. Three 


rays have been found, with the following energies: 


474, 615, and 695 kev, respectively. It has been determined that the three 7 rays are E2 transitions and 
that they are in cascade with one another. A decay scheme for Pm", consistent with the experimental 


data, has been proposed. 


INTRODUCTION 


ROMETHIUM-144 was first reported in 1952 by 
Fischer! who stated that the nuclide decayed by 
means of electron capture with a half-life of about 300 
days. Three y rays were found in the decay of the isotope 
with the following energies: 0.17, 0.44, and 0.65 Mev. 
Since that time, no new information concerning Pm" 
has been reported. In contrast, the 8 decay of Pr™ to 
the same daughter nucleus, Nd, has been extensively 
studied. Two excited levels in Nd™ have been defi- 
nitely established. The energies and spin and parity 
assignments of the two levels are 0.694 Mev (2+) and 
2.18 Mev (1+). The levels have been found to depopu- 
late by means of three y rays, the two cascade transi- 
tions, and the single crossover. 

In the present work the levels in Nd", populated in 
the decay of Pm™, have been studied to determine 
existing excited states, in addition to the two mentioned 
above. 


EXPERIMENTAL METHOD 


Pm' was produced by an (a,m) reaction on Pr™, 
using helium ions accelerated in the Copenhagen cyclo- 
tron. The maximum energy imparted to the helium ions 
in the cyclotron is approximately 20 Mev, with the 
result that the (a,v) reaction is by far the most probable 
one. (a,2n) reactions have been found to occur with 
cross sections generally reduced to 5% of the (a,m) cross 
sections. Natural praseodymium consists solely of Pr’, 
and therefore the main expected product is Pm™. The 
cyclotron beam is rather intense, on the order of 30-40 
microcoulombs per hour, and Pm™ sources sufficiently 
intense for a beta-ray spectrometer could be prepared 
despite the isotope’s long half-life. 

Several such bombardments were carried out on 
praseodymium oxide targets. In each case, the pro- 
methium activity produced was separated from the re- 
mainder of the rare earth elements by the use of a 
cation-exchange method described elsewhere,’ using 


1V. K. Fischer, Phys. Rev. 87, 859 (1952). 

2D. E. Alburger and J. Kraushaar, Phys. Rev. 87, 448 (1952). 

* Cork, Brice, and Schmid, Phys. Rev. 96, 1295 (1954). 

‘ Hickok, McKinley, and Fultz, Phys. Rev. 109, 113 (1958). 

’ Thompson, Harvey, Choppin, and Seaborg, J. Am, Chem. 
Soc. 76, 6229 (1954). 


alpha-hydroxyisobutyric acid as the eluant. Beta spec- 
trometer sources were prepared by the use of a procedure 
that has been employed in connection with nearly all 
the rare earth elements. After chemical separation, the 
rare earth fraction of interest is acidified to a pH of 1 
and placed on a small Dowex-50 resin column (approxi- 
mately 100 ug capacity.) The rare earth atoms remain 
on the resin while the aplha-hydroxyisobutyric acid 
passes through. A solution of 1M ammonium lactate is 
then used to strip the rare earth off the resin. By care- 
fully controlling the pressure exerted on the top of the 
lactate and by measuring its activity as it passes through 
the column, the bulk of the rare earth activity can be 
anticipated. Due to the small size of the resin column 
the greater portion (70-80%) of the rare earth is re- 
moved in a drop of approximately 1 microliter. This 
drop is caught onto a 150 yug/cm? aluminum foil. The 
foil is heated to destroy the excess ammonium lactate 
and is then mounted in the spectrometer. 

Gamma-ray spectra were obtained, using a 100- 
channel pulse-height analyzer. The instrument was also 
used in y-y coincidence measurements where the y spec- 
tra in coincidence with particular y rays were displayed 
on the 100-channel analyzer. Conversion-electron spec- 


Counts 


7 


Total singles 620kev 


Channel na 








100 110 


Fic. 1, The y spectrum of Pm™ taken with a 
13X 13-inch NaI (TI) crystal. 
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tra were obtained, using a six-gap §-ray spectrometer 
described elsewhere.® 


EXPERIMENTAL RESULTS 


A chemically pure promethium fraction has now been 
counted for a period of over four months in order to 
determine the half-life or half-lives present. The main 
activity in the fraction was expected to be Pm™ from 
the cross-section arguments presented above, with per- 
haps Pm" accounting for 5% of the total activity. Pm" 
has a 280-day half-life, essentially identical to the one 
reported for Pm“. During the counting period, the half- 
life of the promethium fraction has been 450+30 days, 
a figure substantially different from the previously re- 
ported Pm™ half-life. The sample has been counted 
almost every day so that statistics are good and we do 
not believe that the half-life of Pm™ will be very differ- 
ent from 450 days. If a small amount of Pm" is present, 
then the observed 450-day half-life would be somewhat 
shorter than the true half-life of Pm'*. We therefore 
believe that the half-life of Pm™ is substantially greater 
than 300 days, as previously reported. 

The y spectrum of Pm™ taken with a 13X1}-inch 
NaI(TI) crystal is shown in Fig. 1. Three y rays are 
present with energies approximately 480, 620, and 700 
kev. A fourth peak is also seen at about 200 kev. The 
latter is undoubtedly the accumulated backscatter peak 
of the three y rays. This was demonstrated by decreas- 
ing the geometry and by using a 3-inch NaI (TI) crystal. 
It was found that both effects decreased the intensity 
of the peak. Also, no such 200-kev transition was in 
evidence in the conversion-electron spectrum. Not shown 
in Fig. 1 is an intense K x-ray peak. After correcting for 
crystal efficiencies and normalizing the three peaks, the 
relative gamma-ray intensities were found to be 


700: 620: 480: : 194: 188:87. 


The intensities of the 700- and 620-kev y rays seem 
to be identical within experimental error. Figure 2 con- 
sists of three y spectra that were found to be in coinci- 
dence, respectively, with each of the three y rays. It is 
apparent that each y ray is in coincidence with the 
other two, that is, the 3 y rays are in cascade with one 
another. An attempt was then made to see if any of the 
cross-over y rays could be found. Indeed, peaks were 
observed at the correct energies, 1120 (480+620) and 
1340 (620+700)kev. However, these were shown to be 
only the sum peaks because their intensities relative to 
the 3 y rays decreased proportionately with decreasing 
geometry. A limit of less than one percent can be set for 
the intensities of the crossovers relative to the 700-kev 
y ray. Neither of the two high-energy y rays, 1.48 and 
2.18 Mev, reported for the decay of Pr, were observed 
in the y spectrum. 


6Q. B. Nielsen and O. Kofoed-Hansen, Kg]. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 29, No. 6 (1955). 
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The conversion-electron spectrum of Pm is shown 
in Fig. 3. The K and ZL electron lines of the 3 y rays are 
clearly visible. A Cs'8? source, measured in the same 
geometry as had been used for the Pm™ source, was 
used to calibrate the electron energies. In this calibra- 
tion run the Pm™ source was first mounted in the spec- 
trometer. After the K-conversion lines of the 480- and 
620-kev y rays had been seen and measured, the count- 
ing was interrupted and the Cs'*” substituted for the 
Pm"™ source without changing the spectrometer current. 


Counts 


Coincident with 620kev 
700kev 


Channel! no. 








100 110 


Coincident with 480keyv 
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Coincident with 700kev 


Channel no. 








90 100 110 


Fic. 2. (a) The y spectrum coincident with the 480-kev photon. 
(b) The y spectrum coincident with the 620-kev photon. (c) The 
y spectrum coincident with the 700-kev photon. 
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Fic. 3. The conversion-electron spectrum of Pm™, 


Then, after the A-conversion line of the 662-kev y ray 
in Ba!’ had been measured, the Pm" source was re- 
placed, once again without changing the spectrometer 
current. The A-conversion line of the 700-kev y ray was 
then measured. In this manner the energies of the three 
transitions in Nd' were determined to be: 474, 615, 
and 695 kev. The energies are believed to be correct to 
within a kilovolt. 

The Cs'*7 and Pm™ sources were then measured in 
identical geometries in the 100-channel y-ray analyzer. 
These results, together with those obtained from the 
calibration run described above, where the 2 sources had 
been counted in the spectrometer using the same geome- 
try, were used to determine the K-conversion coefficients 
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144 
Nd 


Fic. 4. The proposed decay scheme of Pm™. 


of the 3 Nd™ y rays. A K-conversion coefficient of 0.095 
was assumed for the 662-kev y ray in Ba'’, The three 
K-conversion coefficients are listed in Table I together 
with theoretical values for £1, £2, £3, M1, and M2 
transitions which were obtained from the tables of Rose.’ 
The experimental coefficients agree best with the theo- 
retical values for #2 transitions. 


DECAY SCHEME AND DISCUSSION 


The decay scheme of Pm™ is shown in Fig. 4. In 
agreement with the experimental result that the 3 y rays 
are in cascade with one another, three excited levels in 
Nd™ have been proposed. These are labeled (A), (B), 
and (C). The first excited level in Nd" is known, from 
the decay of Pr‘, to have an energy of 695 kev. Accord- 
ingly, in our decay scheme the 695-kev y ray, observed 
by us, is placed as the transition from level (A) to the 
ground level. Since the intensity of 474-kev y ray is 
approximately half the intensity of each of the other two 
y rays, it has been assumed that the 474-kev photon 
depopulates level (C) rather than level (B). Conse- 
quently, the cascade sequence must be, as shown in 
Fig. 4, 474 — 615 — 695. 

The ground and first excited level spin assignments 
are known to be 0+ and 24+, respectively, from the 
Pr decay studies. Indeed, it has been found here that 
the 695-kev transition is of an £2 nature. Despite the 
fact that the other two 7 rays are known to be £2 tran- 
sitions, it is not possible to make unambiguous spin 


7M. E. Rose, Internal Conversion Coefficients (North-Holland 
Publishing Company, Amsterdam, 1958). 
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TABLE I. Theoretical conversion coefficients. 





Experimental 
conv. coeff, El E2 E3 Mi M2 


0.0017 0.0043 0.010 0.0071 0.0195 
615 K 0.0066 0.0022 0.0058 0.0140 0.0095 0.028 
474 K 0.0104 0.0038 0.011 0.029 0.018 0.054 


Energy 
(kev) Shell 
695 K 





0.0048 


assignments for levels (B) and (C). The absence of 
crossovers indicates that the spin changes involved in 
such transitions must be rather large and therefore 
argues against low spin assignments to levels (B) and 
(C). Even a spin of 4 for level (C) seems improbable 
since, in that case, the transition (C) — (A) should be 
observed. Recalling the relative intensities of the three 
vy rays, levels (B) and (C) must be almost equally popu- 
lated from direct electron capture decay, while level (A) 
must be virtually unpopulated from that particular 
source. A spin sequence of 0+, 2+, 4+, and 6+ for the 
four levels in Nd'*, together with a proposed 5— spin 
assignment for the ground state of Pm"™, satisfies the 
experimental data and is consistent with simple selection 
rules. Whether the spin sequence is correct or not can be 
be determined by studying the angular correlations of 
the three y rays.* It should be added that, according to 
shell model considerations, the 61st proton and the 83rd 
neutron of Pm" are in ds5/2 and f7/2 states, respectively. 
Thus, the expected ground K state spin could be any- 
where between 1 and 6, while the parity should be 
negative. This is consistent with our proposed 5— 
assignment for Pm™, 

It would be interesting to compare the level structure 
of Nd with that of an even-even isotope with the same 
number of neutrons. The level structures should be quite 
similar. Gorodinski et al. have studied the decay of Eu'*® 
to Sm“¢,°.1° They report two excited levels in Sm with 
energies of 745 and 1380 kev. The levels are depopulated 
by two y¥ rays in cascade with one another. There is no 
evidence for a crossover transition. Indeed, the level 
structures of Nd™ and Sm" are quite similar, as far as 
the first two excited states are concerned. That the level 
energies in Sm“ are higher is to be expected, since the 

8 Note added in proof.—S. Ofer has recently published an article 
on the decay schemes of Pm! and Pm" [| Phys. Rev. 113, 895 
(1959) ]. In connection with Pm! he has reported the same results 
as we have obtained together with some additional data. Thus he 
has performed angular correlation experiments that indicate the 
spin and parity assignments of the above-mentioned excited states 
in Nd'™ to be indeed 2+, 4+, and 6+. 

® Gorodinski, Murin, Pokrovsky, and Preobrazhensky, Izvest. 
Akad. Nauk S.S.S.R. Ser. Fiz. 31, 1624 (1957) [translation: Bull. 
Acad. Sciences (U.S.S.R.) 21, 1611 (1957) ]. 


1 Gorodinski, Murin, and Polsrovsky, Izvest. Akad. Nauk 
S.S.S.R. Ser. Fiz. 22, 811 (1958). 


s 


= 
un 





° 
wn 


aga 


one 


52 4 S S56 60 62 64 
Proton number 


Energies (inMeV)of t excited states in even-even nuclei 
rs} 





se 


Fic. 5. The energies (in Mev) of first excited states in even-even 
nuclei plotted against atomic number for nuclides with 82, 84, 86, 
88, and 90 neutrons. 


general trend in neighboring even-even isotopes is such 
that first excited level energies increase with the atomic 
number for a given neutron number. In Fig. 5 we have 
plotted first-excited-state energies against proton num- 
bers for even-even nuclei with 82, 84, 86, 88, and 90 
neutrons. The energies for these nuclei (with the excep- 
tion of Nd", Sm'4*, and Gd"8) are well established and 
are quoted from the new table of isotopes." Toth and 
Rasmussen have recently discovered a new isotope, 
Tb'’,” which decays to the 84-neutron nucleus Gd". 
In the decay of Tb'* they report a 780-kev y ray which, 
because of its intensity, is postulated to be the transition 
from the first excited level to the ground state in Gd"*. 
From Fig. 5 it is readily noted that indeed the energies 
rise as the atomic number is increased. An exception 
appears in the 82-neutron nuclei where a maximum is 
reached at Ce. The maximum is presumably due to the 
effect of a closed subshell at 58 protons. As seen from 
Fig. 5, the trend resumes once past 60 protons so that 
the energy of the first excited state of Sm™ (62 protons), 
if known, would very probably be greater than 1.57 Mev. 
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Neutron Polarization in the Reaction D(d,n)He*® at E,=8.2 Mev 


WitrrieD W. DAEHNICK* 
Wayman Crow Laboratory of Physics, Washington University, St. Louis, Missouri 
(Received March 16, 1959) 


rhe polarization of neutrons from the reaction D(d,n)He* was measured at 8.2 Mev incident deuteron 
energy. By the use of He‘ as a polarization analyzer and a triple coincidence technique systematical errors 
in the experiment were kept very small, but at a sacrifice in counting rate. Polarization measurements were 


made at center-of-mass angles of 0°, 47°, 


tion and their probable statistical errors are P(0°)=(—)0.007+0.007, 


P(59°) = —0.101+-0.060 


HE polarization of neutrons from the direct re- 

action D(d,n)He*® has been measured by several 
investigators,'~‘ and is well known for deuteron energies 
below 2 Mev. Some typical data for the maximum 
polarization as a function of energy are shown in Fig. 1. 
Very recently data were also reported for the energy 
region 2< Ey 4.5 Mev,® which indicate polarizations 
between P= —0.21 and P= —0.15. No data, however, 
have been reported for deuteron energies beyond the 
range of electrostatic accelerators. 

An attempt was made to extend the investigated 
energy range by using 10-Mev deuterons from the 
Washington University cyclotron. A deuterium gas 
target and a helium coincidence polarimeter were used 
(see Fig. 2). Considerable effort was taken to overcome 
the background problem, which was made more difficult 
by the increased deuteron and neutron energies and 
the significantly smaller beam intensity as compared 
to the previous low-energy work. Compressed helium 
gas served as a polarization analyzer, and was con- 
tained in a double proportional counter (PC, PC») 
with telescopic properties. Neutrons scattered from Het 
in the reaction plane and into 6¢.m.= 130° were detected 
by two plastic scintillators (SCL and SCR), which 
were carefully shielded from the direct neutron beam. 
He‘ recoils caused by these back-scattered neutrons 
received about half of the original neutron energy, and 
when originating in counter PC,, caused large pulses in 
PC, as well as PC. The two counters were only sepa- 
rated by a grid-like partition, which did not inhibit 
particles moving in the forward direction or in the 
horizontal plane. 

A triple coincidence requirement between the two 
proportional counters and one of the plastic scintilla- 
tors, SCL or SCR, served to eliminate all counts that 
were not caused by neutrons back-scattered from He’ 
in the proportional counter PC. A block diagram of the 


* Now at Palmer Physical Laboratory, Princeton University, 
Princeton, New Jersey. 

! Meier, Scherrer, and Trumpy, Helv. Phys. Acta 27, 577 (1954). 

2? McCormac, Steuer, Bond, and Hereford, Phys. Rev. 104, 718 
(1956). 

3 Levintov, Miller, and Shamshev, Nuclear Phys. 3, 221 and 237 
(1957). 

4P. J. Pasma, Ph.D. thesis, Groningen, 1958; and Nuclear 
Phys. 6, 141 (1958). 

® Baicker, Jones, and Tell, Bull. Am. Phys. Soc. 4, 62 (1959). 


and 59°. The values obtained for the neutron polariza- 


P (47°) = —0.097+0.060, and 


circuit is shown in Fig. 3. The resolving time was 0.5 
microsecond. Unwanted coincidences such as caused by 
Compton scattering of gamma rays in PC,, or by low- 
energy background neutrons from the target, or by 
other nuclear reactions were avoided by proper energy 
selection in all four detectors.* The most serious remain- 
ing problem was the very low true coincidence rate. The 
number of chance coincidences of uncorrelated back- 
ground counts in the detectors was less than one per 
minute, but still comparable to the number of true 
coincidences. 

In order to correct for this effect, the true and chance 
coincidences were measured simultaneously by direct 
and delayed coincidences. Great care was taken to avoid 
systematical errors due to asymmetries in the target, 
the polarimeter, or the electronics. In addition to making 
the apparatus as symmetrical as possible and careful 
line-up, a special counting procedure was used in order 
to average over the remaining asymmetries: Good 
canceling of the effects of minor geometrical asymmetries 
in the polarimeter was obtained by rotating it 180° 
around its axis in intervals of about one hour. Effects of 
asymmetric beam or target positions were minimized 
by measuring P(6) for ¢=0° as well as ¢= 180°. Elec- 
tronic asymmetries due to differences in the coincidence 
circuit resolving times were eliminated by frequent 
switching of a delay line, so that by the combined 
changes in geometry and electronics each circuit would 
consecutively fulfill each one of the four different 
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Fic. 1. Maximum neutron polarization in percent, 
plotted against incident deuteron energy. 
6A detailed discussion is given in W. W. Daehnick, Ph.D. 
thesis, Washington University, St. Louis, 1958 (unpublished). 
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Fic. 2. Experimental 
arrangement of beam 
monitor, target, and 
polarimeter. 
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counting functions (true left, true right, chance left, 
and chance right coincidences).® 

Theoretically, it can be seen from symmetry con- 
siderations that the angular dependence of the polariza- 
tion in the D(d,v)He’ reaction must have the general 
form? 


1 
P(6) =——— ¥_ a, (E) sin2m6, 
a(6,E) m 


where o is the differential cross section for the reaction. 
Of this series only the first terms seem to be large. Low- 
energy data so far only prove that a,40.!? If for 
energies of Ea= 8.2 Mev only the first term contributes, 
maximum polarization would be expected for 0¢.m.=47°. 
If, however, the second term should become predomi- 
nant the maximum would be found at 6¢.m.=59°. 

Measurements were made at these two angles and in 
addition at 6=0°, where the “polarization” must be 
zero. The values found were 


P(0°) = —0.007-+0.007, 
P(47°) = —0.097+0.060, 
P(59°) = —0.101+0.060. 
Here the direction of the polarization vector P is 


defined as 


P/P= (kaXk,)/ | ksXk,,| ’ 


where kg=deuteron momentum and k,=neutron mo- 
mentum. The errors given are probable statistical 


7M. Fierz, Helv. Phys. Acta 25, 629 (1952). 


errors. Any systematical errors are estimated to be 
smaller than 0.01. This estimate is supported by the 
value found for P(0°). The data points and three 
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Fic. 3. Block diagram of the electronics of the coincidence 
polarimeter. The beam monitor circuit and other control circuitry 
are not shown. 
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Fic. 4. Angular dependence of the neutron polarization in the 
reaction D(dn)He® at Ea=8.2 Mev. Data points and three 
possible theoretical fits are shown. 


possible theoretical fits are shown in Fig. 4. ¥ is a scale 
factor used to fit the points. 

The statistical errors for the values of P(47°) and 
P(59°) are such that no great significance can be 
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attributed to the numerical values of P, but the sign 
and the small magnitude of the polarization seem 
clearly established. On account of these and earlier 
data for lower energies,!~* it can be expected that for 
all deuteron energies below 10 Mev the maximum 
neutron polarization is negative, slowly varying, and 
small, probably showing a maximum of | Pmax(£)| =0.20 
in the region between 2 and 4 Mev (Fig. 1). This ob- 
servation is in accordance with the surprisingly good 
fits to the observed differential cross sections of the 
D(d,n)He’ reaction which could be obtained by the use 
of a pure stripping approach,’ in which all polarization- 
producing interactions were neglected. 
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Back-Angle Elastic Scattering of 14.6-Mev Neutrons from 
Aluminum, Copper, and Zirconium* 
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Lawrence Radiation Laboratory, University of California, Livermore, California 
(Received March 26, 1959) 


Differential elastic scattering cross sections have been measured for 14.6-Mev neutrons on aluminum, 
copper, and zirconium in 5° steps from 85° to 155°. The copper and zirconium angular distributions are in 
good agreement with optical-model calculations by Bjorklund and Fernbach, who employ a spin-orbit cou 
pling term in their potential. The aluminum differential cross sections are systematically higher than the 
predictions at the back angles, indicating that the Bjorklund-Fernbach optical-model parameters which 
fit the medium and heavy elements are not as successfully applied to an element as light as aluminum. 


INTRODUCTION 


PTICAL-MODEL calculations! by Bjorklund and 
Fernbach show excellent agreement with meas- 

ured 14-Mev neutron elastic scattering angular distri- 
butions for the medium and heavy elements. However, 
their predictions are low at the back angles for the light 
elements beryllium and carbon.’ This is not unexpected 
since the concept of an optical-model potential becomes 
questionable when a nucleus has a small number of 
nucleons. For aluminum, the previously measured cross 


*This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1 F, Bjorklund and S. Fernbach, Phys. Rev. 109, 1295 (1958) ; 
and Lawrence Radiation Laboratory Report UCRL-4926-7, 1957 
(unpublished). 

3 Nakada, Anderson, Gardner, and Wong, Phys. Rev. 110, 1439 
(1958). 


sections! were not absolute, and when normalized to 
theory! at 6=30° the theoretical curve was systematic- 
ally low at the back angles. This experiment was under- 
taken to measure the absolute cross section for alumi- 
num at the back angles. Copper and zirconium were 
also measured. The method used for large-angle elastic 
scattering measurements has been described in a pre- 
vious paper.’ 

The aluminum, copper, and zirconium cross sections, 
corrected for multiple scattering, absorption, and angu- 
lar resolution due to finite ring size, are shown in Figs. 1 
and 2. The solid curves are the predictions of Bjorklund 
and Fernbach,' who employ a spin-orbit coupling term 
in their optical-model potential. 


3 Anderson, Gardner, Nakada, and Wong, Phys. Rev. 110, 160 
(1958). 
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Fic. 1. Differential cross sections for elastic scattering of 14.6- 
Mev neutrons from aluminum. Open circles are the results of this 
experiment; size of circles indicates statistics. Triangles and 
crosses are the measurements of Coon et al. and K. Yuasa, re- 
spectively; solid line indicates the optical-model predictions of 
Bjorklund and Fernbach. 


ALUMINUM 


The aluminum results are shown in Fig. 1. The meas- 
ured back-angle cross sections are systematically higher 
than the predictions, indicating that the Bjorklund- 
Fernbach optical-model parameters which fit the 
medium and heavy elements are not as successfully 
applied to an element as light as aluminum. The 
possibility of contamination by inelastically scattered 
neutrons was investigated, since, at the detector bias of 
10.1 Mev, neutron groups from the 0.842- and 1.013- 
Mev levels‘ in Al?’ can contribute. Using a longer flight 
path and a lower detector bias, an attempt was made 
to detect neutron groups from the first two levels in 
Al’?, It was concluded that the discrepancy between 
theory and measurement in the region of Am=90° 
cannot be ascribed to the detection of inelastic neutrons. 


Recently several groups>~* have reported measure- 


ments on aluminum. The measurements of Coon et al.® 
which extend from 5° to 80° in the center-of-mass sys- 


4P. M. Endt and C. M. Braams, Revs. Modern Phys. 29, 683 
(1957). 

5 Coon, Davis, Felthauser, and Nicodemus, Phys. Rev. 111, 
250 (1958). 

®K. Yuasa, J. Phys. Soc. Japan, 13, 1248 (1958). 

7 Berko, Whitehead, and Groseclose, Nuclear Phys. 6, 210 
(1958). 
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Fic. 2. Differential cross sections for elastic scattering of 14.6- 
Mev neutrons from copper and zirconium. Solid line indicates the 
optical-model predictions of Bjorklund and Fernbach. 


tem, and of Yuasa® which extend from 72.1° to 170.6°, 
are plotted in Fig. 1. In the region of overlap, our mea- 
surements agree with those of Yuasa but disagree with 
those of Berko et al.’ In general, the results of Berko 
et al, agree quite well with the theoretical predictions. 
The reason for this disagreement is not obvious since 
all three experiments were performed with a neutron 
detector bias between 10 and 11 Mev. 


COPPER AND ZIRCONIUM‘ 


The copper and zirconium results plotted in Fig. 2 
show good agreement with the predictions. The neutron 
detector bias was 11.3 Mev for copper and 12.3 Mev 
for zirconium. The data have not been corrected for 
the detection of inelastically scattered neutrons. Using 
the data of MacGregor ef al.,° these corrections are 
estimated to be smaller than the statistical uncertainty 
in the measurements. For copper our cross sections 
agree with the measurements of Coon ef al.,° who quote 
a detector bias of approximately 14.0 Mev. 

8 We are indebted to Dr. W. S. Emmerich of the Westinghouse 


Electric Corporation for loaning us the zirconium ring. 
% MacGregor, Ball, and Booth, Phys. Rev. 108, 726 (1957). 
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Magnetic Moment of the Triton in Units of the Magnetic Moment of the Proton* 


Wituiam Dorry, JR.t 
Department of Physics, Stanford University, Stanford, California 
(Received March 27, 1959) 


High-resolution nuclear magnetic resonance techniques were used to perform a precise measurement of 
the ratio of the Larmor frequencies of tritons and protons in a sample of 20% tritiated water. The measured 
ratio wr/wy is 1.066 639 75(2). From this frequency ratio and an estimate of the magnetic shielding correc- 
tion, a value of 1.066 639 86(11) is obtained for the moment of the triton in units of the proton moment. 
From this value and the hfs measurements of Kusch, and of Prodell and Kusch, one obtains a hfs anomaly 
of (—5.6240.13)10-* for tritium. This observed anomaly is compared with the theoretical predic- 
tions of Adams. The longitudinal relaxation time 7, of the protons and tritons in the sample was measured 
and found to be 1.02+0.10 sec. and 0.83+0.10 sec., respectively. 


HE triton moment in units of the proton moment 

was previously measured by Bloch, Graves, 
Packard, and Spence! and found to be 1.066 636(10). 
Kusch’ measured the hfs splitting of the ground state 
of hydrogen with a precision of five parts in 108, and 
more recently Prodell and Kusch* measured the hyper- 
fine splitting of tritium in the ground state with a 
precision of 7 parts in 108. The hyperfine anomaly in 
tritium may be computed if both the hfs splittings of 
tritium and hydrogen and the ratio of triton moment 
and proton moment are known. A calculation by 
Adams‘ using several different theoretical assumptions 
predicts an anomaly of the order of one part in 10°. 
The previous moment measurement was not sufficiently 
precise to establish the presence of an anomaly of this 
magnitude. The work presented here was undertaken 
to arrive at a more accurate determination of the 
moment ratio by the techniques of high-resolution 
magnetic resonance, which were developed subsequent 
to the first measurement of this quantity. 

For a precise determination of the moment ratio, 
both nuclear species were resonated in the same mag- 
netic field and the ratio of Larmor frequencies corre- 
sponding to this field was measured. Field changes 
which may arise when samples are interchanged were 
avoided by using a single sample containing both 
species. A sealed Pyrex-glass vessel containing 20% 
tritiated water (H»O, HTO, T.O) was used. 

The previous measurement of Bloch ef al.! demon- 
strated that the ratio of Larmor frequencies, wr/wn, 
was 16/15 to within about four parts in 10°. The 
apparatus for this experiment was designed to take 
advantage of that result. Frequencies in the exact ratio 
of 16/15 were easily generated by using two frequency- 
multiplier chains, both of which were excited by a 

* Work supported by the Office of Naval Research. Based on a 
dissertation to be submitted in partial fulfillment of the require- 
ments for the Ph. D. degree at Stanford University. 

t Present address: Department of Physics, University of Santa 
Clara, Santa Clara, California. 

1 Bloch, Graves, Packard, and Spence, Phys. Rev. 71, 551 
(1947). 

? P. Kusch, Phys. Rev. 100, 1188 (1955). 

3 A. Prodell and P. Kusch, Phys. Rev. 106, 87 (1957). 

+E. Adams, Phys. Rev. 81, 1 (1951). 


common crystal oscillator. The output signals from the 
multipliers were then audio-frequency modulated. The 
frequencies of the sideband signals thus generated were 
adjusted simultaneously with the dc field until both 
nuclear species were resonating at a common field. By 
the use of this technique, the ratio of unmodulated 
radio frequencies remained fixed at 16/15, independent 
of oscillator drift. In addition, even a relatively in- 
accurate measurement of the frequency yielded a very 
accurate result for the moment ratio. 

The large permanent magnet, designed and con- 
structed by Arnold® at Stanford University, was used 
for the experiments. His method of using a gated rf 
system and thus a single transmitter-receiver coil® was 
likewise employed. The use of this system permits the 
construction of a relatively simple single-coil induction 
head, eliminates the problem of balancing out rf leakage 
which occurs in a crossed-coil head, and makes the 
detected signal independent of fluctuations in the 
transmitter rf level. 

A quantity of tritium water of a dangerously large 
(200-curie) activity was required in order to obtain 
adequate signal-to-noise ratio for the triton signal. The 
triton decays by beta-emission to He’ with a half-life 
of 12.5 years, emitting an electron with a maximum 
energy of 11 kv. For the purpose of this experiment the 
sample could remain sealed in a glass tube which 
adequately shielded this activity. If the tube should 
be broken, however, a lethal amount of tritium water 
vapor might be released in the laboratory. As a pre- 
cautionary measure the Pyrex tube containing the 
sample was mounted between the pole faces of the 
magnet in a sealed copper box. The sample tube con- 
sisted of a 44-inch section of 0.200-inch o.d. containing 
the water, sealed onto a wider 4-inch upper section 
which allowed for gas pressure build-up of the hydrogen, 
hydrogen peroxide, and He*® decay product produced 
in the water. The tube was inserted into an air turbine 
in order to obtain line-narrowing by rotation of the 
sample.’:* The single rf coil was wound on an acrylic- 

5 J. T. Arnold, Phys. Rev. 102, 136 (1956). 

6 J. T. Arnold (to be published). 


7 F. Bloch, Phys. Rev. 94, 496 (1954). 
8 W. Anderson and J. Arnold, Phys. Rev. 94, 497 (1954). 
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Fic. 1. Block diagram 


plastic cylinder concentric with the sample tube. The 
coil formed part of a double-tuned coupling network 
which was mounted in a shielded box immediately 
adjacent to the copper box. A }-hp diaphragm-type 
compressor, with a suitable air filter for damping out 
the pulsations in the air stream, provided a closed air 
system to run the turbine. This system was needed 
because of the danger of the presence of tritium water 
vapor in the air exhausted from the turbine, if the 
sample tube should break. An ionization chamber was 
inserted into the air line and the amplified output 
voltage from the chamber provided a continuous 
monitor on the presence of tritium water vapor in the 
closed system. The tritium water was provided by the 
Lawrence Radiation Laboratory at Livermore, and 
prepared by Dr. Henry Otsuki of that laboratory. 

The electronic system (Fig. 1) consisted of a crystal- 
controlled, dual-frequency, gated, balanced-modulated 
transmitter and two fixed-frequency, gated super- 
heterodyne receivers, as well as an appropriate gate 
generator, attenuators, oscilloscope, and recorder. 

A 1-Mc/sec Meacham-bridge crystal oscillator pro- 
vided a frequency source stable to better than 1 part 
in 10° over time intervals long compared to the time 
of an experimental run. The oscillator excited two 
conventional frequency-multiplier chains providing out- 
put signals at about 30 and 32 Mc/sec. These, in turn, 
excited amplifiers which were balanced-modulated at a 
variable audio frequency 6, providing output signals at 
about (30X10°)+6 and (32X10°)+6 cps. The final 
stages of both channels were gated. Two fixed-tuned rf 
amplifiers, each consisting of a Cascode input stage and 
a single pentode, provided the initial amplification for 
the two nuclear signals. Each rf amplifier was appro- 
priately gated and the amplified nuclear signal was fed 
to a pentagrid-mixer tube driven with a local oscillator 


of the electronic system. 


signal that was gated in synchronism with the rf gates. 
The mixers fed the rf amplifiers whose detected outputs 
were displayed on a dual-trace oscilloscope or a dual-pen 
recorder. Direct diode detection was used, giving a 
detected signal voltage proportional to (u*+")!, where 
u and v represent the dispersive and absorptive con- 
tributions to the signal, respectively, which one would 


‘ separately observe in a phase-sensitive detector. This 


method of detection was chosen in preference to phase- 
sensitive detection because of the uncertainty in the 
latter method with regard to complete elimination of 
the unwanted mode. 

By using a wide field-sweep and a suitable value of 
the modulating audio-frequency, the two resonances, 
corresponding to the lower sideband of the higher 
frequency and the upper sideband of the lower fre- 
quency, were brought to coincidence. After optimizing 
field homogeneity over the sample as well as the sweep 
rate and the rf level, the line widths of both nuclear 
species were observed to be from 1 to 2 cps with a 
signal-to-noise ratio of at least 30 to one. Measurement 
of the audio frequency and the radio frequency with an 
electronic counter yielded the ratio of Larmor fre- 
quencies, using the relation 


wr 32v9—-b0 16 31 do 


(1) 


un Brerkds 15 450% 


where 60 is the audio modulating frequency at which 
coincidence is observed, and yo is the crystal oscillator 
frequency of about 1 Mc/sec. Quadratic and higher 
order terms in 6o/v give a negligibly small contribution 
and are therefore omitted in this formula. 

The measurements were recorded by a dual-channel 
pen recorder. The procedure consisted of sweeping 
through the resonance lines, putting a simultaneous 
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marker-voltage deflection on each pen shortly after 
passage through both lines, and noting the value of 6 
on the recorder for that run. Coincidence was indicated 
by a simultaneous occurrence of the recorded signals, 
while noncoincidence was observed if one signal pre- 
ceded or followed the other. A number of such data 
were recorded for which 6 was deliberately high or low 
or apparently at the correct value. The measured 
relative displacement of triton and proton resonance 
peaks was then plotted versus 6. From the graph, the 
audio frequency corresponding to coincidence was 
determined to have the value 397.15+0.2 cps. The 
crystal oscillator frequency, vo, was measured and found 
to be 1.016 61(1) Mc/sec. If this frequency is multiplied 
by 30, using the known gyromagnetic ratio for the 
protons, this corresponds to a field of about 7160 gauss. 
Both frequencies were measured with an electronic 
counter. From Eq. (1), a Larmor frequency ratio of 
1.066 639 75(2) was obtained. 

Because of its intrinsic interest and in order to 
ascertain that relaxation affects the resonance of tritons 
and protons in a similar manner, the longitudinal 
relaxation time, 7,, was measured for each species. An 
adiabatic fast passage through the resonance line was 
employed to turn the macroscopic moment vector 
through 180°, and then the longitudinally decayed 
magnetization vector was sampled by rapidly sweeping 
back through the line, after a time delay of the order 
of T,;. The value of 7; was obtained from a logarithmic 
plot of the amplitude of the second signal as a function 
of the delay time. It was found to be 1.02+0.10 second 
for protons and 0.83+0.10 second for tritons. The 
measured value for protons is less than the value of T; 
in ordinary distilled water by a factor of about 2.5. 
This reduction in relaxation time may have been caused 
by the presence of free radicals, produced by the beta 
activity in the tritiated water sample. The presence of 
paramagnetic impurities was ruled out since the sample 
was prepared by distillation. 

While the ratio of the resonance frequencies, wr/wn, 
quoted above, was ascertained with an accuracy of 
about two parts in 10%, it is not possible to obtain an 
equal accuracy for the ratio of nuclear moments since 
this would require that the magnetic shielding cor- 
rections were known for the two species. Only an esti- 
mate can be given for the relative correction. 

The chemical shift for protons in water was found to 
be —2.7X10~* by Gutowsky and Hoffman.’ Although 
the shift for tritons is expected to be closely equal to 
this value, there exists the possibility of a small isotope 


* H. Gutowsky and C. Hoffman, J. Chem. Phys. 19, 114 (1951). 
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effect. Such an effect can be expected on theoretical 
grounds by considering the difference in the vibration 
amplitudes of nonidentical hydrogen isotopes in the 
same molecular configuration. It may be estimated to 
give a correction which is quadratic in the vibration 
amplitudes, and of the order of magnitude of a part in 
10’. This expectation is supported by the measurements 
of Wimett,!° who observed the difference in shielding 
for H. and D» gas to be given by o(D2)—o(H2) 
= (0.65+0.59) X 10-7. A somewhat larger value would 
be expected for o(T:)—o(H2) corresponding to the 
larger reduced mass of tritium. Unfortunately, there 
are at present no published data on the relative shielding 
of tritons and protons in water. The plausible assump- 
tion will be made here that o(HTO)—oa(H.O) ~o(T2) 
—o(H»)~(1+1)X10-’, in view of Wimett’s measure- 
ment. The uncertainty in this value represents the’ 
principal source of error in the measurement described 
here. The moment of the triton in units of the proton 
moment is thus quoted to be 1.066 639 86(11). 

The hyperfine anomaly in tritium may be defined as 
the ratio of the difference between the splitting calcu- 
lated from the relation of Fermi" for a point moment 
and the observed hfs splitting in the ground state, 
divided by the observed splitting. Using the value of 
Kusch? for the hydrogen hfs splitting, the value of 
Prodell and Kusch* for the tritium hfs splitting, and 
the above value for the triton moment in units of the 
proton moment, one obtains a hfs anomaly of 
(—5.62+0.13)X10-®. This value falls within the range 
of values calculated by Adams? on several theoretical 
assumptions. Only the number which he calculated on 
the basis of a phenomenological interaction-moment 
theory which excludes space exchange differs markedly 
from the experimental value. A more refined calculation 
would be required for a comparison of the above experi- 
mental value with the underlying assumptions of the 
theories. 
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The purpose of this report is to present evidence that the 708-kev gamma ray in P*, arising from a 
transition between the second excited state and the ground state, is a strongly mixed M1 and £2 transition. 
It is suggested that the observed £2/M1 amplitude ratio indicates the operation of selection rules for M1 


radiation in self-conjugate nuclei. 


1. INTRODUCTION 


ECENTLY' it has been suggested that the strength 

of magnetic-dipole transitions between states of 
same isotopic spin in self-conjugate nuclei may be 
smaller than average normal M1 transition strengths 
by a factor of about 100. This is due to the fact that 
for these particular transitions, the matrix element is 
considerably reduced owing to the cancellation of 
nucleonic and orbital magnetic moments. This means 
that one should expect, in general, rather strong M1, 
£2 mixing for low-energy transitions between states of 
same isotopic spin in V=Z nuclei. 


2. RESULTS 


We’ have recently investigated the reaction Si**(p,y) 
at a number of resonances. The gamma-ray spectrum 
is particularly simple at 414-kev resonance (Table I). 
These gamma rays can be fitted into the decay scheme 
shown in Fig. 1. We have measured the angular 
distributions of all the observed gamma rays. (See 
Table II.) 

From the relative intensities of the 6.04-Mev y ray 
and the 5.36-Mev y ray, it is apparent that the former 
is inhibited by some selection rule. It is possible that 
both these transitions are £1, in which case the 
resonance level must have angular momentum J=1 


E MEV - 
6.040 I- 0 





Fic. 1. Decay 
scheme for the re- 
action Si*(p,y) at 
414-kev resonance. 
For the spins and 
parities of the lower 
levels, see P. M. 
Endt and W. W. 
Braams [ Revs. Mod- 
ern Phys., Vol. 29, 
683 (1957) ]. 
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and isotopic spin 7=0. The resonance level can, then, 
be formed by p waves only. We can fit the various 
angular distribution values with a unique channel-spin 
mixing ratio if we assume that the 708-kev transition 
leading from the 1+ to the other 1* state is a mixture 
of £2 and M1 with £2/M1 amplitude ratio of — 1.00. 
Now the average rate of normal M1 transitions® is 


I'4 normal (M1)=0.15X0.021E,' (ev) 
=3X10F,} ev, 


where /, is in Mev. There is no accurate estimate of 
an average normal £2 transition rate. But taking its 
value from reference 3, we have 


ly (#2)= 1.2 10-7A'E,' (ev), 


where /, is in Mev. This gives us for the ratio 


I'y,(#2)/I',, normal (M1)0.4X 104A 'EY? 
2X 10-3 (in present case). 


This means that the observed branching ratio between 
#2 transition rate and M1 transition rate is a factor of 
500 larger than for average normal transitions. This is 


TABLE I. Relative intensities of the gamma rays 
observed at 414-kev resonance. 


Gamma-ray energy in Mev Relative intensity 


6.04 1 
5.36 20 
0.69 20 


TABLE II. The angular distribution of the gamma rays observed 
at 414-kev resonance in Si**(p,y7). The solid angle correction to be 
applied to the observed coefficients is 2%, which is considerably 
smaller than the probable errors on the coefficients. 


Observed angular 


Transition distribution 


> 1+ 
> OF) 
> 1*) 


E,(Mev) 


6.04 
5.36 


Res 
(Res 
*(Res 
(OF — 1*) 1 
+( 1+ — 1*) 
(Intermediate gamma 
ray unobserved) 


1+ (0.11+0.01) P2(cos@) 
1— (0.13+0.01) P2(cosé) 


(ground) 


0.69 (0.07+0.015) P2(cos@) 


3D. H. Wilkinson, Proceedings of the Rehovoth Conference on 
Nuclear Structure, September 8-14, 1957, edited by H. J. Lipkin 
(North-Holland Publishing Company, Amsterdam, 1958), p. 175 
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unusual in view of the low energy of the gamma 
transition. It could be due to an enhancement in the 
E2 transition rate or inhibition of M1 transition rate 
due to some selection rules. Preliminary calculations 
indicate that this nucleus does not have any well- 
developed rotational structure. If, however, the 708-kev 
level is J=1+, T=0, then the M1 transition rate to 


SINGH 


ground state, J=1+, T=0, is expected to be reduced 
by a factor of this order. 
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An attempt has been made to observe a 550m, particle in the sea-level cosmic radiation. A counter arrange- 
ment biased against the detection of « mesons was used to select particles stopping in a multiplate cloud 
chamber. From the mass spectrum of these particles, determined from ionization and range measurements, 
an upper limit of 0.02% was obtained for the intensity of 550m, particles relative to 4 mesons stopping in 
the same range interval. A similar upper limit was also obtained by a method independent of mass measure- 
ments for the particular case in which one of the decay products of a 550m, particle is a x° meson. 


INTRODUCTION 


LIKHANIAN ei al.! have reported evidence for 
the existence of 550m, particles in the cosmic 
radiation at mountain altitudes. The abundance of these 
particles, relative to ~ mesons, was given as approxi- 
mately 0.5% of the number of u mesons stopping in the 
same range interval. The particles appeared to come 
from the atmosphere rather than from locally produced 
nuclear interactions, thus implying a long lifetime. 
Preliminary reports of other experiments?~* performed 
at various altitudes, have indicated a failure to detect 
a 550m, particle and have given upper limits to the 
intensity of such particles relative to u mesons ranging 
from 0.2 to 0.05%. 

In the experiment reported here an attempt was made 
to detect a 550m, particle in the sea-level cosmic radi- 
ation. A detection system strongly biased against yu 
mesons and mw mesons was used to select particles 
stopping in a multiplate cloud chamber. The mass 
spectrum of these particles was determined from ioniza- 
tion measurements made with two internally mounted 
scintillators and from range measurements in the plates 
of the chamber. With this arrangement it is relatively 
easy to identify from the photographs spurious events 
1 Alikhanian, Shostakovich, Dadaian, Fedorov, and Deriagin, 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 955 (1956) [translation : 
Soviet Phys. JETP 4, 817 (1957) ]. 

2 Conversi, Fiorini, Ratti, Rubbia, Succi, and Torelli, Nuovo 
cimento 9, 740 (1958). 

5 Keuffel, Call, Sandman, and Larson, Phys. Rev. Letters 1, 
203 (1958). 

* Bierman, Lea, Orear, and Rosendorff, Phys. Rev. 113, 710 


(1959). 
5 E. P. Hincks, Bull. Am. Phys, Soc. Ser. IT, 4, 7 (1959), 


due to protons interacting in the stopping material 
(scintillators or plates). 


EXPERIMENTAL METHOD 


The experimental arrangement is shown schemati- 
cally in Fig. 1. G,, G2, and G; are Geiger counter trays, 
S; and S» are plastic scintillators, and C; is a water 
Cerenkov counter. The chamber contained the two 
counters S$; and S2 and nine Al plates each 2.16 g/cm? 
thick. The total amount of material above the chamber 
(including the chamber top, counters, supports, and 
roof) was equivalent to 50 g/cm? Al. A description of the 
chamber, scintillators, and method of recording the 
scintillator pulse heights has been given previously.® 

The chamber was expanded and the pulse heights 
recorded when the following criterion was satisfied : 


G,+Got+ (Si> 8.6v)+ (S2> 10.6v) = (C\;> 5) —Gs;, 


where S,, S2, and C; represent pulse heights from the 
respective counters and — denotes an anticoincidence. 
The meaning of this requirement can be seen from 
Fig. 2 in which is plotted the calculated average response 
of counters S. and C; to w mesons and 550m, particles 
stopping in the various plates of the chamber. Evidently 
the requirements impose a strong bias against the 
detection of electrons or u mesons (also 7 mesons) but 
little or no bias against the detection of particles of 
mass 550m, or greater. With the method of mass deter- 
mination used here it is necessary to exclude most of 
the stopping u mesons since otherwise the “tail” of the 
u-meson mass distribution (caused by ionization fluctu- 
ations) would obscure any 550m, particles present with 


61, B, McDiarmid, Phys. Rev. 109, 1792 (1958). 
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a relative abundance of 0.5% or less. The measured 
efficiency for the detection of 4 mesons stopping in one 
of the first four plates was 5.5% and in the remaining 
five plates was 0.1%. Since most of the bias against the 
detection of 4 mesons was provided by the C, anti- 
coincidence requirement, the S; and S»2 pulse heights 
could be used to give an approximately unbiased mass 
distribution for the small fraction of ~ mesons which 
were not rejected. 

Since the response of plastic scintillators to slow 
particles is nonlinear, a calibration was carried out to 
relate dS/dr, the light output per (g/cm*), to dE/dr, 
the ionization loss of the particle. For this purpose 
separate S, and S» pulse-height distributions were 
plotted for particles stopping in each plate, and the 
positions of the u-meson and proton peaks were used 
along with the known ionization loss of these particles 
to give dS/dr as a function of dE/dr over the range of 
values covered in this experiment. This procedure also 
compensated for any nonlinearity in the pulse-height 
recording system. A check on the constancy of response 
of counters S$), S2:, and C; was maintained by taking 
pulse-height distributions of near-vertical relativistic u 
mesons at regular intervals throughout the course of 
the experiment. 

Two values of the mass of each particle were calcu- 
lated, one from each of the two measured values of 
ionization loss in S; and S2 and the corresponding 
residual ranges determined from the photographs. 


RESULTS 


In a receptive time (operating time corrected for 
chamber dead time) of 940 hours about 4000 photo- 
graphs of events satisfying the above selection criterion 
were taken. The number of » mesons stopping in the 
plates of the chamber in this time was calculated to be 
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Fic. 1. Experimental arrangement. 
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Fic. 2. Calculated average response of counters S2 and C; to 
w# mesons, 550m, particles, and protons stopping in the various 
plates of the chamber. The arrows on the left indicate the fol- 
lowing: (1) The measured average response of counters Si, So, 
and C; to near-vertical relativistic 4 mesons (81). (2) The 
range of acceptable pulse heights from S2 and C;; events satisfying 
the selection criterion give pulses in S2 greater than the S2 bias 
and in C; less than the C; bias. The response of counter S; is 
similar to that of S2 displaced to lower values. 


9800 from the known sea-level intensity of slow u 
mesons’’* and a solid angle times area factor of 29.5 
sterad cm*. The intensity of slow ~ mesons was also 
checked experimentally in a short run in which the 
selection criterion was adjusted to select these particles. 
About 850 photographs showed unaccompanied par- 


ticles stopping in one of the plates of the chamber and 
of these 112 had an observable decay electron. Also 
included in these particles were a few cases which were 
thought to be protons undergoing charge exchange in 
one of the plates and in which no secondary particle 
was seen to emerge, the appearance of these events 
being in some ways similar to that of a lighter particle 
coming to rest in the plate. The number of protons 
contributing to this type of event is greater by a 
factor 3 than the number stopping in the chamber. 
This is because generally in such cases of charge 
exchange, counter tray G; is not discharged and hence 
all protons with velocities at C; less than the critical 
Cerenkov velocity would contribute to these events. 
Most other events involving nuclear interactions of pro- 
tons in the plates or scintillators were easily identified 
from the photographs and, in the case of interactions in 
the scintillators, also from the fact that one pulse 
height was usually much greater than the other. 

In Fig. 3 are plotted two values for the mass of each 
particle stopping in the plates of the chamber. One mass 
value was calculated from the ionization loss in Sz and 
the residual range, and the other from the ionization 
loss in S; and the corresponding range. 

The open circles in Fig. 3 represent probable cases 
of the charge-exchange interaction mentioned above 
(in which no charged particle emerged from the 

7B. Rossi, Revs. Modern Phys. 20, 537 (1948). 

8M, Conversi, Phys. Rev. 79, 749 (1950). 
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plate). These cases satisfied the following conditions: 
(1) A visual estimate of the ionization in the compart- 
ment above the plate in which the particle appeared to 
stop was not appreciably greater than in the preceding 
compartments and was less than that expected for a 
stopping proton. (2) The ionization losses in S; and S; 
were each consistent with the passage of a proton whose 
residual range was considerably greater than that 
defined by the plate in which the particle appeared 
to stop. When the second condition is satisfied the two 
mass values calculated in the usual way (using the 
apparent ranges) give a point which always falls above 
the equal-mass line in Fig. 3; this is seen to be the case 
for particles represented by the open circles. Because of 
ionization fluctuations in S; and S; not all such charge- 
exchange interactions will satisfy the second condition 
and in fact several particles represented by dots in 
Fig. 3 satisfied the first condition and therefore might 
be nuclear interactions. 

An additional check on the identity of particles 
represented by circles in Fig. 3 is given by scattering 
and range measurements. The method outlined by 
Annis, Bridge, and Olbert® was applied to this group of 
particles assuming that only one kind of particle was 
present. If these particles lose energy only by ionization 
loss then the scattering-range method should give a 

® Annis, Bridge, and Olbert, Phys. Rev. 89, 1216 (1953). 


| 
1000 00 = 1200 -—«1300 


correct estimate of their mass. If, on the other hand, 
these are protons which undergo charge exchange in the 
plates then the measured ranges will be underestimates 
and the resulting mass estimate will be appreciably 
greater than the proton mass. The value obtained for 
the mass of these particles, from 52 measurements of 
scattering angle and range, was mc?= 2380_430+®” Mev 
which is consistent with the assumption that these are 
protons which undergo nuclear interactions in the 
plates. As a check, the method was also applied to 
several groups of protons identified by ionization and 
range; in all cases the scattering-range method gave 
mass values consistent with the proton mass. 

Figure 4 gives the mass spectrum of all particles 
stopping in the chamber, the mass of each particle 
being taken as the average of the two values given in 
Fig. 3 (omitting the circles). If 550m, particles are 
present, then about 90% of them will fall in the region 
mc>=200 to 375 Mev. Since only two particles are 
found in this region and since these could be part of the 
“tail” of the u meson distribution it is concluded that 
the sea-level intensity of 550m, particles <0.02% of 
the intensity of ~ mesons having ranges in the same 
interval. The particles lying between mc?= 375 and 550 
Mev in Fig. 4 are thought to be protons some of which 
undergo the charge-exchange process mentioned above. 
This view is supported by scattering and range meas- 





SEARCH FOR 550, 
urements on these particles which give a mass estimate 
mc? = 1290_»40t®° Mev. A safe assumption is that at 
least half of these particles are protons, in which case 
the intensity relative to « mesons of any long-lived 
particle with mass in this region <0.05%. 

Before the experiment just described was performed, 
another was carried out in which the purpose was to 
look for unusual decays. The Cerenkov counter C; was 
not used and no attempt was made to measure masses. 
In particular a search was made for electron pairs 
produced by y rays from 7° mesons since the decay of a 
550m, particle might be expected to involve this par- 
ticle. In this experiment 550m, particles would have 
been detected with an efficiency of about 75%. The 
experiment ran for a total receptive time in which 
7100 u mesons stopped in the chamber. One event was 
observed in which three electrons emerged from the 
point in a plate where a particle stopped. The angles 
between the electrons were small, the largest angle 
between any two being less than 10°; the sum of the 
energies of all three electrons could have been less than 
the maximum electron energy in wu meson decay. Pre- 
sumably the most likely, although rather improbable, 
explanation of this event is electron pair production by 
a decay electron from a u meson stopping in the same 
plate. 

In neither experiment was an electron pair associated 
with a stopping particle observed. Combining the 
results of both experiments gives an upper limit for 
the intensity of particles with a 7°-meson decay product 
which is independent of mass determinations. Taking 
the average probability of observing an electron pair 
produced by a y ray originating inside the chamber to 
be 0.2 (obtained from the pair cross section and the 
geometry of the apparatus) gives an upper limit of 
0.016% for the intensity relative to u mesons of particles 
with a 2°-meson decay. 

It should be pointed out that the sea-level results for 
the intensity of 550m, particles, expressed as a fraction 
of the slow u-meson rate, are directly comparable with 
those obtained at higher altitudes only if the atmos- 
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Fic. 4. Mass spectrum for particles stopping in the plates of the 
chamber. The broken line represents stopping particles which had 
an observable decay electron. 


pheric absorption is the same for both particles. How- 
ever, even if 550m, particles are attenuated as rapidly 
as the nucleonic component, the intensity relative to 
slow u mesons at sea level and 10 000 ft above sea level 
will differ only by a factor of 3,° and hence it is con- 
cluded that the present experiment does not support 
the results of Alikhanian ef al. 
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The effects on the cross sections for the inelastic electron-deuteron scattering process e+d — e-+-n+> of 
interactions between the outgoing nucleons are examined in detail. The cross sections are calculated in the 
first Born approximation with respect to the electromagnetic interaction using nucleon wave functions 
modified by the final state interactions. Crude estimates indicate that the peak value of the cross section 
da /(dQdE,') may be decreased by ~5-10% in the presence of such interactions. It is shown in an Appendix 
that additional decreases of ~5% will result when proper account is taken of the D-state component of the 
deuteron wave function. These changes in the cross section affect appreciably the determination of the 
neutron magnetic form factor from the experimental scattering cross sections. A new method of measuring 
the magnetic form factor based on the angular distribution of the outgoing nucleons is therefore proposed 
which eliminates almost all the uncertainties relating to the deuteron wave function and the effects of final 
state interactions. This method may also be used in conjunction with the dependence of the cross sections 
on the electron scattering angle to study the behavior of the neutron charge form factor in the region of 
large momentum transfers. The polarization of the outgoing nucleons is also calculated. While significant 
information may in principle be obtained from polarization measurements, the required experiments do not 
appear to be feasible at the present time. In an Appendix, the modifications of the cross sections resulting 


from relativistic effects are considered, and some uncertainties inherent in previous work are clarified. 


INTRODUCTION 


HE inelastic electron-deuteron scattering process 

e+d—e+n+p has been studied recently by 
Yearian and Hofstadter,!? who have measured the 
cross section d’*c/(dQdE,’) for the scattering of an 
electron of initial energy EZ, into the element of solid 
angle dQ, and the energy interval dE,’ about the final 
energy £,’ for incident electron energies of 500 and 600 
Mev and a number of scattering angles. The results, 
interpreted primarily on the basis of the theoretical 
work of Jankus’ and of Blankenbecler,* have been used 
to study the magnetic form factor of the neutron. By 
comparing for a fixed scattering angle the theoretical 
and experimental values of d’c/(dQ.dE,’) at the 
maximum of the sharply peaked cross section, or, 
alternatively, by comparing the integrated cross section 
do/dQ, with the cross section for elastic electron-proton 
scattering with the same momentum transfer, the value 
of the magnetic form factor of the neutron may in 
principle be obtained in terms of the measured charge 
and magnetic moment form factors for the proton.'* 
However, as a consequence of a number of uncertainties 
in the theoretical cross sections, the present results for 
the neutron magnetic form factor are perhaps not so 
reliable as could be desired.* This is particularly true 
of the values of the form factor determined from the 


* National Science Foundation Postdoctoral Fellow. 

1M. R. Yearian and R. Hofstadter, Phys. Rev. 110, 552 (1958). 

2M. R. Yearian and R. Hofstadter, Phys. Rev. 111, 934 (1958). 

3V. Z. Jankus, Phys. Rev. 102, 1586 (1956). 

*R. Blankenbecler, Phys. Rev. 111, 1684 (1958). 

5E. E. Chambers and R. Hofstadter, Phys. Rev. 103, 1454 
(1956). 

®It should be noted that the fractional error in the neutron 
form factor is considerably larger than that quoted for the root 
mean square radius of the neutron, the latter quantity resulting 
from an analysis in which a special analytic form is assumed for 
the form factor as a function of the square of the 4-momentum 
transfer." 


integrated cross section do/d2,, which may contain 
rather substantial, but as yet uncalculated, contri- 
butions arising from meson exchange currents in the 
deuteron.* We shall therefore confine our attention in 
the present paper to the differential cross sections 
d’¢/(dQ.dE,') and d'¢/(dQ,dQ.dE.’) and shall consider 
other methods of determining the neutron magnetic 
form factor. 

Jankus’ has calculated the cross section d’a/(dQ.dE,’) 
in the first Born approximation, using plane waves for 
the final state wave functions of the outgoing nucleons 
and a Hulthén wave function for the deuteron ground 
state. The nucleons were treated as nonrelativistic 
particles with two-component Pauli spin and magnetic 
moment operators. The D-state component of the 
deuteron wave function was neglected in the calculation, 
and the effect on the cross section of interactions 
between the outgoing nucleons was considered only 
approximately, using a central force model for the 
two-nucleon interaction and treating its effect on the 
final nucleon wave function in first Born approximation. 
The Jankus cross section provides a reasonable de- 
scription of the scattering in the regime of low electron 
momentum transfers for which it was designed, but 
does not, without modification, provide a satisfactory 
fit to the high-energy data of Yearian and Hofstadter.'” 
In the present work, we shall consider in some detail 
the changes in the theoretical scattering cross sections 
which result from a more precise treatment of the 
effects of interactions between the outgoing nucleons, 
and shall consider in two Appendices the modifications 
of the cross sections arising from a relativistic treatment 
of the scattering and from scattering involving the 
D-state component of the deuteron wave function. We 
shall not attempt to discuss the contributions to the 
scattering of meson exchange currents, nor shall we 
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consider the effects of electron bremsstrahlung and 
radiative corrections.'” 

In Sec. I, we shall recalculate the cross section 
d’o/(dQ.dE.') including the effects of interactions 
between the outgoing nucleons and assuming no special 
analytic form for the deuteron wave function. It is 
found that the peak in the cross section d’s/(dQ.dE,’) 
for a fixed electron scattering angle may be significantly 
lowered and broadened as a result of final-state inter- 
actions, thus affecting both the determination of the 
neutron magnetic form factor from a comparison of the 
experimental and theoretical values of the cross section 
at the peak,'* and the possibility of using deviations 
of the experimental cross section from the Jankus 
shape to study the contributions of meson exchange 
currents to the scattering. The effects of final-state 
interactions, which we have calculated on the basis of 
the work of Signell and Marshak’ on the two-nucleon 
interaction, are much larger than would be obtained 
with a pure central force model treated in first Born 
approximation. However, the corresponding changes in 
the integrated cross section do/dQ, should be rather 
small as a consequence of the sum rule discussed by 
Jankus’ and Blankenbecler.t We have not considered 
explicitly the changes in the cross section which may 
result from changes in the deuteron wave function. 

In Sec. II and Sec. III, we shall discuss the infor- 
mation which can be obtained from measurements of 
the cross section d’¢/(dQ,dQ.dE,’) giving the angular 
distribution of the outgoing nucleons, and from meas- 
urements of the proton polarization. In particular, it 
will be shown that the value of the neutron magnetic 
form factor for a fixed electron 4-momentum transfer 
may be obtained from a measurement of the ratio of 
the number of neutrons to the number of protons 
emerging in a narrow conical region about the direction 
of the electron 3-momentum transfer. For the 4- 
momentum transfers typical of large scattering angles 
in the experiments of Yearian and Hofstadter,'? vir- 
tually all model-dependent features of the theoretical 
cross sections disappear in the ratio, including the 
factors arising from the deuteron wave function, and 
such major corrections as those for electron brems- 
strahlung and radiative effects and final-state inter- 
actions between the nucleons. The experiments can be 
performed under conditions for which the contributions 
of meson exchange currents to the scattering are ex- 
pected to be small. The neutron-proton scattering ratio 
then involves only the nucleon form factors with co- 
efficients which can be evaluated on the basis of the 
scattering kinematics alone. Thus, a number of the 
theoretical uncertainties inherent in the determination 
of the neutron magnetic form factor from the cross 
sections do/dQ, and d’a/(dQ.dE.’) could be circum- 
vented by the use of the ratio method. While a direct 

7P,S. Signell and R. E. Marshak, Phys. Rev. 106, 832 (1957); 


109, 1229 (1958). Signell, Zinn, and Marshak, Phys. Rev. Letters 
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measurement of the ratio requires the detection of the 
emergent high-energy neutrons, or, alternatively, of 
low-energy protons, and appears to be very difficult, 
the scattering ratio may be determined indirectly from 
the cross section for the scattering of protons into a 
conical region about the direction of the electron 
momentum transfer, together with a measurement of 
d’¢/(dQ.dE.’), for the same electron scattering angle 
and final energy. This experiment requires the de- 
tection only of high-energy protons in coincidence with 
the scattered electron, and may prove to be feasible. 
Work along these lines would be of considerable interest. 

In Appendix I, we shall consider relativistic cor- 
rections to the inelastic electron-deuteron scattering 
cross sections. For the large momentum transfers 
characteristic of the Stanford experiments,'? the non- 
relativistic result given by Jankus* for d’o/(dQ.dE,’) 
predicts incorrectly the final electron energy at which 
the cross section attains its maximum value for a fixed 
scattering angle. The difference between the theoretical 
and experimental peak energies is nearly 20 Mev for 
500-Mev electrons and large scattering angles, the peak 
in the cross section typically having a width at half 
maximum on the order of 45 Mev.! In addition, the 
terms in the Jankus cross section involving the nucleon 
magnetic moments fail in the limit of large momentum 
transfers to approach the form expected on the basis 
of the Rosenbluth cross sections® for the scattering of 
electrons from free nucleons. The discrepancy involving 
the energy at the peak of the inelastic cross section 
results from the use of nonrelativistic kinematics for 
the nucleons, and disappears when correct kinematics 
are used. The correct limiting behavior of the cross 
section is obtained as well when the nucleons are 
treated as Dirac particles with anomalous magnetic 
moments. The interaction Hamiltonian used by Jankus* 
is then modified by the addition of a number of small 
terms, one of which represents the energy of interaction 
of the electric field generated by a moving anomalous 
magnetic dipole with the electric field of the electron. 
This term should for consistency have been included 
in the nonrelativistic calculations of Jankus, since it 
contributes in the same order as the usual magnetic 
moment-magnetic field interaction terms to an ex- 
pansion of the cross section in inverse powers of the 
nucleon mass. With these relativistic modifications of 
the work of Jankus, the need for ad hoc adjustments of 
the theoretical cross sections of the type considered by 
Hofstadter’ and used by Yearian and Hofstadter! is 
eliminated. We may note also that the present procedure 
is superior to that of Goldberg,!® who has calculated 
d’¢/(dQ.dE,’) in the impulse approximation. While the 
correct limiting behavior is obtained for the cross 
section at large momentum transfers, the impulse 


*M.N. Rosenbluth, Phys. Rev. 79, 615 (1950). 

*R. Hofstadter, in Annual Review of Nuclear Science (Annual 
Reviews, Inc., Palo Alto, 1957), Vol. 7. 

0 A, Goldberg, Phys. Rev. 112, 618 (1958). 
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approximation is rather poor on the threshold side of 
the inelastic peak. 


Notation 


The following symbols will be used throughout the 
text. 


p., E. Initial momentum and energy of the electron. 

p.’, E.’ Momentum and energy of the scattered elec- 
tron. 

q= (p.—p.')/h. 

g Unit vector along the direction of the electron 
momentum transfer hq. 

hp Momentum of the proton in the center-of-mass 
system of the outgoing nucleons. 
Unit vector along the direction of p. 
The angle through which the electron is scat- 
tered, measured in the deuteron rest system 
(laboratory system). 
The angle defining the direction of motion of 
the proton relative to @, cos#=-g, measured 
in the center-of-mass system of the outgoing 
nucleons. 
The neutron magnetic moment in units of the 
nuclear magneton. 
The anomalous part of the proton moment in 
units of the nuclear magneton. 


I. EFFECTS OF FINAL STATE INTERACTIONS 
ON d’*a/(dQ.dE,’) 


In the present section, we shall consider the modifi- 
cations of the cross section d’a/(dQ.dE,’) for the process 
e+d—e+n+p which result from the presence of 
interactions between the nucleons in the final state of 
the neutron-proton system. The case in which there are 
no interactions may be discussed on the basis of the 
result for d’a/(dQ,d2.dE,’) presented in Appendix I by 
integrating over the directions of motion of the outgoing 
proton. We shall treat the scattering of the electron in 
first Born approximation, but shall use wave functions 
distorted by the neutron-proton interaction rather than 
plane waves to describe the final state of the two- 
nucleon system. The nucleons will be treated as non- 
relativistic point particles with two-component Pauli 
spin operators, and the detailed consideration of 
relativistic effects will be deferred to Appendix I, 
Appropriate form factors for the charge and magnetic 
moment distributions of the proton and the magnetic 
moment distribution of the neutron can be introduced 
into the formula for the cross section subject to the 
conditions discussed by Blankenbecler.* 

The electromagnetic field caused by the transition 
charge and current densities of an electron scattered 
from the plane wave state with momentum p,, energy 
E., and spin s, to the state characterized by p,’, E.’, 
and s’, is given in the laboratory system (deuteron rest 


DURAND, 


II 


system) by the Mller potential A,," 


A, (r,t) = —4riet(s’,p.')ysu(s,pe) 
X[g?— (Ee Ee’)?/ (he) Peek, (1) 


Here iq=p.—p.’ is the momentum transferred to the 
neutron-proton system in the scattering, u(s,p.) and 
ii(s’,p.’) are the initial and final electron spinors, 
normalized to unit volume, and the y, are the usual 
Hermitian Dirac matrices. The interaction with this 
field of the charge and current density of the deuteron 
is responsible for the scattering. The calculations of 
Jankus* are based on a nonrelativistic interaction 
Hamiltonian 


e 
| —ieA,(r;,t) —— -A(r,,t)+A(r1,) ‘pi | 


Mc 
eh eh 


———(1+«,)o1- ViXA(ri,t) aa 
2M. 2M 


2Mc Mc 


KnG2" VoX A(t), 


where M is the nucleon mass, r;, 01, and fe, g are the 
position coordinates and Pauli spin operators of the 
proton and the neutron, respectively, and xp and xk, 
are the anomalous parts of the nucleon magnetic 
moments expressed in units of the nuclear magneton. 
This interaction involves the terms through order M—! 
obtained when the more accurate relativistic inter- 
action discussed in Appendix I is reduced to a form to 
be used with two-component Pauli spinors rather than 
four-component Dirac spinors for the nucleons, and 
the results are expanded in inverse powers of the 
nucleon mass. However, the dominant terms in the 
cross section d’a/(dQ.dE,’) for large electron momentum 
transfers arise from the magnetic moment interactions 
in H,,, and are of order M~*. Hence, we should for 
consistency include in the electron-deuteron interaction 
all terms which can contribute to the cross section in 
this order. We shall actually omit from the Hamiltonian 
in the following calculations the usual convection 
current interaction and several terms of order M-*. 
The combined contribution of these terms to the scat- 
tering cross section d’¢/(dQ.dE,’) is very small in the 
region of interest near the peak, and their inclusion in 
the interaction Hamiltonian would not significantly 
change our results regarding the effects of final state 
interactions on the scattering. We shall therefore use, 
instead of H,,, the approximate interaction 


hq \? 
n= —ies(e| 1 (- -) a+a)| 
2Mc 


eh hg J 
— ewe (spor ViXN(nyd tied tad) (— -) Kn 


2Mc 2Mc 

eh 

Kn@2°V2XA(to,t). (2) 
2Mc 


4 W. Heitler, Quantum Theory of Radiation (Clarendon Press, 


Oxford, 1954), third edition, pp. 231-237. 
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A calculation using the complete Hamiltonian but 
neglecting the effects on the scattering of interactions 
between the outgoing nucleons is given in Appendix I. 

The cross sections for inelastic electron-deuteron 
scattering are easily written down in the first Born 
approximation. We shall consider first the cross section 
d'¢/(dQ,dQ2.dE,’) for the scattering of an electron into 
the element of solid angle dQ, and the energy interval 
dE,’ about the final energy £,’, accompanied by the 
emission of the proton in the element of solid angle 
dQ, in the center-of-mass system of the outgoing 
nucleons. The desired cross section d’s/(dQ.dE.’) may 
be obtained from d’¢/(dQ,dQ.dE.’) by integration over 
the directions of emission of the proton. After inte- 
grating over the coordinates of the center of mass of 
the neutron-proton system and extracting a common 
factor from H, d°¢/(dQ,dQ.dE,’) is obtained in the form 


1/e\?hc\*? Mp 1 
Ba/(dQ dQ dE’) = -(- ) (—) csc) 
4Nhc E./ rh? 2 


XL (fm fm)- (3) 


spins 


1 
We 
6 


The function fm is the amplitude of the asymptotic 
outgoing wave arising from the breakup of a deuteron 
with a z component of the total angular momentum 
equal to m. The momentum of the proton in the center- 
of-mass system of the outgoing nucleons is given by 
hp, with the direction / specified by angles @ and ¢. 
E, is the initial energy of the electron, and @ is the 
electron scattering angle measured in the laboratory 
system. The spin sum in Eq. (3) represents an average 
over the spins of the initially unpolarized electron and 
deuteron, while the expectation value (fm,fm) is to be 
taken with respect to the final spins. 

In calculating d’o/(dQ.dE,’), we shall neglect the 
contributions to the scattering of the D-state com- 
ponent of the deuteron wave function, as well as 
coupling between final nucleon states having the same 
angular momentum and parity, but different orbital 
angular momenta. These approximations should not 
seriously affect the results. The contributions of the 
deuteron D state to the scattering will be discussed in 
Appendix II assuming the absence of interactions 
between the nucleons in the final state. Neglecting 
coupling, the amplitude /,, may be written in the form 


Sul B,S1,82,5") = a 1 Le bJ LS 


JMLS 
X(IMLS ; s’,p.'| H'| D(m) ; s,p-)Ururs(P, 51,52) 
xXu(s’,p.’), (4) 
where 6yz5 is the phase shift associated with the state 
of the two-nucleon system with total angular mo- 


mentum J, orbital angular momentum JL, and spin 
angular momentum S. The angular momentum eigen- 
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functions Yyuzs for /,=M are defined in terms of the 
spherical harmonics Y,;¥%4(), the two-particle spin 
functions X s™S(s,,s2), and the symmetrized vector 
coupling coefficients’ (Wigner 37 symbols) by 


Yrs (P,S1,52) = (—1)8---”[2J +1]! 


- iL AN 
uz ( 
MiMs\M, Mg 


while the effective interaction operator H’ entering 
Eq. (4) is given by 


hq \? 
u’=|r41-(—*) a+) | 
2Mc 


he hq \? 
Mc 2Mc 


) Vp ™24(p)Xs™5(s1,52), (5) 
—M 


h 
2Mc 


Integrating Eq. (3) over the directions of emission 
of the proton, we obtain through the use of the ortho- 
gonality conditions for the angular momentum eigen- 
functions the result 


Mp 
da /(d2.,dE,') = omou—I (9), 


Th 


(7.1) 


where omott is the Mott cross section for the scattering 
of a relativistic electron by an external Coulomb field.” 
With the neglect of the electron mass energy relative 
to Ee, omott is given by 


1seONiphes? 1 1 
TMott = (~) ( ) csc) cos'(-0). (7.2) 
4\ he De 2 2 


The angular distribution function /(%) is defined by 
the relation 


1 
1(0) =see'( ’) 
2 


1 
xX- © DX |VMLS;s’,p.’|H’|D(m); s,p.)|?. (7.3) 


6 SS'm JMLS 


The function J(#) does not depend on the phase shifts 
6y1s, and therefore reflects the presence of final-state 
interactions only as these alter the wave functions 
entering the matrix elements. Since we are neglecting 
the D-state component of the deuteron wave function, 
that wave function will be used in the form 


va" = (dr) tu (r) X1" (51,52), (8.1) 


#22 A. R. Edmonds, Angular Momentum in Quantum Mechanics 
(Princeton University Press, Princeton, New Jersey, 1957), Chap. 


"18 Reference 11, p. 241. 
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with u(r) normalized so that 


f u*(r)dr=1. 


(8.2) 


The wave functions of the final state of the neutron- 
proton system are given in the absence of coupling by 


Yamis= (pr) "Fsis(pr)Ysurs(?,51,82), (8.3) 
with Fy,s(pr) subject to the asymptotic condition 


Fyis(pr) > sin(pr—}Lat+ésis), pro. (8.4) 


A straightforward calculation using standard tech- 
niques reduces Eq. (7.3) to a form involving only sums 
of radial matrix elements. Defining the matrix elements 
K ss by the relation 


Kuis= p f F yi s( pr) ji bgr)u(r)dr, (9) 
0 


with 7,(z) the spherical Bessel function of order L, 
ji (2) = (4/22)*J144(2), we obtain the result 


1 


T(8)=- >> (2J+1) (Ky, 7, | 


3 dL 


1 2 
« [1+2« p+ (—1)42k,, | H+-(— ) 
‘ LIM C 


1 1 
x|2 tan'(-9) +1 fo | LIK et | —1)"x, |? 


L 


K [(3L +4) (K x41, 1,1)? + (2L+1)(K 1, 1,1)” 
+ (3L—1)(K y-1, 2,1)? ]+[14+Kp— (—1) "x, 


XOLH)(K 10). (10) 


We have neglected throughout the calculation the rest 
energy of the electron relative to the other energies 
involved in the problem, and have omitted from Eq. 
(10) terms involving powers of M~ higher than the 
second. Relativistic modifications of this result will be 
discussed in Appendix I. 

In the absence of interactions between the outgoing 
nucleons, the phase shifts 67,5 vanish, and the radial 
wave functions Fy,s(pr)/pr reduce to the spherical 
Bessel functions j,(pr). The matrix elements defined 
in Eq. (9) are then independent of J and S. Thus, if 
we define K,, by the integral 


Zz 


Ki= f jul pr) jr(4qr)u(r)rdr, 


0 


(9’) 


then in the limit of negligible final-state interactions, 
Kyits— Ky for all J and S. The difference between 
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Eq. (10) and the same equation with Kyzs replaced 
by Kr yields the effect on d’a/(dQ.dE,’) of the inter- 
actions between the outgoing nucleons. For the energies 
and momentum transfers characteristic of the present 
inelastic scattering experiments,'” significant differ- 
ences between the radial matrix elements Ay,s and 
Ky should be confined to the states of relatively low 
angular momentum, and the series giving the difference 
between the corresponding cross sections will involve 
only a few terms. The theoretical cross section 
do/(dQ2.a4E,’) will also be sensitive to the form of the 
deuteron radial wave function u(r), but the uncer- 
tainties in the cross section arising from this wave 
function will not be studied in the present work. 

We shall consider as an example the effects of final- 
state interactions on the cross section for the scattering 
of 500-Mev electrons through an angle of 75°. The 
cross section d’a/(dQ.dE,’) is peaked in the absence of 
such interactions at E,.’=356 Mev, p=}q=1.3X10" 
cm, and has a width at half maximum of 45 Mev.! 
The individual matrix elements K, are similarly peaked. 
If, following Jankus,’ a Hulthén wave function is used 
for the deuteron ground state, it is found that, in the 
absence of final-state interactions, roughly 70% of the 
theoretical value of the cross section at the peak is 
contributed by states with orbital angular momenta 
L<4. The individual contributions are given in Table 
I. The energy of the outgoing nucleons in their center- 
of-mass system is 72 Mev at the peak in the cross 
section, corresponding to an incident proton energy of 
144 Mev in the proton-neutron scattering experiments 
analyzed by Signell and Marshak’ and by Gammel and 
Thaler.!®> The 150-Mev scattering phase shifts derived 
from the semiphenomenological two-nucleon inter- 
action of Signell and Marshak*''* are included in Table 
I; the magnitude of these phase shifts is a measure of 
the departure of the wave functions Fy,s(pr) from 
their form for noninteracting particles. 

A consistent calculation of the matrix elements 
Kysxs, Eq. (9), would require the use of deuteron and 
final-state wave functions for the neutron-proton 
system derived from the same interaction. Such a 
calculation is beyond the scope of the present work. 
However, some idea of the errors in the theoretical 
cross section caused by the neglect of interactions in 
the final state may be obtained by studying the behavior 
fixed deuteron wave 


of the matrix elements for a 


4 Tn the calculations which follow, we have used in the matrix 
elements the relativistic modification of the momentum transfer 
hg discussed in Appendix Ib. With this modification, the cross 
section peaks at the correct final electron energy. 

16 J. L. Gammel and R. M. Thaler, Phys. Rev. 107, 291, 1337 
(1957). 

‘6 The Signell-Marshak phase shifts are calculated for a potential 
which includes a large tensor force component, and coupling 
between states of the same total angular momentum and parity 
but different orbital angular momenta is therefore present. We 
are neglecting this coupling, but shall nevertheless use the Signell- 
Marshak phase shifts as representative of the type of phase shifts 
found in fitting the nucleon-nucleon scattering data. 
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function and different final-state wave functions. We 
have made such a study for the S states, using for the 
deuteron a Hulthén wave function, and for the final 
wave functions, an analytic approximation which 
behaves reasonably for small internucleon separations, 
and represents for separations larger than the range of 
nuclear forces an S wave shifted in phase by an amount 
5. It was found that the final electron energy E,’ at 
which the matrix element attains its maximum value 
is in general shifted by an amount AE,’ from its value 
in the absence of final state interactions. For the 
particular model considered, the energy shift AE.’ may 
be derived from the relation A(p—}q) + —ad+1.2a76, 
where a@'=4.3X10-" cm is the “radius” of the 
deuteron, and p—}3q~0 at the normal peak position. 
The S-wave phase shifts in Table I correspond to the 
conditions at the peak of the cross section; we shall 
neglect the variation of the phase shifts with £.’, 
although this would be important for small p.° For a 
constant phase shift 6=20°, AE.’ is approximately 5 
Mev, with the peak in the matrix element shifted 
toward larger final electron energies. Had we used the 
less realistic wave functions arising from a zero-range 
force model of the neutron-proton system, the energy 
shift would be more nearly given by A(p—}3q) = —aé, 
and the magnitude of AE,’ would be increased for a 
given phase shift. Conversely, for wave functions 
vanishing more strongly for small internucleon sepa- 
rations, AE,’ would be decreased. The maximum values 
of the matrix elements for orbital angular momenta 
with L>0 are also expected to occur for final electron 
energies somewhat different from those found in the 
absence of final-state interactions, but the energy shifts 
should be smaller for equal phase shifts. 

The shift in the positions of the peaks in the matrix 
elements Ay _s from the peak positions of the Ay will 
result in alterations in the shape and magnitude of the 
cross section d*¢/(dQ.dE,’) considered as a function of 
E,.’. From the phase shifts of Table I, it is apparent 
that for the Signell-Marshak model of the neutron- 
proton interaction,’ significant energy shifts would be 
confined to the states with L<2. In the absence of 
interactions between the outgoing nucleons, these states 
contribute 46% of the value of the cross section for 
E.=500 Mev, E,/=356 Mev, and )=75°. The energy 
shifts AZ,’ are expected to be on the order of 5 Mev or 
less, while the half-width of the peak at one half of its 
maximum value is roughly 22 Mev.! The phase shifts 
for L>O are distributed about zero, with the result 
that shifts in different directions occur, and the total 
shift in the peak of the cross section is much smaller 
than the shifts in the peaks of the individual matrix 
elements Ay zs. The S-state energy shifts are both 
expected to be large and of the same sign, but the 
S-state contributions to the scattering are not large 
in the peak region. It is therefore apparent that the 
displacements of the maxima of the matrix elements 
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TABLE I. Percent contributions of the states of low orbital 
angular momentum L to d’a/(dQ.dF,’) for }=75°, E.=500 Mev, 
and F,’=356 Mev, calculated using a Hulthén wave function for 
the deuteron and neglecting the effects of interactions between the 
outgoing nucleons. The phase shifts 6;7s for the corresponding 
states in the presence of final state interactions are those given by 
Signell and Marshak*» for 150-Mev neutron-proton scattering. 


L ~ contribution 5LLo 6L41,L.1 6LL1 6L-1,L,1 


8.0 19° 
25 —22 17 

13 PE , 25 —23 
18 —3.9 —17 ~2.9 
7.0 2:3 —5.1 


16 


® See reference 7. 
b See reference 16. 


Ky is from the positions expected in the absence of 
final state interactions will appear as a slight broadening 
of the peak in d*¢/(dQ.dE.’) with a corresponding re- 
duction in height. For example, the S-state matrix 
elements calculated with distorted final-state wave 
functions were found to be ~10% smaller than those 
calculated with undistorted wave functions at the 
position of the peak in the latter. Although this result 
is somewhat sensitive to the detailed behavior of the 
wave functions for small internucleon separations, it 
is in substantial agreement with the 79% reduction in 
the matrix element which would be obtained by using 
the results for no final-state interactions, but calcu- 
lating the matrix elements at a final electron energy 
shifted by the amount AE,. The decreases in the matrix 
elements for L>0O at the position of the peak in 
d’¢/(dQ2.dE,’) in the absence of final-state interactions 
are found to be somewhat larger than those for L=0 
when calculated by the second method assuming equal 
energy shifts. Since only the squares of the matrix 
elements enter the cross sections, energy shifts leading 
to a 10% decrease in the matrix elements for L<2 
would result in a decrease of ~10% in the value of 
d’a/(dQdE,’) at the peak, and some corresponding 
enhancement of the cross section on either side of the 
peak. While this figure probably overestimates the 
effects of final state interactions on the matrix elements 
for L>0, a change of 5% in the peak value of the cross 
section would not be unexpected. 

While the foregoing results are quantitatively very 
uncertain, it is apparent that the effects of interactions 
between the outgoing nucleons should be considered if 
the neutron magnetic form factor is to be determined 
from the value of d*a/(dQ.dE,’) at the peak, that is, 
using the ‘differential of Yearian and 
Hofstadter.'!* The expected broadening of the inelastic 


method” 


scattering peak is consistent with the observations of 
Yearian and Hofstadter,’ that the experimental peak 
is somewhat broader than is predicted by the Jankus 
theory. Precise calculations of the matrix elements 
Kyxs for the states of low angular momentum using 
deuteron and final-state wave functions derived from 
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an interaction consistent with both the low- and high- 
energy properties of the neutron-proton system would 
be of considerable interest. It is probable that rea- 
sonably accurate results could also be obtained by 
treating the modification of the final-state wave func- 
tions in the first Born approximation, using a spin- 
dependent, noncentral interaction of the Signell- 
Marshak’ or the Gammel-Thaler’ type. We may note, 
however, that the results of such a calculation would be 
seriously in error if a central interaction giving only the 
mean phase shifts for given ZL and S, and not the much 
larger split phase shifts 677s, were used. 


II. ANGULAR DISTRIBUTION OF THE 
OUTGOING NUCLEONS 


The uncertainties inherent in using the peak value 
of the inelastic electron-deuteron scattering cross 
section d*a/(dQ.dE,’) or the value of the integrated cross 
section da/dQ2, to study the magnetic form factor of 
the neutron make the development of alternative pro- 
cedures desirable. One such procedure is provided by 
the study of the angular distribution of the outgoing 
nucleons accompanying the scattering of an electron 
into a specified angular region and energy interval. The 
relevant cross section for nonrelativistic nucleons is 
given formally by Eq. (3). We shall use the approximate 
interaction Hamiltonian of Eq. (2). Then in the absence 
of interactions between the outgoing nucleons, and with 
the neglect of contributions to the scattering involving 
the D-state component of the deuteron wave function, 
the cross section integrated over the azimuthal direc- 
tions of emission of the proton about the polar axis 
g=4q/q is given by 

da/d(cos0)dQ. dE.’ =omow(M p/2rh*)A (0,8), (11.1) 
where 
A (0,3) = F°(0)+ (hg/2Mc)? 

X[2(1+Kp)* tan?(30)+«,? |F?(0) +3 (hg/2Mc)? 

X[2«n(1+K«,) tan?(30)—Kn(2—K,y) |F (0) F (4-8) 

+ (hg/2Mc)*x,7[ 2 tan?(30)+1]F2(r—6). (11.2) 
Here fig is the magnitude of the electron 3-momentum 
transfer, ig=|p.-—p.’|. The Mott scattering cross 
Section omott is given in Eq. (7.2). The matrix element 
F(@) is defined as 


(37.3) 


ro= f jo(\4q—p!|r)u(r)rdr, 


with jo the spherical Bessel function of order zero, 
jo(z)=27' sinz, and @ the angle between the direction 
of emission / of the proton and the direction @ of the 
electron momentum transfer, measured in the center- 
of-mass system of the outgoing nucleons, 


|3q—p|?=p’+19°— pq cosé. (11.4) 
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We have omitted a contribution to the cross section 
small for the region of experimental interest which 
arises from the proton convection current and cor- 
rections of order M~* to the Hamiltonian of Eq. (2). 
Appropriate form factors for the neutron and proton 
magnetic moment distributions and the proton charge 
distribution must of course be inserted in Eq. (11.2) 
before the theoretical cross section can be compared 
directly with the results of experiment. We may note 
that Eqs. (11) provide a simple starting point for the 
consideration of the effects of changes in the deuteron 
wave function on the integrated cross section 
@o/(dQaE,’). 

The function F(@) appearing in d*s/d(cosé)dQ.dE,’ 
is sharply peaked at small angles for any reasonable 
deuteron wave function, while F(7—@) is correspond- 
ingly peaked for 6~a. The peaking is greatest for 
p=34q, and becomes less prominent as one departs from 
this condition. For a Hulthén model of the deuteron 
radial wave function u(r), and the parameters p= }3q 
= 1.310" cm corresponding to the peak in the cross 
section d’¢/(dQ.dE,’) for the scattering of 500-Mev 
electrons through an angle 3=75°," the function 
F?(6) sin@ attains its maximum value for 6=6°, and 
has decreased at 6=30° to 7% and at 6=60° to less 
than 0.5% of that value. As a result, the terms in Eq. 
(11.2) involving only the proton charge and magnetic 
moment contribute significantly to the scattering only 
in the forward direction, @~0. Correspondingly, the 
scattering associated with the neutron magnetic 
moment is concentrated in the backward direction. 
The neutron-proton interference term involving the 
product F(@)F(r—@) is important in the region of 
intermediate angles, but decreases the cross section 
integrated over the backward cone 150°<6@< 180° by 
less than 0.5% in the above example, and is less im- 
portant in the forward cone 0°<@<30°. Thus the 
cross section integrated over the forward cone is quite 
accurately describable as arising entirely from scat- 
tering by the proton, with the proton emerging in a 
narrow cone of directions around the direction ¢ of the 
electron momentum transfer. Similarly, the cross 
section integrated over the backward cone may be 
associated with the scattering of the electron by the 
neutron, the neutron emerging in a narrow cone of 
directions around g and the proton, in a similar cone 
around —@g. The angular distribution function 
A(@,3) siné is shown in Fig. 1 for the parameters of our 
example.!” 

From the foregoing remarks it is apparent that parts 
of the cross section d*¢/(dédQ.dE,’) corresponding to 
scattering by the individual nucleons may be measured 

17 The angular distribution function A (0,0) was evaluated using 
a Hulthén model of the deuteron wave function. If the wave 
function vanishes more strongly for r 0, as would be the case 
for the wave function for a repulsive core potential, the peaking 
of F(@) for small @ is somewhat more pronounced, and the tails 
on the peaks in A(6,9) sin? appearing in Fig. 1 are reduced in 
importance. 
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Fic. 1. The angular distribution function A(6,3) sin@ in the 
absence of final-state interactions is plotted as a function of the 
proton scattering angle in the nucleon center-of-mass system 
[cos@=p-q] for the scattering of 500-Mev electrons through an 
angle }=75° with a momentum transfer giving p=}g=1.3X 10% 
cm, A(@,3) is defined in Eq. (11.2); the function / (6) entering 
the definition was evaluated using a Hulthén wave function for 
the deuteron. The cross section d*a/(d6dQ,dE,’) is given by 
(4.71105 cm™ rad sterad™ Mev) A(@,9) sin@é. No nucleon 
form factors have been introduced into the results. 


separately by studying the scattering in the forward 
and backward cones; the results can be used to evaluate 
the neutron magnetic form factor in terms of the known 
proton form factors. We shall consider the ratio R of 


the number of neutrons to the number of protons 
scattered into a given conical region about the direction 
q. So long as the region considered is restricted so that 
the total contribution to the scattering of the neutron- 
proton interference term is negligible, the factors in- 
volving the detailed structure of the deuteron wave 
function will divide out in the ratio, and R will depend 
only on the nucleon form factors with coefficients which 
may be calculated on the basis of the electron kine- 
matics alone. Inserting in Eq. (11.2) the form factors 
F,,,(q-qg) and F,,,(q-q) for the proton charge and 
magnetic moment, and the form factor F»,,,(g-qg) for 
the neutron magnetic moment, we obtain for R the 
result 


R= (hg/2Mc)*«,"[2 tan*(3d)+1 JF 2, 0° 
X {Fi P+ (hg/2Mc)*[2(F 1, ptkpFs, p)* tan?(4v) 
+kpPo, fo. 


The form factors are functions of the square of the 
electron 4-momentum transfer g-q,* but in the present 
approximation, accurate only to order M~*, the co- 
efficients in Eq. (12) depend on the square of 
3-momentum transfer. This result will be somewhat 
altered by the more accurate calculation in Appendix T, 
which includes some relativistic corrections. The 
optimum theoretical conditions for a measurement of 
R are those characteristic of the peak in the cross 
section d*c/(dQ.dE,’) for a fixed electron scattering 
angle. The effects of the neutron-proton interference 


(12) 
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terms and of the small additions to the cross section 
d'¢/ (dédQ.dE,’) involving the proton convection current 
scattering and corrections to the Hamiltonian of Eq. 
(2) of order M~ are then minimized. We may note also 
the remark of Drell, that the contributions to the 
scattering from meson exchange currents should be 
rather small under these conditions.! 

The cross section of Eqs. (11) will of course be 
modified when account is taken of the presence of 
interactions between the outgoing nucleons and of the 
corrections to the scattering arising from electron 
bremsstrahlung and radiative effects. Final-state inter- 
actions between the nucleons may in particular increase 
the importance of the neutron-proton magnetic inter- 
ference term in the cross section, and result in a sig- 
nificant overlapping of the proton (forward) and 
neutron (backward) peaks. The smallness of the 
interference and overlap effects in the absence of such 
interactions arises solely from the smallness of F(@) 
for =, and of F(r—@) for 6~0. The function F(6) 
may be expressed as a sum of contributions of tran- 
sitions from the deuteron ground state to final states of 
the two-nucleon system with definite orbital angular 
momenta L, 


F(0)=>01 (2L+1)KiP1(cos6). (223°) 
Here K, is the radial matrix element defined in Eq. 
(9’), positive for p~}q and reasonable deuteron wave 
functions. For 6=0, the Legendre polynomials P; (cos@) 
are also positive, and F(@) is large, while for 6=7, 
successive Legendre polynomials alternate in sign, and 
large cancellations between the contributions from 
different values of Z occur. For E,=500 Mev, 38=75°, 
p=2q=1.3X10" cm, and a Hulthén model of the 
deuteron wave function, F(@) is a slowly varying 
function for @~7, having the value 0.026 for 0=7 in 
contrast to the value 9.8 of F(xr—8) at the position 
6=174° of the peak corresponding to the backward 
scattering of the proton. The matrix elements Ky, 
decrease slowly with increasing Z, the quantities 
(2L+1)Kr, having the values 0.38, 0.84, 1.04, 1.09, 
and 1.06 for L=0, ---, 4. It is thus apparent that even 
small changes in the radial matrix elements as a 
consequence of interactions between the outgoing 
nucleons may disrupt the cancellations which make 
F(@) small for 67. However, for high momentum 
transfers and large electron scattering angles, the 
resulting changes in the ratio R should not be large. 
This is a consequence of the dominance in A(@,9) under 
those conditions of the magnetic moment terms in- 
volving the factor tan*?(3@). For example, the proton 
charge scattering is only 9% of the proton magnetic 
moment scattering for E.=500 Mev, 3=135°, p=}q 
= 1.7 10% cm, and equal proton charge and magnetic 
moment form factors.° The J-independent magnetic 
moment contributions to A(6,%) are considerably less 
important. The large magnetic moment terms in the 
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cross section arise from the interaction 
—(eh/2Mc)[ (1+«,p)o1-ViXA(n,t) +K,02°V2XA(re,/) | 


appearing in the Hamiltonian of Eq. (2). We note that 
this part of the total interaction is symmetric in the 
interchange of the proton and neutron labels (1) and 
(2) along with the interchange of (1+«,) and x,. As a 
consequence, the parts of the cross section corre- 
sponding to the above interaction alone must be 
invariant under the interchange of (1+«,) and x, 
simultaneously with the change 0— r—86, even when 
the effects of final-state interactions, of scattering 
involving the D-state component of the deuteron, and 
of higher order processes such as scattering accom- 
panied by electron bremsstrahlung, are taken into 
account. Thus any such corrections to the coefficient 
of (1+«,)? in the dominant parts of the cross section 
will be compensated in the ratio R by identical changes 
in the coefficient of x,”. As a result of the presence in 
the cross section of other small terms which may be 
corrected in a different manner, and of the enhancement 
of the interference terms and the overlap of the back- 
ward and forward peaks by the effects of final-state 
interaction, the cancellation of the corrections to the 
cross section in the ratio R will not be perfect, but the 
residual correction should be small. This will be illus- 


1 
A(8,9) = E(2j+P,(cos)| 
355 
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interactions. We have not, however, attempted to 
evaluate the corrections to R arising from brems- 
strahlung and radiative corrections to the scattering. 
The calculation of these corrections would probably 
be of some interest. 

In the remainder of the present section, we shall 
calculate in detail the changes in the cross section 
d°¢/d(cosé)dQ2.dE,' caused by interactions between the 
outgoing nucleons. We shall use the interaction Hamil- 
tonian of Eq. (2) which gives the cross section quite 
accurately to order M~*, and shall again neglect the 
D-state component of the deuteron wave function as 
well as coupling between final nucleon states having 
the same total angular momentum and parity, but 
different orbital angular momenta. The cross section 
is given formally by Eq. (3), with the scattering 
amplitude f,, defined in Eq. (4). The polar axis will be 
taken along the direction g of the electron momentum 
transfer, with the direction of motion / of the outgoing 
proton in the center-of-mass system of the two nucleons 
specified relative to @ by the angle 0, 6-G=cosé. We 
will integrate over the azimuthal distribution of p 
about @; the study of the azimuthal dependence of the 
cross section does not appear to be of fundamental 
interest. A straightforward calculation then yields for 
the angular distribution function A(0,0) in the presence 
of final-state interactions the result 


i > (27 +1)(2/’+1)(2L4+-1)(2L'4+ DA pinks cos(6y71—-6 711) 


be ys J ip hg \? ee Ly hg \? 
x( ) | —( “ -) [1-+269+2(—1) hee () [2 tame») +1] 
0 0 oJ lt ve all: \ome 2\2Mc 2 


h ; 1 1 
X[1+Kxpt+(—1)%«, [1 tert (— es} +( ~) 2 tan ( »)+i]| >~ dX (2J/4+1)(2)’+1) 
2 


2Mc 
« (2L+1)(2L’ +1)A pink yy l cos(é,; _— 


or see t Suet 1 tua sl 
a a i 
0 O O 0 0 O 0 0 O 0 0 0 


L 
& cos(6, Lo— 91 ‘ero [1 < (—1 yen 1+kp— (—1 | 
0 


Here Ayzxs is the radial matrix element defined in Eq. 
(9), while the 67,5 are the asymptotic phase shifts of 
the radial wave functions for total angular momentum 
J, orbital angular momentum J, and total spin S. The 
symbols in round and curly brackets are, respectively, 
the Wigner 37 and 67 symbols,'* symmetrized versions 
of the vector coupling and Racah coefficients. The 
cross section d’¢/d(cos@)dQ.dE,’ is given in terms of 
A(0,9) by Eq. (11.1). In the absence of final-state 
interactions, Ky,s— Kz, 641s 0, and Eq. (13) for 
A(0,9) reduces to Eq. (11.2). 


18 Reference 12, Chaps. 3, 6. 
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The effect of final-state interactions on the angular 
distribution of the outgoing nucleons is most easily 
studied when Eq. (13) is re-expressed so as to contain 
as a separate term the angular distribution function 
Ay(9,8) which would occur in the absence of the inter- 
actions. For this purpose it is convenient to rewrite 
the factors Ayu sAyris cos(6yis—6y-/s) appearing in 
Eq. (13) in the form 


KarwsK srs cos(6sts—by- 1s) = Ait+dsrs | 


XK 1!’ + Anis |+Asingy 1 sK yrs 
Xsindy,sK srs, 
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where 


(14.2) 


Ayits=cos6yrsKyrs—K1, 


and Ky is the radial matrix element for vanishing final- 
state interactions defined in Eq. (9’). Both Ayzs and 
sindyzsKyzs vanish in the absence of interactions 
between the outgoing nucleons. If Eq. (14.1) is sub- 
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stituted in Eq. (13), those parts of the resulting 
expression involving the K;, may be summed in terms 
of the angular distribution function F(@) defined in 
Eqs. (11.3); the necessary relation is given in Eq. 
(11.3’). We will present as an example the result ob- 
tained when the last term in Eq. (13) is regrouped in 
this manner: 


DY (2j+1)(2L 41) (2L' +1) P;(cos0)K 110K 110 €08(81,10—81 10) [1 +Kp— (—1) "kn LL +Kp— (—1)"’kn] 


JJ'j 


££ 
x 
0 0 


iy? | 
J = {(1+k,)F(@)—KpF (r—0) +01 (2L4+1)P1(cosd)[1+kp— (—1) "kn JArro}? 


+{>>7 (2L+1)P1(cosé)[1+k,)— (= 1)", ] sind; 10K iro}. (15) 


This contribution to A(@./) arises from the magnetic 
transitions from the deuteron ground state to the singlet 
spin states of the final neutron-proton system, and is 
especially simple since there is only one such state for 
each value of the total angular momentum J. Only a 
few values of Z contribute to the sums remaining in 
Eq. (15). Values of the quantities Azzo and sinézz0 
XK x10 have been estimated for the parameters of our 
previous examples, E,=500 Mev, 8=75°, p=} 

= 1.310" cm“, and are given in Table II. The 150- 
Mev neutron-proton scattering phase shifts of Signell 
and Marshak’ given in Table I were used in the calcu- 
lation. The value of Az10 for L=0 was obtained using 
the model for the final-state wave function discussed 
in Sec. I. Values for L>0O were estimated using the 
fractional change in the matrix element A» caused by 
the final state effects coupled with the observation that 
the fractional difference between Ay19 and Ky, varies 
quadratically in the energy shift AZ,’ of Sec. I for small 
AE,’, while AE,’ varies nearly linearly with the phase 
shift. Values of the matrix elements A, were obtained 
using a Hulthén wave function for the deuteron ground 
state. The values of Axxo which result from this calcu- 
lation may be considerably too large in magnitude, 
since the energy shift is overestimated for L>0 by the 
present procedure; however, the values of sind, 10K 1x10 
should be reasonably accurate. It is seen from Table II 
that only a few states will contribute appreciably to 
the sums in Eq. (15). 


TABLE II. Values of the quantities Azzo and sindpproA Lx 
entering the corrections for final state interactions to the con- 
tributions to d’a/d(cos@)dQ,d/:,’ from transitions to the singlet 
spin states of the final neutron-proton system. The parameters 
used are £,=500 Mev, 0=75°, and p= }qg=1.3X10" cm™. The 
matrix elements A, were computed using a Hulthén wave func- 
tion for the deuteron. The phase shifts are those of Signell and 
Marshak. * 


Ki10/ Kr 


0.932 
0.909 
0.994 
0.998 
1.000 


L (QL+1)Kt bio 


(2L+1)Arro (2L+1) sindrroK 110 


~0.044 0.115 
—0.142 0.290 
—0.011 0.103 
— (0.004 ~0.074 

0.000 0.009 


) 0.377 19° 
0.844 —22 
1.04 57 
1.09 —3.9 
1.06 0.5 


* See reference 7. 


A detailed calculation of the effects of final-state 
interactions on the angular distribution of the outgoing 
nucleons has been performed on the basis of the fore- 
going approximations; these effects are appreciable. 
The contribution of the pure neutron magnetic moment 
scattering to the cross section integrated over the back- 
ward cone, 150°<6< 180°, is decreased by 7.5% from 
its value in the absence of final-state interactions, while 
the contribution of the neutron-proton interference 
terms and the pure proton terms, rather than being 
entirely negligible (<0.5%), constitutes 7.1% of the 
integrated backward cross section.'? The situation is 
similar for the cross section integrated over the forward 
cone, 0°<6< 30°. There the contribution of the proton 
scattering terms is decreased 8.69% by the corrections 
for final-state interactions, while the interference and 
neutron magnetic moment terms contribute 1.2°% of 
the integrated cross section rather than a negligible 
amount. The net effect of these corrections is to increase 
the ratio R by a factor of 1.055 from its value Ro 
computed from Eq. (12). Thus, if Eq. (12) were used 
to compute from an experimental value of R the value 
of the neutron magnetic form factor, the result for 
F,,,.” would be 5.5% too large. These results are very 
crude, and should not be given undue weight. There is 
some evidence from approximate calculations of the 
energy shifts and matrix elements for the states with 
L>0O that the values of the Ayzs used in the above 
calculations are too large in magnitude. The calculations 
were therefore repeated with the estimated matrix 
elements Kyzs replaced by the corresponding matrix 
elements AK, for no final-state interactions defined in 
Eq. (9’). The interactions between the outgoing 
nucleons then affect the cross section only through the 
factors in Eq. (13) involving the phase shifts 6y,s. In 
this case, R was found to be 4% larger than it would 
be in the absence of the interactions. The correct 
percentage change in R is probably in this neighborhood. 


19TIn these calculations, we have assumed that the neutron 
magnetic form factor and the proton charge and magnetic moment 
form factors are all equal. This assumption is supported by the 
present experimental evidence,'* but could be the source of some 
error in the computation of the (small) corrections to the scattering 
ratio R. 





1030 LOYAL 
The corrections to the neutron-proton scattering 
ratio are somewhat smaller for higher momentum 
transfers, as is to be expected. For E,=500 Mev, 
8=135°, p=}q=1.7X10" cm™, and for the 240-Mev 
neutron-proton scattering phase shifts obtained by 
graphical interpolation between the 150-Mev and 300- 
Mev sets of Signell and Marshak,’*.° the value of R 
when the effects of final-state interactions are taken into 
account is found to be 2% larger than the value com- 
puted from Eq. (12). The reduction in the size of the 
correction from 4-5% in the examples considered 
previously to 2% is to a considerable extent associated 
with the lessening importance of the proton charge 
scattering and the neutron-proton magnetic interference 
terms in the cross section, the corrections to the domi- 
nant magnetic moment terms dividing out in the ratio. 
The corrections are also reduced by the increasing 
importance in the cross section of contributions in- 
volving states of high orbital angular momentum, the 
wave functions for these states being relatively slightly 
affected by the interactions between the nucleons. 

It should be emphasized that the foregoing numerical 
results are the product of rather crude calculations. 
Nevertheless, it seems unlikely that accurate calcu- 
lations would greatly increase the corrections to the 
backward-to-forward scattering ratio R. It is interesting 
in this connection to note that only a little more effort 
is required to calculate the corrections to R than is 
needed to correct d’s/(dQ.dE,’) for the effects of final- 
state interactions. It is probable, however, that the 
corrections to R can be obtained to the required 
accuracy by treating the modification of the final 
nucleon wave function by the internucleon interactions 
in the first Born approximation using an interaction of 
the Signell-Marshak’? or Gammel-Thaler'® type. As was 
noted in Sec. I, the results of such a calculation would 
be seriously in error if an interaction giving the large 
split phase shifts 6y,s5 observed in scattering experi- 
ments were replaced by a central interaction giving 
only the mean phase shift for each value of Z and S. 
The main effects on the cross section d’¢/d(cos@)dQ.dE,’ 
of including in the calculation the D-state component 
of the deuteron wave function and coupling between 
final triplet spin states of the same total angular 
momentum and parity, but different orbital angular 
momenta, will divide out in the ratio R, and secondary 
effects relating to changes in the overlap of the neutron 
and proton peaks in the angular distribution should be 
considerably smaller than the corrections we have 
calculated. Similarly, we may again state that in the 
limit of dominant magnetic scattering, the major cor- 


2 The Signell-Marshak potential does not adequately fit the 
nucleon-nucleon scattering data at 300 Mev, as was noted by 
those authors. However, the fits at 150 and 210 Mev are fairly 
good, and it is not unreasonable to expect the fit at 240 Mev to 
be close to a good fit. See, however, the comments of R. Tamagaki 
[ Progr. Theoret. Phys. (Kyoto) 20, 505 (1958) ] concerning the 
validity of the potential itself rather than the fit to the scattering 
data. 
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rections to the cross section for bremsstrahlung and 
radiative effects will also drop out in R, and that the 
result will be virtually independent of such model- 
dependent quantities as the deuteron wave function. 
Determination of the neutron magnetic form factor by 
a direct measurement of the ratio of backward to 
forward scattering of the proton would therefore 
appear to be very desirable. A second experiment which 
is perhaps more practical would be the measurement of 
the angular distribution of the high-energy protons 
scattered into the forward cone. This would not require 
the detection of high-energy neutrons or of low-energy 
protons necessary in the ratio measurement. However, 
by subtracting the value of the cross section integrated 
over the forward cone from that of d’c/(dQ2.dE,’) 
measured for the same values of £,’ and J, one may 
obtain directly the value of d°a/d(cosé)dQ2.dE,’ inte- 
grated over the backward cone, subject only to rather 
small corrections for the contributions to d’a/(d2.dE,’) 
arising from intermediate scattering angles. The back- 
ward-to-forward scattering ratio may then be com- 
puted. From the angular distribution of the protons 
scattered in the forward direction, one may also obtain 
significant information about the deuteron wave func- 
tion; the function F(@) appearing in the approximate 
expression of Eq. (11.2) for the angular distribution 
function is just the Fourier transform of that wave 
function. 


III. PROTON POLARIZATION IN INELASTIC 
ELECTRON-DEUTERON SCATTERING 


In the present section, we shall consider the polari- 
zation of the outgoing proton resulting from the in- 
elastic electron-deuteron scattering process e+d—e 
+n-+p. We shall again describe the nucleons non- 
relativistically, and treat the scattering of the electron 
in first Born approximation. The polarization P of the 
outgoing proton is defined by the relation 


1ye\*rhc\?Mp th 
Pd?o/(d2.0,dE,')= (-) (—) csc( ») 
4Nic] NES ah? \2 


1 
Ss > (fmsPifm), (16) 


6 spins 


where @; is the Pauli spin operator of the proton, fm is 
the scattering amplitude defined in Eq. (4), and 
d’a/(dQ2.dQ,dE.’) is the differential scattering cross 
section of Eq. (3). P is a pseudovector of magnitude 
|P| <1, and is easily seen to vanish in the absence of 
interactions between the outgoing nucleons. From the 
effective interaction H’ of Eq. (6), it is apparent that 
the part of fm connected with the proton charge scat- 
tering depends only on the direction of motion of the 
outgoing proton and on the direction g of the electron 
momentum transfer. Thus the pure charge scattering 
contribution to P can be associated only with the 
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pseudovector ¢X Pp. It will be a function of the angle 6 
between # and @, but cannot depend on the orientation 
of gX* relative to the plane determined by p, and p.’. 
The situation is not so simple with respect to the 
magnetic-moment and convection-current contributions 
to the polarization, since both the initial and final 
electron momenta enter the scattering amplitude 
through the matrix elements a@(s,p.’)yu(s,p-). We may 
in particular form the pseudovectors £(p-p.X p.’) and 
(@Xp)Xh(p-p-Xfp.’), and expect therefore that the 
parts of P associated with the magnetic moment and 
convection current scattering will have components 
along the vectors # and (¢X)X/ as well as along 
gXp. These components of P will be functions of both 
6 and an azimuthal angle ¢. The unit vectors #, 
h=(9Xp)/\¢gxp!, and ”XP form a right-handed 
coordinate system natural for the consideration of the 
proton polarization. 

The transverse polarization of the proton as seen in 
the laboratory system will consist of a component 
directed along # and a component along the vector 
AX, (p: is the laboratory momentum of the proton), 
the latter arising entirely from the components of P 
directed along f and #X # in the nucleon center-of-mass 
system. The study of this general polarization does not 
appear to be especially profitable. Much simpler formal 
results are obtained if the electron energies and the 
momentum transfer are sufficiently small that the 
contributions to the polarization associated with the 
magnetic-moment and convection-current scattering 
may be neglected. The polarization in the laboratory 
system is then directed along % alone. However, the 
energy transfers attainable in this case are not great 
enough for significant phase shifts to appear for the 
final states of the neutron-proton system with L>0, 
and the polarization will not be measurably large. We 
shall consider, therefore, a slightly more general case, 
and shall calculate the value of #-@ integrated over the 
azimuthal angle ¢ giving the orientation of 7# relative 
to the plane of the electron scattering. The polarization 
cross-section @ will be defined by the relation 
@=Pd'c/(dQ.dQ,dE.’), while (A-) will be used to 
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denote the quantity 


(4-0) = f ~ £:0(6,6)de. 
0 


We may note at once that the quantities (6-@) and 
(AX p-P) must vanish, since all reference to the plane 
of the electron scattering £.Xf,’ is lost in the azi- 
muthal integration. It is then not possible to define any 
pseudovector other than 9X p. 

The scattering amplitude /,, entering Eq. (16) is 
defined in Eq. (4). While the matrix elements 
(IMLS; s’,p.'|H'| D(m) ; s,p.) are most easily evaluated 
in a coordinate system with the axis of quantitation 
along the direction 9, a more natural coordinate system 
for the calculation of the polarization is defined by the 
unit vectors p, #, and #X>p. We shall therefore take 
the polar axis along @ in calculating the matrix elements, 
but shall re-express the angular momentum eigen- 
functions Yyw_s appearing in f,, in terms of eigen- 
functions quantized along p rather than ¢. The neces- 
sary relation is given by 


Ysuis(P,S1,52) 
=a Duru? (0,0,6) Yru-is(0,51',52') 
ees 


= > (—1)8-i-mu’ 
, 4r 


M’ 
Bs eT | 
x ( ) Dau’ M (y) (0,0,0) 
0. M’ —M’' 


XXs™"(s1',52'). (17) 


The elements Dy-1‘”’ of the rotation matrix of order 
J are used in the convention of Edmonds,” and the 
two-particle spin functions Xs™’(s;’,s2’) are quantized 
along p. The angles @ and ¢ specify the direction of p 
in the center-of-mass system of the outgoing nucleons. 
With the conventions used, the polar axis of the rotated 
coordinate system is along p and the y axis is along f. 
Using this transformation in Eqs. (4) and (16), one 
obtains after a straightforward calculation 


fi-P=omor—— D (1) [4e(27 4+ YTV 7200) 5 XO LX (2I+1)(2I' +1) QL VY (2/4 Ky iaKon 


V3rh? i JJ’ LL! MM’ 


- 1 11 f JI j 
xsin(bsn1~Ss-e9)( )( )( 
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Ci war 
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y 4 J’ \( 1 J | ( hq ) 
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0 M’ —M'J\0O M - 2Mc 


JI jy) 1p hay? 1 
l+-(—) [2 tan'(-9) +1 [E10 (1h 
L’ 1) 2\2Me 2 


YL wail 3 3 ar oy nig 1 Pag i 2 
xcrteet—O (SS Me ve ilo 0 Mo o oo o dit 
OO rOFVE *E° 9 0 0 0 0 0 0 00 0 


*1 Reference 12, Chap 4. 
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The symbols in round and curly brackets are again the 
Wigner 37 and 67 symbols.'* 

Transitions to final singlet spin states of the neutron- 
proton system do not contribute to (f-@). It is also 
apparent from Eq. (18) that (#-@) will vanish if all the 
phase shifts 5,1; are zero, or if interactions between 
the outgoing nucleons do not result in different values 
for the phase shifts corresponding to different J and 
the same L. These are in fact properties of the polari- 
zation P. In particular, no polarization will result from 
a phase shift in the *S, state alone. Significant infor- 
mation can therefore result only from polarization 
measurements performed at electron energies and 
momentum transfers sufficiently large that split phase 
shifts are present in states with L>0O. A measurably 
large polarization would not be expected on the basis 
of the Signell-Marshak model of the neutron-proton 
interaction’ for final nucleon energies in the center-of- 
mass system less than about 20-30 Mev, corresponding 
to values of g less than 1.4—1.7X10" cm™ if the 
measurements are performed near the maximum of the 
cross section d’¢/(dQ.dE.’) for a fixed scattering angle. 
The terms in Eq. (18) connected with scattering by 
the nucleon magnetic moments will therefore contribute 
an appreciable fraction of (#-@) under reasonable 
experimental conditions. The azimuthally dependent 
terms in #-@ arising from the magnetic-moment scat- 
tering may be comparable in magnitude to the magnetic 
terms in Eq. (18). One may nevertheless estimate the 
order of magnitude of the polarizations which must be 
measured in an experiment by considering the parts of 
Ai-& and of d’a/(d2,dQ2.4E,’) which are independent of 
the azimuthal angle. These are given, aside from factors 
of 2r, by Eqs. (13) and (18). The largest polarizations 
would probably be found for values of 6 lying in the 
tail regions of the two peaks of the angular distribution, 
but no detailed numerical study of this matter has been 
attempted. 

While the measurement of the polarization of the 
outgoing nucleons in inelastic electron-deuteron scat- 
tering is probably not feasible at the present time, 
polarization experiments can in principle provide 
valuable information about the magnitude and, es- 
pecially, the signs and ordering of the neutron-proton 
scattering phase shifts, allowing perhaps a discrimi- 
nation between different types of phase-shift fits to the 
nucleon-nucleon scattering data. For example, the 
Gammel-Thaler™ Signell-Marshak’ fits differ 
markedly in the phase shifts assigned to the *P» and 


and 


’P, states at nucleon energies above about 75 Mev in 
the center-of-mass system. These differences should 
result in significantly different predictions for the proton 
polarization in an inelastic electron-deuteron scattering 


experiment with a value of g on the order of 2.6 10" 


cm. It may be possible also to obtain some infor- 
mation on the relative merits of the Signell-Marshak? 
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fit and the fits obtained by Otsuki, Watari, and 
Tamagaki.” 
ACKNOWLEDGMENTS 

The author would like to express his appreciation to 
Professor J. R. Oppenheimer and The Institute for 
Advanced Study for the hospitality accorded him 
during the course of this work, and to Drs. R. Blanken- 
becler, L. F. Landovitz, R. R. Lewis, and H. W. 
Kendall for stimulating discussions on the subject of 
electron-deuteron scattering. 


APPENDIX I 


The considerations of the foregoing sections on the 
effects of final-state interactions on the inelastic 
electron-deuteron scattering cross sections are based 
on an approximate treatment of the electromagnetic 
interactions and on a nonrelativistic treatment of the 
kinematics of the nucleons. The discrepancy noted by 
Yearian and Hofstadter! between the experimental and 
theoretical values of the final electron energy at which 
the cross section d’¢/(dQ.dE,’) attains its maximum 
value for a fixed scattering angle is, in fact, a direct 
consequence of the use of nonrelativistic kinematics in 
the calculations of Jankus.’ Relativistic corrections to 
the Jankus cross section of a second kind are en- 
countered when the nucleons are treated as Dirac 
particles with added anomalous magnetic moments 
rather than as Pauli particles. In this Appendix, we 
shall recalculate the dominant terms in the cross section 
d¢/(dQ,dQ2a4E,’), including the relativistic corrections 
insofar as this is practical, but neglecting the effects on 
the scattering of interactions between the outgoing 
nucleons. The cross section d’s/(dQdE,’) may be 
obtained from our result by integration over the 
directions of emission of the nucleons. 


a. Relativistic Modifications of 
d’¢/(dQ,dQ.dE,’) 

The general problem of describing relativistically the 
inelastic electron-deuteron scattering process has been 
considered by Blankenbecler.* We shall use several 
approximations discussed in that paper, assuming in 
particular that the current operator of the two-nucleon 
system is the sum of free-particle current operators for 
the individual nucleons. The interaction of the two- 
nucleon system with the electron is then given by 


Hint= —1e€F 1, py a? uPA p41) + (€/2M )kpPo, py 4? our” 
x [d,A v (vy j— Ovi 1 u(X) )J- 1eF ny "is Pa { p(X) 


+(e 2M )K nls, na" Our" Op. ! v(X2) —O, 1 u(x2) ], 


(1.1) 

rather than by the result given in Eq. (2). Here A, is 
the Mller potential! of the electron, 

A, = —4rie(q-q) 'u(s',p.)ysuls,pe*, (1.2) 

#2 S. Otsuki, Progr. Theoret. Phys. (Kyoto) 20, 171 (1958); 


W. Watari, Progr. Theoret. Phys. (Kyoto) 20, 181 (1958); R. 
Tamagaki, Progr. Theoret. Phys. (Kyoto) 20, 505 (1958), 
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and o,, is the antisymmetric tensor oy»=}iLYy,7¥v]. 
Units with h=c=1 are used, and the scalar product 
a6 is defined to be a-b=a-b—daobo. The functions 
F,,; and F,,; are, as before, the charge and magnetic 
moment form factors of nucleon (7). Plane waves will 
be used to describe the final state of the two-nucleon 
system. The deuteron wave function, assumed to be a 
solution of a relativistic equation of the Breit type,” 
will be expressed in the deuteron rest system in terms 
of the function Ya” of Eq. (8.1) by 


1 1 
virin—e) = )x( )oer(ei1). (1.3) 
Ty Te 


The two-component operators 7; are defined by the 
relation ;=20;-p;/(Ea+2M) ~o;-p;/2M. In writing 
WV.” in this form, we are neglecting contributions to the 
small components of wave function which are on the 
order of the deuteron binding potential divided by Eu 
relative to the terms retained. The errors thus intro- 
duced into the cross sections will be discussed later. 

The theoretical cross section d°¢/(dQ,dQdE,’) re- 
sulting from a calculation of the scattering in the first 
Born approximation using the above interaction and 
wave functions is given by 

1 ; m 


Bo/ (dQ dQdk,’) = = comme ome lll o(G) 


(29)? (q:qg E EF. 
& {L— M?q-qt4 Mek E/+3(9-9)7 JF, (9°) 


+kp(q°q)*Fi, p(q-q) Fs, p(q-4) 
+ikeg gid E.’+q:q]F >, 7(q-q)+Ap} 


+neutron and interference terms, 


(1.4) 


A, being defined by the relation 


Ap={q-qLM(E.—E.’)—39q:q]+q-9p2-4 
+4p.-p-po: p.+4M[E.po-p.+E.'po:p- ]} 
Fi, 2(q-q) +k :2¢:9q/2M4{M (E,-E.’) 

X(M (E.— Ee’) — 39-9. ]— 29° D2" 4+ (Po: pe)” 
+ (po-pe’)?+2MLE. po pe+E.'po' pe }} 


X Fo 7 (q:-qg) +OC(E:—M)/M). (1.5) 


The function /,(@) is a relativistic generalization of 
the function F(@) defined in Eq. (11.3), and may be 
obtained from the latter by replacing ($q—p) by the 
momentum p» of the neutron in the laboratory system, 

po=4q—p—9(E.—E.’+2M —2E)p cos6/2E. (1.6) 
Here E is the energy of either of the outgoing nucleons 
in their center-of-mass system, 

= p+ M?= M?+M(E.—E.’—©)—iq-q, (1.7) 


while ¢ is the binding energy of the deuteron. We note 


3G. Breit, Phys. Rev. 34, 553 (1929). 


DEUTERON 


SCATTERING 1033 
for completeness that the square of the electron 4- 
momentum transfer is given by 


q:q=4E.E,’ sin? (40). (1.8) 


The parts of the cross section involving scattering by 
the neutron alone may be obtained from Eq. (I.4) by 
interchanging the neutron and proton labels and chang- 
ing 6 to r—8@ in the function /,(@). The neutron-proton 
interference terms are small, and may be obtained to 
sufficient accuracy from the nonrelativistic result of 
Eq. (11.2) generalized to include neutron charge 
scattering and some relativistic corrections, 

m ee eff 
[d*a/(dQ2 dQ 4E,’) lin=— ——— ee 
(2m)? (q-q)° E FE, 
X F,(0)F (mw —8){ 2F), »(q-q) 1, n(q°q) 
XD—M?q-qt4MPk Ee \+LkpFs, p(q-qF 1, n(q-q) 
+knk 2, n(q°q)Fi, p(q-9) I4q-q—-E-E) 
+hq: qth E+ q-q)knF 2, x(q: QLFi, o(q°q) 


+k pl, »(g:g) ]+-::-}. (1.9) 

The behavior of the neutron charge form factor 
F,,.(q¢°q) for large momentum transfers is not known 
with any precision, although there is some evidence 
from elastic electron-deuteron scattering experiments 
that it is considerably smaller than F;, ,(q-q) for values 
of g up to about 2.4 10" cm~'!.** However, the success 
of McIntyre and Burleson” in fitting the deuteron form 
factor with a hard core wave function and no neutron 
charge scattering does not preclude values of F;,, of 
~0.1 F), , for g=2.4X 10" cm™ when allowance is made 
for the diminution of the theoretical cross sections by 
a relativistic contraction effect calculated by Blanken- 
becler.® Since F;,, may be considerably larger relative 
to F,, for larger values of gy, it would perhaps be 
possible to measure or obtain limits on the size of this 
form factor using the different dependence of the charge 
and magnetic moment scattering terms in (I.4) on the 
electron scattering angle. For large values of g-g and #, 
the inelastic scattering is predominantly magnetic, and 
F;,, can be determined by the methods of Sec. II with 
virtually no uncertainty associated with the charge 
scattering. In a second experiment at the same 4- 
momentum transfer but small electron scattering angles, 
the excess of the number of neutrons scattered along the 
direction g over the (now known) number expected on 
the basis of magnetic scattering may be related to F;, ». 
The main theoretical complications relate to the effects 
of final-state interactions, but the experiment would 
in any case be marginal in the present range of g values. 


41. L. Foldy, Phys. Rev. 87, 693 (1952); J. McIntyre, Phys. 
Rev. 103, 1464 (1956); J. McIntyre and S. Dhar, Phys. Rev. 106, 
1074 (1957); J. McIntyre and G. Burleson, Phys. Rev. 112, 2077 
(1958). 

*5 R. Blankenbecler (private communication) 
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In the part of the cross section which has been 
written out explicitly in Eq. (1.4), the proton form 
factors appear with the same relative coefficients as 
occur in the Rosenbluth cross sections for the scattering 
of electrons by free protons.* The extra terms contained 
in the function A, are corrections resulting from the 
motion of the proton in the deuteron. However, near 
the peak in the cross section d’¢/(dQ.dE,’), these cor- 
rections are fairly small, as is easily seen. The function 
F,(@) is large only for small angles, and attains its 
maximum value for p»=0. Under this condition, the 
kinematics of the problem are the same as occur in the 
scattering of electrons from free nucleons with the same 
electron 4-momentum transfer, and the quantity 
[q-g—2M (E.—E,’) |, hence A, as well, vanishes. While 
the condition p.=0 is attainable only for 6=0, po» is 
given approximately for nonzero proton scattering 
angles and the values of p and g yielding the peak in 
d’¢/(dQaE,’) by p2~q sin}6, and is consequently small 
in the angular region in which F7() is large. The cor- 
rection term A, should nevertheless be included in the 
cross section d°¢/(dQ,dQdE,’) in any _ precise 
calculations. 

We have omitted in Eq. (1.5) a number of terms 
similar in form to those written in detail in Eq. (1.4), 
which are, however, multiplied by the factor 
(E,—M)/M, with E, the final energy of the neutron 
in the laboratory system. This factor is small in the 
angular region in which F/(@) is large: for E,=500 
Mev, )=75°, and p= }g=1.3X10" cm“, the neglected 
terms reach ~1% of those retained only for 0=30°, 
while F7°(6) has decreased at that angle to ~ 7% of its 
maximum value. The contribution of the omitted terms 
to d’a/(dQaE,’) is negligible, being 0.2% of the con- 
tribution of the leading terms at the peak in the cross 
section for the above parameters, and 0.5% where the 
cross section has decreased to one-half of its maximum 
value. On the other hand, terms of order (E,—M)/M 
have been retained in Eq. (1.4); these represent in our 
example an 8% contribution to d’a/(dQ.dE,’), and are 
considerably more important for larger electron mo- 
mentum transfers. [We may in fact note that setting 
(E,—M) and (E,—M) equal to zero at the start of the 
calculation, and dropping the terms contributing to 
A,, Eq. (1.5), leads to the approximate result given in 
Eqs. (11), Sec. IL] The réle of the (E;—™M)- and the 
(E.—M)-dependent terms is reversed in the parts of 
the cross section which represent scattering by the 
neutron alone. 

We are now in a position to discuss the validity of 
the approximations which lead to Eqs. (I.1)—(1.9). 
Thus, in Eq. (1.3), we have neglected contributions to 
the small components of the deuteron wave function 
which arise from the two-nucleon interaction potential 
1’, and are expected to be on the order of V/2M 
relative to the terms retained. Similar terms have been 
omitted in the nucleon wave functions for the final 
state. The associated contributions to the cross section 
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d'a/(dQ,dQ4E,’) will involve matrix elements of the 
form (p| (V/M) exp(iq-r/2)|D) in the (nonrelativistic) 
nucleon center-of-mass system, while the cross section 
of Eq. (1.4) involves matrix elements of the form 
(p| exp(iq-r/2)|D). The first matrix element is just the 
Fourier transform of the product of the potential and 
the deuteron wave function; the second, the transform 
of the deuteron wave function alone. The maximum 
value of the integrated cross section d’c/(dQdE,’) 
occurs for p= }q. The quantity }q—p* pz» is then small, 
and the major contributions to the integrated cross 
section arise from the low-frequency Fourier com- 
ponents of the deuteron wave function. In contrast to 
the deuteron wave function, the product of the wave 
function and the potential is large only for small 
internucleon separations, and we may therefore expect 
its Fourier transform to be relatively small in the low- 
frequency range. Estimates made using a Hulthén 
model for the deuteron wave function and the corre- 
sponding Hulthén potential yield a correction of 1.6% 
to d*a/ (d2.dE,’) at the position of the peak for 500-Mev 
electrons scattered through 75°. The corrections are 
reduced by a factor of two when an equivalent Yukawa 
potential is used instead of the long-tailed Hulthén 
potential; this second estimate is probably more 
ealistic. The corrections to the cross section do, 
(dQ,dQaE.’) are small in the forward cone, 6<30°, 
being 0.5%, 1.2%, and 2.4% of the leading terms for 
6=10°, 20°, and 30° and the Hulthén potential. It 
should be emphasized that these results are only 
indicative of the effects which may be expected if a 
careful calculation is carried out using some specific 
model of the two-nucleon interaction. Nevertheless, it 
seems unlikely that corrections to the small parts of the 
nucleon wave functions could change the cross section 
by more than 1-2%, It is interesting to note that this 
estimate is consistent with the expectation that the 
present effects on the cross section will be smaller by 
roughly ratio (E—M)_/M than the effects of final-state 
interactions treated in Secs. I and II. 

Corrections to the cross section d?¢/(dQ,dQdE,’) of 
a very similar nature will arise from parts of the 
deuteron current density which we have so far neg- 
lected. These consist of the terms in the current 
operators of the individual nucleons which can con- 
tribute only to processes in which the nucleons are off 
the mass shell,‘ as is the case in the deuteron, and of 
a current operator associated with the exchange of 
mesons by the nucleons.‘ Blankenbecler* has suggested 
that the contributions of the off-the-mass-shell current 
terms should involve essentially the factor V/2M, with 
V the two-nucleon interaction. The estimates given in 


the preceding paragraph indicate that the corresponding 


contributions to the cross section will be small 
(~1-2%) for the energies and momenta at the peak 
of the cross section d’¢/(dQaE,’), provided only that 


26 C, Zemach, Phys. Rev. 104, 1771 (1956). 
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the new nucleon form factors which appear in the 
added current do not become much larger than the 
free-particle form factors at the electron momentum 
transfers of interest. Arguments of a similar nature 
may be advanced with respect to the meson current 
contributions to the scattering which make it not 
implausible that their effects on the integrated cross 
section d’¢/(dQadE,’) will be similar in magnitude to 
the foregoing corrections. It appears, therefore, that 
the approximations which have been made in the wave 
functions and current operators in the derivation of the 
result of Eq. (1.4) for d’a/(dQ,dQ.dE,’) are reasonable. 
While the estimates which have been made for the 
corresponding errors in the theoretical value of d’o/ 
(dQ.dE,’) are unreliable except as to the general order 
of magnitude, the changes in the cross section are 
nevertheless expected to be small. We may remark in 
this connection that the corresponding corrections to 
the cross section will be much more important in the 
case of elastic electron-deuteron scattering, the relevant 
comparison in that case involving the matrix elements 
(D| (V/M) exp(iq:r/2)|D) and (D| exp(iq:r/2) | D). 

We will summarize this discussion by remarking that 
the transition from the result of Eqs. (11) to that of 
Eq. (1.4) for d’c/(dQ,dQ.dE,’) involves changes in the 
coefficient of F?(@) on the order of 10-25% for the 
conditions characteristic of the Stanford electron 
scattering experiments, plus the significant changes 
inherent in the replacement of (}q—p) by pz in the 
definition of F(@). We have omitted from Eq. (I.4) 
corrections on the order of 10% for the effects of 
interactions between the outgoing nucleons (these were 
considered in detail in Sec. II), and several corrections 
related to approximations in the wave functions and 
current operators. The latter should be small, but 
cannot be estimated reliably. The major remaining 
uncertainty concerns the use of Breit-type wave 
functions*® for the nucleons rather than the completely 
covariant Bethe-Salpeter amplitudes.’ This involves the 
neglect of effects on the scattering arising from virtual 
nucleon pairs, and results also in the appearance in the 
theoretical cross sections of noncovariant quantities. 
We may remark finally that the uncertainties in the 
cross section associated with the deuteron wave function 
do not affect the ratio type of measurement of the free 
neutron magnetic form factor discussed in Sec. II. 
Similarly, the other uncertainties in the cross section 
which have been discussed will be reflected in such a 
measurement by considerably reduced uncertainties in 
the theoretical value of the backward-to-forward 
scattering ratio. 

The results of Eq. (1.4) may be used with a particular 
model for the deuteron wave function to obtain the 
cross section d’¢/(dQ.dE,’). From the form of Eq. (1.4), 
it is apparent that the results of such a calculation using 
a Hulthén wave function would differ substantially in 
form if not in value from the Jankus cross section’ with 
the ad hoc relativistic adjustments proposed by 
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Hofstadter? and used in the analyses of Yearian and 
Hofstadter.2 The results for d’c/(dQ.dE,’) obtained 
from the present work would also differ substantially 
from those of Goldberg,’ who has calculated that cross 
section in the impulse approximation. That calculation 
was performed by folding together with a weighting 
factor corresponding to the momentum distribution of 
the nucleons in the deuteron a set of cross sections for 
the scattering of electrons from free nucleons with 
specific initial momenta. The treatment of the nucleon 
current operators is equivalent to that given here, 
while the free-nucleon spinors differ from ours only by 
changes in the small components and normalization 
factors which are of order (E2,—M)/M in the forward 
cone. The impulse approximation does not, however, 
take correctly into account the different densities of 
final states characteristic of electron-nucleon and 
electron-deuteron scattering, and is consequently 
seriously in error near the threshold for the inelastic 
electron-deuteron scattering process. Some idea of the 
error on the threshold side of the inelastic peak in 
d’¢/(dQdE,') may be obtained from the figures in 
Goldberg’s paper which compare his results with the 
Jankus cross section as adjusted by Hofstadter.’ 
However, those two cross sections practically coincide 
at the peak. The agreement or lack of agreement of 
the present results with the Goldberg” or the modified 
Jankus cross section*® in the peak region has not been 
investigated, but as will be shown, there is some reason 
to believe that any differences will arise mainly from 
differences in the kinematic factors and the density of 
final states, rather than from changes in the factors 
associated with the deuteron wave function. 


b. Relativistic Modifications of the 
Matrix Elements Ky 5 


The radial matrix elements Ayzs which enter the 
inelastic electron-deuteron scattering cross sections in 
the presence of interactions between the outgoing 
nucleons were defined in Eq. (9) on the basis of a non- 
relativistic treatment of the nucleon kinematics. Sig- 
nificant changes in the matrix elements analogous to 
the change F (6) — F,(6) discussed previously may be 
expected when relativistic effects are taken into account. 
Since there is at present no completely covariant de- 
scription of the two-nucleon system, we will consider 
the wave functions pu" and Yywzs of Eqs. (8) as the 
amplitudes entering the definition of approximate 
relativistic wave functions of the Breit type,” Eq. (1.3). 
The wave functions Yu” and Yys;7s are defined in the 
center-of-mass systems of the two particles; the initial 
and final center-of-mass systems are not, however, in 
the same Lorentz frame. The final nucleon wave 
function in the laboratory system (deuteron rest 
system) is in fact obtained by subjecting Yyuzs to the 
appropriate Lorentz transformation, the transformed 
wave function consisting of a factor exp[ iP: R—iF..m.t] 
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describing the recoil of the center-of-mass system 
multiplied by a wave function yywzs’ of the relative 
coordinates which is contracted along the direction 
P/P of the recoil momentum. It is convenient in this 
calculation to use the momentum representation of the 
wave functions. The matrix element of a typical term 
in the interaction of Eq. (I.1) then consists of a mo- 
mentum-conserving delta function 6(P—q) and a 
reduced matrix element of the form 


((JMLS)' | Pe'-*!?| D(m)) 


1 
— _f eacss! pe Ukyk’ goon Kae, (1.10) 
(2xr)8 


where k’=}q—k—4(g-k)(2M+E.—E,’—2E)/2E, and 
I’ is a product of nucleon spinor operators with the 
interaction operator T. The wave function ¢yyrs is 
given by 


ésuxs(k,p) = fox F yi8(pr)Ysus(?,51,52)dr 


=4ni"Yyuis(hk,sis2)Pyis(k,p), (1.11) 


with 


x 


1 ‘) 
Pyrs(k,p) =— f Fyrs(pr)jr(kr)rdr. (1.12) 
p 6 


Similarly, 


ba” (k’) = (4ar)!X1"(51,52) F(R’), (1.13) 


where F(k’) is obtained from the function F(@) of Eq. 
(11.3) by the substitution |}q—p| — k’. 

The wave function ®y;,s, which in the absence of 
interactions between the outgoing nucleons is a delta 
function in k space, ®y,.s — 76(k— p)/(2p’), is expected 
to be sharply peaked for kp even when interactions 
are present. Consequently, most of the value of the 
integral in (1.10) should arise from values of & in this 
region. We note that F(R’), Eq. (1.13), is just the 
function which has been denoted previously by F,(6), 
with the changes p— k and cos@— cosO= k-9. Thus, 
for k= p, F(k’) is large only for 9~0. We may utilize 
this property of F(k’) in approximating the integral of 
Eq. (1.10). Expanding (k’)* in powers of the nucleon 
Compton wavelength, we obtain 


(k’)?= (4q’—k)?—k- (4q—k)q- (4q—k)/ (2M?) 


+0(M~), (1.14) 


where g’=g[1—k?/(2M?*) ]. The second term is smaller 
than the first by a factor of kg/(2M?*), and in addition 
vanishes more strongly than the first term for 2k~gq 
and @~0. We will therefore neglect this term, replacing 
k in Eq. (1.10) by (3q’—k). Provided that 2k~gq, the 
neglect of the second term in (1.14) affects F(R’) mostly 
in the tail region O>0 where this function is very small; 
the resulting changes in the matrix element defined in 
Eq. (1.10) are negligible for the present purposes. 
However, the approximation may be poor for values 
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of k and g which differ widely, since the terms omitted 
are then of the same order of magnitude as the 
k®?/(2M*) term retained in g’. The present results are 
therefore valid only for 2k~g, or, since the major 
contributions to the matrix element arise from the 
region k= p, for 2p~q. This condition is satisfied at the 
peak in the cross section d’c/(dQdE.’). We will also 
replace the term k®/(2M*) in the definition of q’ by 
p?/(2M*), and the function I” in Eq. (1.9) by its value 
in the absence of final state interactions, I’’(p,q). The 
lowest-order error in the cross section arising from the 
latter approximation will occur in the small contri- 
butions arising from the proton convection current. 
After making the foregoing approximations, we can 
perform the angular integrations in Eq. (1.9), obtaining 
just the factors characteristic of the nonrelativistic 
theory, and a modified radial matrix element 


2 « 4) 
Kyis(q,p) = -f wat f F y18(pr)ji(kr)rdr 
0 0 


wp 
xf ju(3q’r’) ji (kr')u(r’)r'dr’ 
0 


1 zx 
e J F s18(pr)ji(dq'nu(n)dr 
p 


=K y1s(q',p). (1.15) 
The radial matrix elements Ay ,s‘” differ from the 
matrix elements Kyzs of Eq. (9) only in the replace- 
ment of the nonrelativistic values of p and g by the 
relativistic value of p and a modified value of g, g— q’ 
=g[1—°/(2M*) ]. The approximations leading to this 
result should be valid in the central region of the peak 
in the cross section d’c/(dQdE,’). In this region, 
q’~(q-q)', and the replacement of the electron 3- 
momentum transfer by the 4-momentum transfer in 
the Jankus cross section’ is probably correct. The 
modified Jankus cross section used by Yearian and 
Hofstadter’ then differs from the results of the present 
work mainly in the kinematic coefficients multiplying 
the nucleon form factors. On the other hand, the 
replacement of g by (qq)! in the factors arising from 
the nucleon wave functions is definitely not correct 
away from the peak, as may be shown by integration 
of F,7(6) for a Hulthén model of the deuteron wave 
function. A better approximation to the correct result 
appears to be the replacement of g by (M/E)q~q’. We 
note finally that if the modified matrix elements K y;,5\" 
are used only to calculate corrections to the inelastic 
scattering cross sections, with the bulk of the cross 
section being calculated from the result of Eq. (1.4), 
then any errors introduced in the matrix elements by 
the transition from Eq. (1.10) to Eq. (1.15) should 
have entirely negligible effects on the cross sections. 
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APPENDIX II 


We shall consider in this Appendix the changes in 
the nonrelativistic electron-deuteron scattering cross 
sections which result from the inclusion in the deuteron 
wave function of a D-state component. The effects on 
the scattering of interactions between the outgoing 
nucleons will be neglected. Plane waves will therefore 
be used for the final nucleon wave functions, while the 
deuteron wave function will be used in the form 


va" = (4) [e(r) +838 12(F)w(r) Xi" (s1,52), (11.1) 


with the tensor operator Sj.(#) defined in terms of the 
Pauli spin operators of the nucleons and the unit vector 
*= (r—12)/|t1—1e2| by 


S1o(?) =30,: fo: ?—o1- oO». 


The deuteron wave function is normalized so that 


(11.3) 


f [u?(r)+-w(r) Jdr=1. 


A straightforward calculation of d*c/d(cosé)\dQdE,’ 
using the approximate interaction operator of Eq. (2) 
yields the result 


do /d(cosd)dQ dE. = omo(M p, 2x) {1+ (¢?/2M*) 
X (1+k,)? tan?($9)+ (9?/4M")x,? LF? (0) +G? (8) | 
+ (¢?/4M*)x,2[2 tan?(30)+1][F? (4-0) +G?(x—6) | 
+2(1/4M")x,(1+«,)[2 tan?(3d)+1 ] 
xX [@2F (0)F (r—0)+2'F (0)G(4—8) (g?— 3p" 
X po: PiX po) + 24F (w—0)G(6) (q°—3pr°pr 
X po: PiX ps) +G(0)G(r—0)(4q?—-[M (E.—E.’) 
+39 ]piX po: piX pr) J (g?/2M*)x nF (0)F (r—8) 
+G(0)G(x—8)(3(pr- p2)?—1) ]} 


+convection current terms.  (II.4) 


Here p, and p: are unit vectors along the final directions 
of motion of the proton and the neutron in the labo- 
ratory system, and we have again used units with 
h=c=1. The function F(@) is defined in Eq. (11.3), 
while G(6) is given by 


c= f jel dq—p|r)w(r)rdr, p-g=cos. (II.5) 


We have omitted from Eq. (II.4) the small terms 
associated with the proton convection current and some 
relativistic corrections to the Hamiltonian of Eq. (2); 
these terms correspond to the term A, in Eqs. (1.4) and 
(1.5). [A cross section partially corrected for relativisti« 
effects may be obtained by replacing }q—p_ by the 
relativistic value of p, in the functions /(@) and G(8), 
and changing the kinematic factors in the main terms 
to agree with those of Eq. (1.4). ] Some simplifications 
occur in Eq. (11.4) for the parameters characteristic of 
the region of the peak in the cross section d°a /(dQ.dE.’), 
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Fic. 2. The dimensionless functions /(@) and g(6), related to the 
functions F(6) and G(@) of Eqs. (11.3) and (II.5) by 
S (0) = (N/o?) coseF (6) and G(@) = (N/a?) sineg(@), are plotted for 
the Hulthén-type model of the deuteron wave function discussed 
in the text. The D-state probability for this wave function is 5%. 


The quantity (p1X pe) - (p1X p2) is then near unity and 
pi: ps is small over most of the range of 8, and the terms 

involving p;* and fp,” are small and may be dropped. 
The function F(@) is sharply peaked at small angles 
for any reasonable form of the deuteron S-state radial 
wave function u(r). The behavior of G(@) is somewhat 
more complex. We may note, however, that G(@) is 
essentially a Fourier transform, and that w(r) is a 
function much more sharply peaked for small values of 
r than is u(r). The wave functions approach the same 
asymptotic form for r>a~', where a is the decay 
length characteristic of the deuteron. It is therefore 
expected that G(@) will be weighted toward high- 
frequency Fourier components relative to F(@), and 
will consequently be large over a much larger angular 
region. We may remark also that G(@) may vanish or 
become very small for 6=0 provided p~ 3g. We have 
calculated F(@) and G(@) for the parameters p=}q 
=1.310" cm™ corresponding to the peak in d’o/ 
(dQ.dE,’) for 500-Mev electrons scattered through 75°, 
using for u(r) and w(r) the Hulthén-type wave functions 

u(r)=.V cosel 1—e-** Je“*,  x=ar, 

and 

w(r)=V sinel 1—e7-*'* Pe*(14+3(1—e°-#"*) /x 

+3(1—e7#’*)?/x? J, 


(11.6) 


with the values of the wave function parameters given 
by Hulthén and Sugawara: p=4.05, u’=3.28, 
a!=4,31X10" cm, sine=0.0275, and N?/a=3.31. 
These parameters fit the low-energy neutron-proton 
data, and correspond to a 5% deuteron D-state proba- 
bility. The angular variation of F(@) and G(@) is shown 
in Fig. 2. The results of the present calculation should 
not be altered qualitatively by the use of more realistic 
wave functions; those used have the advantage that 


27... Hulthén and M. Sugawara, //andbuch der Physik, edited 
by S. Fliigge (Springer-Verlag, Berlin, 1957), Vol. 39, Sec, 33. 
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F(@) and G(@) may be expressed in terms of known 
functions. It is probably worth remarking that F(6) 
and G(@) are actually functions of p2~ |$q—p| rather 
than of @ alone. Much effort may consequently be saved 
in extended calculations of these functions for different 
values of p, g, and @ by interpolating between values 
calculated for specific values of 2. This method should 
be useful if d’¢/(dQdE,’) is to be obtained by inte- 
gration of d’a/d(cosé)dQdE,’ over the nucleon scat- 
tering angle for a set of different deuteron wave 
functions. 

The peak value of the integrated theoretical cross 
section d’¢/(dQdE,') may be significantly changed 
when the effects of the deuteron D-state on the scat- 
tering are included. In the foregoing example, the 
D-state component of the deuteron wave function 
contributes 5% of the normalization integral (II.3), 
yet the terms in (IJ.4) involving G(6) contribute only 
0.78% of the peak value of the cross section. Thus, the 
theoretical value of the cross section is 4.2% smaller 
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than it would be for a pure S-state deuteron wave 
function. Similar results should hold for more realistic 
models of the wave function which take into account 
the apparent existence of a repulsive core in the 
neutron-proton interaction.’"5." The error committed 
in neglecting the D-state component of the wave 
function may in fact be larger than estimated here if 
the theoretical indications for a D-state probability 
on the order of 7% are correct.’%*9 It is apparent in 
any case that the effects on the scattering of the 
deuteron D state should be considered in any calcu- 
lations relating to the determination of the neutron 
magnetic form factor. We remark finally that the 
D-state effects do not alter the validity of the ratio 
method of determining the neutron form factors dis- 
cussed in Sec. IT. 
28S. Gartenhaus, Phys. Rev. 100, 900 (1955). 

Pet J. deStwart and R. E. Marshak, Phys. Rev. 111, 272 
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Photoproduction of K+ Mesons* 
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The photoproduction in hydrogen of K* mesons in association with hyperons has been studied using an 
1160-Mev bremsstrahlung beam from the Cornell Synchrotron. The K mesons were selected with a magnetic 
analyzer and counter telescope system. They were further identified by bringing them to rest in a stopping 


block and by the detection of the particles arising from their decay. The angular 


distribution 


for the associated production of K+ mesons with A° hyperons at the photon energies of 980 and 1010 Mev has 
been studied. Measurements were also made of the cross section as a function of photon energy for the 
center-of-mass angle of 85 degrees. The results of these measurements are compatible with S-wave produc- 
tion. The photoproduction of 2° hyperons in association with K* mesons has also been measured for one set 
of kinematical conditions. The measured (K+—2°) cross section is comparable to that of the (K*—A”) process. 


INTRODUCTION 


O* of the problems available for study using the 
Cornell electron synchrotron, operating near 1.2 
Bev, is the photoproduction of K mesons. Assuming the 
conservation of strangeness, the following reactions are 
possible at this energy when the target material is 
hydrogen: 

ytp— Kt+A", (1) 


ytp— Kt+2", (2) 


The threshold for the first reaction is 910 Mev, and 
for the second reaction, it is 1040 Mev. In addition, 
neutral K mesons can be produced by the reaction 


ytp— R434, 


Both neutral and negative K mesons may also be 
produced when a complex nucleus is used as a target 
material. 

Measurements of the angular distribution and cross 
section as a function of energy have been made by our 
group at Cornell. Preliminary results and a short sum- 
mary of the present work!” have already been reported. 
It is the purpose of the present paper to describe these 
measurements in more detail. We have confined our 
attention largely to process (1), though a single observa- 
tion of process (2) is also included. Measurements of 
reaction (1) have also been reported by a group using 
the synchrotron at the California Institute of Tech- 
nology (CIT).*~° 

The work was undertaken in order to make an experi- 
mental determination of the cross sections for the above 
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reactions and, in addition, it was hoped that it would be 
possible to make deductions from them concerning the 
parity of the K meson and the strength of the K-meson 
coupling to baryons. Because of the uncertainty and 
ambiguities of present theories, at present only limited 
conclusions can be drawn from the results. 


A. EXPERIMENTAL ARRANGEMENT 


The experiments were performed by identifying the 
A+ meson produced in the reaction. Magnetic analysis 
was used to select the K-meson momentum and angle of 
production with respect to the direction of the photon 
beam. Because both reactions (1) and (2) have the 
kinematics of a two-body reaction, the measurement of 
the K-meson angle and momentum uniquely determines 
a photon energy corresponding to each reaction, the 
photon energy for reaction (2) being generally 120 Mev 
greater than that for reaction (1). The measurement of 
the K-meson yield as a function of the peak beam energy 
enables us to determine the cross section for both reac- 
tions. As will be seen in the section entitled ‘‘Identifica- 
tion of Reaction,” the experimental data are consistent 
with the associated production by these two reactions. 

The general experimental arrangement is shown in 
Fig. 1. The bremsstrahlung beam from the synchrotron 
is collimated by a lead collimator, and the collimated 
beam then passes through the hydrogen target and 
thence to the monitoring Quantameter,® a shower 
ionization chamber. The A mesons produced in the 
target pass out through the walls of the target and are 
selected in angle and momentum by the analyzing 
magnet. On leaving the magnet, the particles first 
traverse a series of counters which, together with their 
associated electronics, determine their specific ionization 
and reject light relativistic particles. The A mesons are 
then stopped in an aluminum absorber, and the 
secondaries are detected by a group of four counters, 
subsequently called “side counters,”’ which surround the 
aluminum stopping block. A coincidence is required be- 
tween at least one of the side counters and the output 
of the main telescope. 


®R. Wilson, Nuclear Instr. 1, 101 (1958). 
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Fic. 1. Experimental arrangement and counter arrangement for 
the detection of the K+ mesons produced in the liquid hydrogen 
target. 


The lead collimator, 8 in. thick, restricts the beam 
dimensions at the hydrogen target to a rectangle of 
dimensions of about 3 by 1 in. For all but one of the 
measurements, a liquid hydrogen target’ was used 
which consisted of a thin-walled cylindrical container 
enclosed in a vacuum jacket with thin entrance and exit 
windows lying outside of the acceptance angle of the 
magnet. The cylinder has a diameter of 1} in. and is 
3.10 in. long. The end walls of the cylinder, where the 
beam enters and leaves, are made of 0.001-in. stainless 
steel. The A particles leave the target through two thin 
walls of copper and brass whose total thickness corre- 
sponds to about 1.4 g/cm? of Cu. In the single measure- 
ment excepted above, a Styrofoam-insulated target, 
described in the literature,’ was used. 

The analyzing magnet used is a two-lens, strong- 
focusing magnet. Two momentum channels, separated 
by about 13% in momentum, are defined by the target 
position, defining stops in the magnet, and two scintilla- 
tion counters. The determination of the central mo- 
mentum, the momentum resolution, and the aperture of 
the magnet is described below. (See Sec. E.) 

The counter arrangement is shown in the inset in 
Fig. 1. Four scintillation counters are used in the main 
telescope. Counters S; and S» are plastic scintillators of 
, in. thickness and cover the full output solid angle of 
the magnet. Counters 3 and 4 are counters which define 
the two momentum channels for the magnet. These are 
each of 3-in. width, 3-in. length, and 4-in. thickness. The 
amplified outputs of the photomultiplier tubes to which 
the scintillators are attached are passed through dis- 
criminators and taken in coincidence, to form the two 
coincidence channels, “123” and “124”. In addition to 
the scintillators, either one or two Cerenkov counters 
are used in anticoincidence to reject particles of veloci- 
ties greater than those of the K mesons being detected. 


7R. Wilson, Rev. Sci. Instr. 29, 732 (1958). 
5 R. Littauer, Rev. Sci. Instr. 29, 178 (1958). 
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The number of Cerenkov counters used depends on the 
amount of residual K range available to be used up in 
this manner. Generally the Cerenkov counters are of 
Plexiglas though for some of the measurements, a 
water-filled counter was used. In setting up the elec- 
tronics, care was taken to ensure that the counting loss 
due to the anticoincidence rate would not be excessive. 
It is believed that losses due to this cause are less than 
2%. In addition to the counters, various absorbers were 
used to reduce the residual range of the mesons and to 
increase the pulse height and discrimination in the 
scintillators. 

A rather large thickness of aluminum stopping block 
is necessary for many cases because of the large range 
dispersion corresponding to the momentum channel 
width. Though the momentum dispersion is only about 
13%, the corresponding range dispersion is about four 
times greater. This has also the effect of making precise 
discrimination in the telescope on a basis of pulse height 
difficult, since the corresponding dispersion in specific 
ionization is very great. The counters in which the 
K-meson decay particles are detected are each about 3 
in. of plastic scintillator. The dimensions of the top and 
bottom counters are 8X73 in. while the two counters at 
either side are each 6X6 in. Separating the aluminum 
block and the side counters is an additional thickness of 
shielding corresponding to about 3 in. of lead. The 
counters themselves are heavily shielded on the outside 
to decrease the accidental coincidence rate with the 
main telescope which would result from a high back- 
ground rate of uncorrelated particles in the side 
counters. 

In order to establish satisfactory discrimination levels 
in all counters, a relatively slow coincidence system 
(0.5 10~® sec resolution) was used. However in order to 
obtain sufficient time resolution to suppress the acci- 
dental coincidence rate between the telescope and the 
very large side counters, an additional fast coincidence 
(5X 10-8 sec) was provided between the side counters 
and one of the counters (S2) of the telescope. Then by 
taking an additional coincidence between the output of 
the slow and the fast coincidence circuits, one effectively 
counts only those events which satisfy the slow dis- 
crimination criteria and at the same time appear in fast 
coincidence with the side counters. It was necessary, of 
course, to make certain that the discrimination level of 
the fast coincidence circuit was sufficiently lower than 
the discrimination of the slow system so that no 
coincidences were lost by the fast system because of 
pulse-height discrimination. 


B. EXPERIMENTAL PROCEDURE 


In principle, it should be possible to identify the A 
mesons without the requirement of the detection of the 
secondary particles arising from their decay. However, 
since there are a total of about 5000 protons and x 
mesons per K meson, a very small fraction of these 
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which succeed in satisfying the selection criteria will 
give rise to an unacceptably high background. If the 
telescope is used alone, a background rate about five 
times the K-meson rate is observed. It is believed that 
these background particles are protons or mesons which 
do not follow the main channel of the magnet but are 
scattered off the magnet faces and arrive at the telescope 
having an incorrect momentum. The addition of the 
side-counter requirement reduces this background to the 
range of 5 to 15% of the A-meson rate. 

The process of establishing the correct biases for all 
the counters is very important. The operating point for 
the Cerenkov counters was adjusted so that the rejec- 
tion of mesons was essentially independent of the 
gain of the amplifier and yet was not such as to include 
a large number of background counts from the photo- 
multiplier tube noise. One of the counters used rejected 
about 90% of the pions, while the other rejected about 
98%. Both counters were examined for spurious counts 
due to scintillation by allowing protons to stop in them 
with a large energy loss. It was concluded that no 
significant fraction of the AK mesons would produce 
scintillation pulse heights greater than the bias. Suitable 
absorbers were placed ahead of the Cerenkov counters 
so that the A-meson energy fell below the threshold for 
Cerenkov radiation in the counters. 

The biases for the side counters were established by 
observing the pulse heights produced by relativistic 
cosmic-ray particles passing through the counters in 
coincidence with another counter provided especially 
for the purpose. 

The thickness of absorbers placed in the two mo- 
mentum channels 3 and 4 was computed so that the 
pulse heights in each of the telescope counters were at 
least 1.6 times those for a particle which passes through 
at minimum ionization. Generally, it was possible to 
arrange it so that they were appreciably larger than this, 
and in some cases as much as 2.5 times minimum. 
Though it is possible, in principle, to use fast mesons to 
establish the sensitivity of the scintillation counters, and 
to use protons to give another point of calibration, 
ultimately the biases were established by looking at the 
pulse-height distribution of the A mesons themselves. 
To do this, one sets the biases in the telescope at values 
which are conservatively low as estimated from the 
relativistic pions. Then runs are taken with the syn- 
chrotron beam incident on the hydrogen target and the 
pulse heights observed in each of the four telescope 
scintillation counters whenever a particle satisfying all 
the criteria passes through the system. After obtaining 
sufficient statistics, one may observe from the distribu- 
tion, the proper location for the separate biases and 
adjusted them accordingly. It was of course necessary to 
make certain of the identification of the K mesons. 

In Fig. 2 is shown the pulse-height distributions ob- 
served in the four scintillation counters of the telescope. 
One sees that the pulse-height distributions are rather 
sharp and that it is possible to establish the biases 
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Fic. 2. Distribution of the K-meson pulse heights for each of the 
counters in the main telescope. 


without ambiguity. The location of the arrow indicates 
the chosen operating points. It is believed that loss of 
counting rate due to small pulses which fall below the 
biases is generally at most two percent. Because of the 
low cross section for the reaction, a very long counting 
time was required to establish completely the correct 
operating point. As a result, preliminary biases were 
established and the runs were begun. Statistics on the 
pulse heights were gathered continuously through the 
run. In some cases it was necessary to readjust the 
biases and start again. In two other cases, it was 
necessary to make a correction of a few percent for 
pulses which fell below the bias in a single counter. The 
correction was determined by extrapolating the ob- 
served pulse-height distribution curve below the bias 
point. 


C. IDENTIFICATION OF REACTION 


The most important single check that the particles 
detected by the system described above are in fact K 
mesons arising from reactions (1) and (2) comes from 
the verification that the photon energies responsible for 
these particles are precisely those calculated assuming 
the validity of these reactions. This is confirmed by a 
set of measurements which were taken at a laboratory 
angle of 24.5° and momenta for channels 3 and 4 of 398 
and 451 Mev/c, respectively. From the kinematics, A 
mesons produced by process (1) which are detected 
under these conditions are produced by photons of 
energies 982 and 1010 Mev. The corresponding photon 
energies for process (2) are 1110 and 1140 Mev. The 
measurements which were made consisted of observing 
the counting rate per equivalent beam quantum (see 
Sec. E) as a function of the peak energy of the brems- 
strahlung spectrum. If these two processes are indeed 
the correct and important ones in this energy region, 
then at a peak energy of 900 Mev, we will measure only 
the background of the apparatus. As we increase the 
peak energy above 980 Mev, we should observe an 
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Fic. 3. Counting rate in channels 3 and 4 per equivalent beam 
quantum as a function of the maximum photon energy of the 
bremsstrahlung beam. In channel 3, one may see the increase in 
counting rate which occurs as photons of sufficient energy are 
available to produce K mesons in association with the L° hyperons 
at the same momentum and angle as for those K mesons produced 
in association with A°® hyperons. 


increase in the counting rate in channel 3 as we begin to 
obtain photons of sufficient energy to produce K mesons 
for which this apparatus is sensitive. As the energy is 
increased in the region from 980 Mev to about 1100 
Mev, the counting rate should remain constant, but in 
the vicinity of 1100-Mev peak energy, it should again 
rise and level off if there is any contribution from process 
(2) by photons of 1110 Mev. The corresponding features 
should be observed in channel 4, but for correspondingly 
higher energies. Plotted in Fig. 3 are the results of these 
measurements. We note the expected rise in counting 
rate at 982 and 1010 Mev for channels 3 and 4, re- 
spectively. In addition, we note that in channel 3, the 
point at 1136 Mev lies much higher than the plateau 
region from 1000 to 1100 Mev for channel 3, indicating 
that reaction (2) has a cross section comparable to that 
of reaction (1). The corresponding second increase is not 
observed in channel 4 because of insufficient photon 
energy. The solid lines which have been drawn are com- 
puted curves based upon K-meson angle and momen- 
tum, and upon the measured peak photon energy in the 
bremsstrahlung distribution. The ordinates are normal- 
ized to the data. The computations have included the 
effects of the angular and momentum resolution of the 
magnet and the theoretical shape of the end of the 
bremsstrahlung spectrum. It is of interest to note that 
the location of the rapid increase in counting rate corre- 
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sponding to process (1) is located to within one-half 
percent of the energy value predicted from the com- 
puted curves. We conclude that the reactions con- 
sidered are indeed the correct ones and that they 
strongly confirm the principle of conservation of 
strangeness in strong interactions. The alternative re- 
action which one might expect to observe, in the event 
that strangeness is not conserved, is the reaction 
y+p— Kt-+n, which has a threshold at 630 Mev. It is 
clear from the data that if such a reaction is possible, its 
cross section at an energy several hundred Mev above 
threshold is still less than 5% of the cross section for 
reactions (1) and (2). In the following treatment of the 
data we have assumed that the cross section for this 
latter reaction is zero. 


D. BACKGROUNDS 

There are three types of background: K mesons arising 
from the end windows of the target ; particles other than 
K mesons which are detected; and accidental coinci- 
dences. Since the end windows of the target are only 
0.001 in. of stainless steel, and the length of hydrogen in 
the chamber along the beam line is 3 in., the number of 
protons in the end windows is 3.3% of the number of 
protons in the hydrogen itself. Thus we see that the 
background due to the target is small. Measurements to 
examine the background were made at the laboratory 
angle of 16° with K-meson momenta of 471 and 520 
Mev/c for channels 3 and 4, respectively. In this case, 
measurements were made both above threshold for A 
production in hydrogen, kmax=1060 Mev, and below 
threshold, Rinax=950, and in each case, both with and 
without hydrogen in the target. The results are tabu- 
lated in Table I. 

As expected, the measurements without hydrogen 
showed no statistically significant variation with the 
beam energy. This is of course simply because the in- 
tensities are not sufficiently high to enable one to make 
a statistically significant measurement in a reasonable 
length of time. Since the target walls consist of complex 
nuclei in which internal nuclear momenta are involved, 
one would expect to observe some K-meson yield at 
photon energies below the threshold for production in 
hydrogen. Rough measurements both at CIT and at 
Cornell indicate that the cross section for K production 
in hydrogen and in heavier elements is roughly the same, 
per proton, for energies of 50 to 100 Mev above threshold. 

Most of the background arises from the contamination 
of the K-meson counting rate by other particles: 
protons, pi mesons, and electrons. Because we did not 
know of a more exact method of taking these back- 
grounds into account, we obtained the yield of K mesons 
from the hydrogen by subtracting the results of measure- 
ments taken with the target full, below threshold, from 
those taken with target full above threshold. This takes 
into account the contamination of the beam. This 
quantity was then further reduced by 3% to correct for 
the K mesons generated in the target walls. 
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Taste I. Results of background measurements taken at the laboratory angle of 16°. Meson momentum for channels 3 and 4 are 
respectively 471 and 520 Mev/c. Measurements are shown for the hydrogen target full and empty, at 1060- and 950-Mev maximum 
photon energy. With these conditions, and assuming the kinematics for the reaction y+ — K++A°, no K mesons should be detected for 


the maximum photon energy of 950 Mev. 


Peak photon energy 950 Mev 


Counts in 
channel Monitor 


Channel 3 
Target full : 1350 
Target empty 700 


Channel 4 
Target full 1350 
Target empty 700 


It was necessary to make a small correction for acci- 
dental coincidences between the telescope and the side 
counters. This correction was less than two percent. A 
continuous monitor of the accidental coincidence rate 
was obtained by comparing the rate of slow coincidences 
only, with those combined with the fast coincidence. 
Basically, the accidental rate in the two channels should 
be in the ratio of the resolving times so that the differ- 
ence between the two rates can be used to calculate the 
correction to the fast coincidence rate. Suitable checks 
were made to confirm the correctness of this assumption. 


E. CROSS-SECTION DETERMINATION 


Before being able to calculate a cross section from a 
measurement of yield under a given set of conditions, a 
number of quantities must be evaluated. The complete 
expression for the cross section in terms of parameters 
which may be directly evaluated is given in the following 
equation: 


do Y 


dQ nM pB°GN(k)De.eieo 


where Y=yield in number of counts; 7=atoms ‘cm? of 
hydrogen in the target ; 
dp 
M = magnetic aperture = —AQ ay; 


p= K-meson 8=K-meson velocity/ve- 


locity of light ; 


momentum ; 


1 0k dQ 
G G(p,k) . 
B? Op Aa 


with dQ= differential solid angle in the center-of-mass 
system and dQ),,= differential solid angle in the labora- 
tory system; V(k)= (feS/Rmaxk)=number of photons 
per unit energy interval with S=number of monitor 
units, k=photon energy producing the reaction, Rimax 
=maximum photon energy in bremsstrahlung beam, 
f=form factor for bremsstrahlung spectrum, c= total 
energy in photon beam per monitor count; D= fraction 
of K mesons remaining after decay in flight; e,=effi- 
ciency of side counters for detecting one of decay 
products; e;= efficiency factor arising from loss of 


(Counts/monitor) 
108 


1060 Mev 
Counts in 
channel Monitor 


(Counts/monitor) 
108 


394 7702 
9 1670 


426 7702 
4 1670 


K-mesons scattered or absorbed from the beam by ab- 
sorbers and counters; eé9>=the product of all other 
efficiency factors. 

We will discuss, in this section, each of the quantities 
that enter into the expression for the cross section and 
give some estimate of the accuracy with which each 
quantity is known. 

The quantity Y is the directly measured yield of K 
particles, corrected for background, during a run in 
which S monitor units of integrated beam were recorded. 
The error ascribed to this quantity is simply the stand- 
ard statistical error. The quantity V (Rk) = (foS/Rmaxk) is 
the number of photons per unit energy interval at the 
photon energy &, which enter the target during the run. 
To understand this, we consider the following relations. 
The ionization chamber collects a total charge which is 
proportional to the total amount of energy carried by 
the photon beam. Thus the number of monitor counts, 
S, is related to the total energy in the beam by a 
calibration constant of the monitor, c. If N(k)dk is the 
distribution of photon energies from the bremsstrahlung 
beam, for the run of length corresponding to S monitor 


counts, we have 
kmax 
f kN(k)dk=cS. 
0 


The product cS then gives the total energy carried by 
the beam during the run. This is usually called “Mev of 
beam.” Now N(k)dk can be written as 


N (k)dk = (cS, Riad )I ( RR )dk k, 


where {(Rk,Rkmax) is a form factor such that 


kmax 
rh f(RRmaxdk= 1. 


“0 


The quantity cS/Rmax=Q is usually called ‘number of 
equivalent quanta.” The calibration constant, c, for our 
ionization chamber is 4.9510! Mev/monitor unit. 
This constant has been determined both by theoretical 
calculations and an intercalibration at 300 Mev with 
pair spectrometer measurements. It is believed to be 
determined with about 5% accuracy. Recent measure- 
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ments in our laboratory* of the factor f indicate that in 
the region of the upper end of the spectrum, where we 
are working, the quantity f is about (7+5)% lower 
than that given by the Bethe-Heitler theory for a thin 
target bremsstrahlung. These measurements, made with 
a pair spectrometer, are preliminary. Similar measure- 
ments” made by the CIT group indicate very little 
deviation from the theoretical thin-target spectrum. 
Rather than make an uncertain correction for this effect, 
or wait for a more refined measurement, we have chosen 
to compute the cross section on the basis of the theo- 
retical thin-target spectrum. If future measurements 
definitively show a deviation from this spectrum, then 
our cross section can be easily corrected for that devia- 
tion. The quantity kmax has also been measured by the 
pair spectrometer and is believed to be known to at 
least one percent. Actually, the data discussed under 
Sec. C yield a very precise calibration of the quantity 
kinax, once one has concluded that the identification has 
been properly made. The determination of the energy, 
k, of the photon which produces the reaction is based on 
the kinematical relations between the K-meson mo- 
mentum, ~, and the laboratory angle of emission. As 
described below, p is known to about one percent. The 
angle 4... is determined to about 0.5 degree. This leads 
to an uncertainty of photon energy of less than one 
percent. 

The quantity » gives the number of hydrogen atoms, 
cm? in the target. The target dimensions have been 
determined to a high degree of accuracy so that the 
principal uncertainty here is the hydrogen density. We 
have used the density 0.071."" We have measured the 
pion yield from the target and compared it with the 
pion yield from (CH:—C). This measurement confirms 
the value given above to an accuracy of 3%. 

The determination of the mean momentum # and the 
momentum dispersion was made by measuring the range 
distribution of protons which were passed by the magnet 
at a given setting of the magnet current. These range 
measurements were then converted into equivalent 
momenta after correction for loss of momentum in the 
air path of the magnet. It is believed the momentum p 
is determined to better than one percent. The quantity 
M, a constant of the magnet, involves the momentum 
and angular acceptance of the magnet. This quantity is 
given by M= f (dp/ p)dQia,, where dp is the differential 
momentum interval and dQ); is the differential solid 
angle. The integral is taken over the entire angle and 
momentum acceptance interval. It was determined in 
several different ways. The most direct method involved 
the use of a simple proton telescope set at the same 
angle with respect to the beam as the magnet, but on the 
opposite side of the beam line. The counter telescope 


was adjusted to be sensitive to protons of the same range 


®E. Malamud (private communication). 
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as for the magnet and to have a sensitive range interval 
of approximately the same value. Then from a knowl- 
edge of the accurately measurable solid angle and the 
range interval, it was possible to calibrate, by direct 
comparison from the same target, the value of M. This 
measurement was made on two separate occasions, and 
the values agree to within the statistical errors. This 
value is also in good agreement with another value 
obtained by comparison with another magnet of weak- 
focus design which had been carefully calibrated previ- 
ously. We believe this parameter has been determined to 
about 4%. In making the magnet calibrations, a low- 
density Lucite target of the same dimensions as the 
hydrogen target was used. The sensitivity of the count- 
ing rate was also determined as a function of the beam 
height relative to the magnetic channel in order to 
establish the tolerance to beam ‘location. 

The factor G is a kinematical factor which we ob- 
tained from curves made by the CIT group.'* The 
quantities which are important in determining this 
factor are the momentum of the A particle being de- 
tected and the energy of the photon producing the 
reaction. The uncertainties in these quantities give rise 
to an uncertainty in G of about 2%. 

The quantity D is the fraction of K mesons which 
traverse the magnet without decaying in flight. Es- 
sentially all K mesons that decay before arriving at the 
stopping block are not detected. Decay products of a K 
meson that pass through the counter telescope system 
will be minimum-ionizing and so will be rejected as pi 
mesons or electrons, and those decaying immediately 
after will not have a very large probability for the detec- 
tion of the secondaries in the side counters. One may 
estimate the efficiency in this intermediate region and 
then obtain an over-all efficiency using the measured 
mean life for the decay. The value of mean life which is 
used is (12.2+0.13)10-* sec." The value of the 
quantity D varied from 0.35 to 0.58 depending on the 
momentum. An over-all estimate of the accuracy of this 
factor is about 3%, assuming no error in mean life. 

The determination of the side-counter efficiency is one 
of the most difficult. It was assumed that the decay 
modes and ratios for K mesons produced by photopro- 
duction are the same as those produced by particle 
interaction.’ Then by calculating the solid angle effi- 
ciency for the detection of the various decay particles 
as they stop in the aluminum block, one may calculate 
an overall efficiency. Such a calculation must take into 
account the ranges of the secondary ionizing particles, 
the conversion efficiency for the 7° gamma rays, and 
the spatial distribution of the decay events. Fortu- 
nately, the most favored mode, 58%, is the Ky2 in which 
the muon has an energy of about 150 Mev, and hence a 
long range with no other detectable particle accom- 


2 R. L. Walker (private communication). 

13M. Gell-Mann and A. Rosenfeld, Annual Review Nuclear 
Science (Annual Reviews, Inc., Palo Alto, California, 1957), Vol. 7, 
p. 407. 
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panying it. In this case, then, the geometrical detection 
efficiency is the principle uncertainty. The next most 
abundant mode is that of the Ky2, 25%, which gives 
rise to a 109-Mev + and a 7°. In this case the range 
becomes marginal and must be taken into consideration ; 
in addition, the detection efficiency for the gamma rays 
from the w° must be estimated. The remaining modes 
contribute only about 10% to the over-all detection 
efficiency. In order to make the center of the K-meson 
range interval always come in the center of the side- 
counter array, the aluminum stopping block was varied 
in thickness from 2 to 6 in. as the selected K momentum 
was varied. The slight variation of the side-counter 
efficiency due to this cause is included in the calculation. 
The approximate over-all efficiency was 70% with an 
uncertainty of about 5%. 

The efficiency factor e; takes into account the counting 
rate loss of K mesons because of scattering and charge 
exchange reactions. Corrections for these effects are 
largest for high K-meson momentum because of the 
large thickness of the absorbers required for slowing 
them down. Calculation of the corrections for losses in 
the counters, absorbers, and stopping block was made 
on the basis of direct measurements for A mesons of 
190-Mev energy. In the most extreme case, the loss 
was about 24%. For most of the cases, the loss is less 
than 10%. It is believed that the maximum uncertainty 
introduced in the cross section due to the scattering 
correction is not greater than 5% for the worst cases. 

The efficiency factor eo includes corrections for all 
other small effects. This includes the following effects: 
(a) Losses due to A-meson pulse heights which fall 
below the bias. This effect was important in only two 
cases and was only 5% in the worst case. (b) A correc- 
tion for loss of counts due to mesons failing to stop in the 
absorber. This correction was only important in one 
case and amounted to 10°%. (c) Dead time in the current 
integrator of the monitoring circuit. This correction 
never exceeded two percent. (d) Counting rate loss due 
to the anticoincidence circuit, amounting to 1.5%. (e) 
Correction to the effective range interval of the magnet 
due to the decrease of momentum in the target. This 
correction amounted to 10% in two cases, and on the 
average was about 5%. (f) Correction for loss of counts 
as a result of decaying secondaries occurring with a 
delay exceeding the resolving time of the fast coinci- 
dence. This correction is 0.5%. The error in the factor ey 
due to all these corrections combined is of the order 
of 3%. 

The combined systematic error due to all the causes 
enumerated above comes out to be approximately 10%, 
but one may conservatively set a value of 15%. The 
error affects all the measurements approximately equally 
and must be added to the statistical counting errors. 

In Table IT are given the pertinent data and cross 
sections for the various experimental conditions which 


' Kerth, Kycia, and Van Rossum, Phys. Rev. 109, 1784 (1958). 
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TABLE IT. Experimental data and calculated cross section for 
reaction y+ p —» K*+-+A° and y+p — K++2°. The photon energy 
k and center-of-mass angle 6¢.., are calculated from the kine- 
matical relations involving the K-meson momentum and angle in 
the laboratory. kmax is the maximum photon energy of the 
bremsstrahlung beam. The counts observed are tabulated for the 
corresponding “Mev of beam quanta.” The differential cross 
section in the center-of-mass system is given by do/dQ. 


(Mev of 
beam 
quanta) 


x107 


He 


Be. Rmax 
k (Mev) (degrees) 


do (da 
(107% cm?/sterad): 


Counts 
(Mev) observed 
ytp— Kt+A° 
1085 234 
930" 38 


980 28 0.73 +0.10 


1045 394 
920" 15 


0.90-+0.09 


1060 176 
1100 78 
895" 3 


0.99+0.10 


0.89+0.21 


1010 1085 


9308 


1.32+0.13 


1045 
9208 


1.32+0.07 


+ 


= 
a7 


1060 

1100 

1140 
R954 
980* 


— 


1.40+0.10 


= amt ND 
seh 
rm wnTS* 
—e bho 
wun 
ow 


wn 


1070 
1070" 


1.204+0.19 


= 


1060 1.46+0.29 


920% 


ao 
Cw 
—O 


935 85 1060 
880" 


0.83+0.16 


963 1060 
S80" 


1.08+0.19 


1006 1070 


1070» 


1.23+0.20 


1032 1140 


960" 


1.25+0.18 


1066 1140 1.25+0.14 


7 


1140 


0.61+40.13 


1100" 
1060" 


* Background measurement, target full but below threshold. 

> Target-empty background. This run taken using Littauer target.* 
Background taken with no hydrogen, but above threshold because of 
dominant background due to wall thickness. 

¢ Errors given include only the standard statistical 
number of counts. 


errors based on the 


were studied. The results of the measurements are given 
in Fig. 4 and Fig. 5. Figure 4 plots the cross section, 
do/dQ, for process (1) as a function of the center-of- 
mass angle, 6..., for the photon energies of 980 and 
1010 Mev. The point at 150° in the 980-Mev angular 
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Fic. 4. The differential angular distribution, do/dQ, for the 
(K*,A°) process as a function of the center-of-mass angle, o.m., for 
photons of 1010 and 980 Mev. 





| 
150° 


distribution is taken from the measurement reported in 
reference 1. The point at 26° cm for 1010 Mev has been 
corrected for a calculational error which was made in the 
earlier report.? The indicated errors include only the 
standard statistical errors. The scarcity of data and the 
large probable errors for measurements greater than 90° 
are a result of low intensity arising from unfavorable 
kinematical factors as well as a relatively higher back- 
ground. Figure 5 shows the cross section as a function of 
photon energy for a center-of-mass angle of 85°. 

It should be pointed out that there is probably an 
experimental inconsistency in the data given in Figs. 4 
and 5. Smooth curves drawn through each of the sets 
display the fact that the difference in cross section at 85° 
for photons of 980 and 1010 Mev is somewhat greater as 
determined from the angular distributions of Fig. 4, 
than when it is determined from the curve, Fig. 5, which 
shows the dependence of the cross section on photon 
energy. It has not been found possible to resolve this 
discrepancy, though it is likely that it is a combination 
of poor statistics and some systematic error in the 
determination of the relative sensitivity of the two 
momentum channels. 





\" reshoild 








300 


Fic. 5. The differential cross section, do/dQ, for the (K+,A°) 
process as a function of photon energy at the center-of-mass angle, 
Be.m., of 85°. 
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Also shown in Table II is the result of the cross- 
section determination for (K++ 2°) process. This cross 
section is calculated by subtracting the K yield at 
kmax= 1060 and 1100 Mev from the yield for kmax= 1160 
Mev. It is interesting to note that the cross section for 
process (2) is about 3 that of process (1) at a comparable 
energy above threshold. 


F. CONCLUSIONS 


The measurements above and below threshold, as 
shown in Fig. 3, beautifully confirm the associated 
production of the K mesons with baryons, in agreement 
with the theory of conservation of strangeness in strong 
interactions. Without relying strongly on detailed theo- 
retical calculation, one may draw the conclusion that 
reaction (1) is dominantly S-wave near threshold. This 
is determined from Fig. 6 which shows a plot of the 
cross section as a function of center-of-mass momentum 
of the meson. This is to be compared to a linear depend- 
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Fic. 6. The differential cross section, do/d®, for the (K+,A°) 
process as a function of the momentum, f¢.m., in the center-of- 
mass system, for the center-of-mass angle, 0¢.m.=85°. 


ence for S wave, or a p* dependence for P wave. The 
linear dependence seems to fit fairly well, and it is clear 
that the data cannot be fitted by a #’ relation. In fact, 
as one might expect, in regions well above threshold, the 
cross section rises even less rapidly than that given by a 
linear dependence. Further, the angular distributions 
which are observed in Fig. 4 may also be interpreted as 
being essentially isotropic and consistent with S-wave 
production. S-wave production implies magnetic dipole 
interaction for a scalar K meson or electric dipole 
interaction for the pseudoscalar case. 

Because of the lack of any very reliable theory for the 
processes involved, it has not been possible to make 
further interpretation of the results very significant. 
Various theories'®~!* based on perturbation calculations 


18M. Kawaguchi and M. Moravesik, Phys. Rev. 107, 563 
(1957). 

16 A. Fujii and R. Marshak, Phys. Rev. 107, 570 (1957) 

17 B. Feld and G. Costa, Phys. Rev. 110, 968 (1958). 

18 J). Amati and B. Vitale, Nuovo cimento 6, 394 (1957). 

 R, Capps, Phys. Rev. 114, 920 (1959). 
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have been made. Aside from questions of validity of 
perturbation methods, one of the large difficulties in 
trying to apply these calculations to assist in determi- 
nation of the relative K-meson parity is that one does 
not know what values of the magnetic moments to use 
in the calculation. This leaves too many parameters 
undetermined for such an analysis to be very useful. The 
work by Fujii and Marshak and by Kawaguchi and 
Moravesik may be used to attempt to fit the data but 
some choice for the magnetic moment must be made. In 
the paper by Capps, there is a discussion of the appro- 
priate choice of magnetic moments which one should 
use, including the effect of the transition moment. By 
assuming the validity of the globally symmetric model 
for pion interactions, and making the reasonable as- 
sumption that the hyperon coupling constants are 
related so that G,?=Gy’, one may obtain a set of values 
for the moments to use in the calculations. 

These values may be inserted in the equations of 
Capps to obtain an expression for the energy and 
angular dependence near threshold. However, for large 
energies above threshold, it is necessary to consider 
higher order terms which have been dropped in his 
calculation. Moreover, the calculations of Kawaguchi 
and Moravesik may be used to provide a good approxi- 
mation if, as described below, one includes the transition 
moment in their calculation. Using this theoretical ap- 
proach, we have chosen parameters which give reason- 
able agreement with the experimental data. Possible 
values for the K-meson coupling constant, G?/4a, which 
we have found are 0.063 and 2.2 for the scalar case and 
pseudoscalar case, respectively. 

Several things must be kept in mind. First, these are 
perturbation calculations only. Second, the cross section 
and distribution with angle is very sensitive to the 
choice of values for the magnetic moments. Third, the 
choice of moments is based on the global symmetry 
model and on the value of Gy relative to Gy. This latter 
ratio, though it can probably be obtained through the 
measurement of K-meson scattering, seems most di- 
rectly related to the measurement in this paper of the 
(Kt,A°) and (K*,2°) cross sections at roughly equal 
distances above threshold. It is to be noted that there is 
also an ambiguity in the relative sign of Gy and Ga; thus 
even after making as many assumptions as indicated, 
there is still another parameter other than the K-meson 
parity to be determined by fitting the data. 

The attempt to fit the data was made with the 
calculations of Kawaguchi and Moravesik, using the 
moments of Capps in the following way. Of the terms 
involving the magnetic moments, the dominant ones in 
the Kawaguchi and Moravesik calculation involve the 
quantity 

=p’, 


where yu, is the static anomalous proton magnetic mo- 
ment, ua is the hyperon moment, and the negative sign 
is associated with the scalar interaction while the posi- 
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Fic. 7. The experimental angular distribution data fitted with 
the calculations of Kawaguchi and Moravesik. See the text for the 
choice of magnetic moments. 


tive sign goes with the pseudoscalar case. There is an 
additional term involving the cross product upua but in 
relation to the data to be fitted, this term is negligible. 
Kawaguchi and Moravecsik have not included the effect 
of the (A°— S°) transition moment. Near threshold, 
Capps shows that the transition moment may be in- 
cluded by writing 


B= ppt (Gs/Ga)ur, 


where 7 is the transition moment and Gy and Gy are the 
> and A coupling constants. Thus by including the term 
containing wr in the Kawaguchi and Moravesik calcula- 
tion, a good approximation including the effect of the 
transition moments may be obtained. By the arguments 
of Capps, based on isotopic spin and global symmetry, 
we take the values wae=0, wr=ust=u"p=1.8 nuclear 
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Fic. 8. The experimental data of cross section as a function of 
photon energy fitted with the calculations of Kawaguchi and 
Moravesik. See the text for the choice of magnetic moments. 
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magnetons. Four combinations were considered : parity 


either even or odd and 
G:/Gi= + a 


Of these, only the two cases with Gs/G, corresponding 
to (—1) may be considered to fit the data at all. These 
two cases have been fitted to the data and are shown in 
Figs. 7 and 8. It is to be noted that the predominant 
term in the calculated cross section is that corresponding 
to an S wave, and that both cases give a nearly isotropic 
distribution in this energy region. Perhaps the case of 
even parity fits the angular distribution somewhat 
better than that for odd parity, but in view of the large 
statistical errors, there is little basis on which to choose 
between them. The curves which are shown correspond 
to a value of the coupling constant G?/42 of 0.063 and 
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2.2, for the scalar case and pseudoscalar case, re- 
spectively. 

In order to make a definitive decision concerning the 
parity, it appears that it is necessary to make further 
measurements on processes such as the photon inter- 
action with neutrons in (K°,A°), (K°,2°), and (K+,2~) 
production. 
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Nuclear Interaction of 6. Mesons in Emulsion* 
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Additional observations in emulsion on the nuclear interaction of neutral A mesons are reported. A total 
of 1 r*, 7 K~, 7 E*, 10 E>, and 18 hyperfragments have been observed. The relative frequencies of different 
types of strange particles produced in the emulsion are consistent with the assumption that the neutral A 
meson is a particle admixture and that interactions in the @ and @ modes are similar to interactions of K 


and K~, respectively. 


1. INTRODUCTION 


N order to get a better insight into the modes of 

interaction of neutral long-lived K mesons in the 
complex nuclei of nuclear emulsions, it seemed worth 
while to continue the work reported by Baldo-Ceolin 
ef al.,' hereafter referred to as paper I. Similar work 
has been reported by several groups working with 
emulsions,*~* and with other techniques.** 
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Additional plates of the stack reported in paper I 
have been scanned. These pellicles were exposed to a 
neutral beam coming from a 3-in. hole in the iron yoke 
of the magnet of the bevatron at 90° to the 6-Bev 
proton beam. Details of the exposure are given in 
paper I. 

The scanning procedure was identical to that of the 
work in paper I; namely, area scanning. In this paper 
we report the results from the scanning of 50 cm? of 
emulsion. The data reported here includes those events 
found in 13 cm* described in paper I. 


2. BACKGROUND CONSIDERATION 


Nuclear interactions of neutral A mesons frequently 
give rise to charged strange particles. In what follows 
we will show that, in the emulsion stack under con- 
sideration, this is indeed the only important process 
leading to such particles. In order to do so, we will 
estimate the number of charged strange particles pro- 
duced by processes other than the interactions of neutral 
K mesons. The most important of these can readily be 
seen to be the associated production by neutrons. 
son, and Ticho, University of California Radiation Laboratory Re- 
port UCRL-8298, 1958 (unpublished). 
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TaBLE I. Distribution of shower prongs from proton stars. 


Energy of 
incident 
proton 


0.8- 1.2 Bev 


(reference 2) 


3.0 Bev 
6.0 Bev 


Background 1360 


stars in 


62 exposure (98% (0.3%) 


A study has been made of the background stars. The 
density of all stars was found to be about 3000 per cm’. 
The density of stars with one shower prong is about 100 
per cm’ and the density of stars with two shower prongs 
is about 10 per cm’. About one half of the stars with one 
shower prong have the shower prong in the incoming 
beam direction and therefore do not represent pion 
production but rather the interaction of an incoming 
charged particle. The average energy of the minimum- 
ionizing particles coming from background stars with 
one outgoing pion is 300 Mev, indicating that they were 
produced by relatively low-energy neutrons. 

In order to calculate an upper limit to the number 
of background stars which are due to neutrons of energy 
above threshold for associated production, we will 
assume (a) that stars produced by neutrons below 
threshold do not have any minimum-ionizing tracks, 
and (b) that all neutrons with energies above threshold 
have a unique energy £; then it is possible, using the 
data in Table I to calculate the fraction 


No. of stars due to neutrons above threshold 


f(h)= 
all stars 


which will give the observed ratio 


No. of stars with two shower particle 


R= 


all stars 


These numbers are summarized in Table Il. Table I is 


Number of stars with n. shower prongs 


4 
0 


a summary of the data on shower particles produced by 
protons of various energies. 

It has been assumed that proton stars and neutron 
stars produce the same number of charged shower 
particles. For the ‘order of magnitude” arguments 
made here, this assumption would seem adequate. 

It can therefore be seen that the estimated number 
of strange particles produced by high-energy neutrons 
is small when compared with the density of K mesons, 
hyperons, and hyperfragments observed in our stack. 


3. INTERACTIONS OF NEUTRAL K MESONS 


By analogy with the charged A-meson interactions, 
it is to be expected that the following reactions will 
occur for the neutral AK mesons: 


K°+N — K°+N, 
K°-+-p— K*--n, 
Ro4 po Dt04 get, 
i+", 
K-+p, 
Ethene Aa 


A°+7’, 


K°+n- 


K°+nucleus > hyperfragment+7*-°. (8) 

The only way to locate the individual interactions of 
the neutral K mesons in the emulsion is to recognize the 
strange particle that is generated in the process. The 


Tan_e II, Background considerations. 


Pypes of reactions 


/=calculated fraction of background stars produced by nucleons of energy £ 


Number of stars/cm* due to nucleons of energy E 


Assumed fraction of collisions of nucleons of energy £ that Jeads to associated production 


Calculated number of strange particles/cm® 


Observed number of strange particles/cm* (corrected for neutrals and scanning loss) 
Assumed fraction of collisions of nucleons of energy E that lead to hyperfragments 


Calculated number of hyperfragments/cm* 
Observed number of hyperfragments/cm? 


Assumed nucleon energy) 
1 Bev 3 Bev 


0.1 0.015 
300 45 
1/100 1/100 

6 l 
70 70 
tee 1/1000 

0.05 
0.4 
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TABLE IIT. K~ and At events. 


Parent stars 
Ex 
(Mev) 
22 
51 


Number of 
prongs* 


Strange 
particle 


Event 
number 


Pdi 
Pd2 
Pd 3 
Pd4 
Pd 5 
Pdo 
Pdi 
Pd8 


*y =recoil. 


Total 


visible energy 


(Mev) 
172 
52 
23 
16 
76 

14 
168 
36 


Angle between the 
K® beam direction 
and strange particle 


82° 
34° 
19° 
24° 
45° 
46° 
iz” 
124° 


Measured mass 
of the K 
(me) 


1140+360 
945+ 200 
877+260 
1030+450 
850+-240 
1000+320 
710+210 
Q-value 7443 


Number of prongs 
of secondary stars* 





TaBLE IV. Hyperon =~ events. 


Parent star 
Energy 
of 
neutral 


meson 


Number 
(Mev) 


Ee ky 
of prongs* (Mev) Mev) 


14 


2 105+20 32+1 


Mi 5 100415 64+0.5 


r =recoil. 
e¢ =low-energy electron. 
In the secondary star one prong is a hyperfragment. 


7 
b 
€ 


Measured 
mass of the 
=~ hyperon 

(me) 


28504-800 


2100+670 


2800+ 210 
2300+790 


2880+ 300 


2060+ 280 


4200+ 2300 


2420+ 400 


3240+ 1600 


Angle 
between 
K® beam 
direction 

and 
strange 
particle 


Secondary star 
Visible 
Number energy 
of prongs’ release 
Zz (Mev) Remarks 
Estimated mass of 
neutral K-meson. 


(1000_;g0**) m, 


Probable reabsorption 
of the x 


l+e 20 


Probable reabsorption 
of the x 


Probable reabsorption 
of the r 

Probable reabsorption 
of the x 

Probable reabsorption 
of the x 

Probable reabsorption 
of the 


l+e 


TABLE V. 2+ Hyperon events. 


Parent star 

Total 
visible 

energy 
Mev) 


Energy of 
neutral K® 
meson 


(Mev) 


Ey+ 


Number > 
(Mev) 


of prongs 


Event 
number 


Ey 
(Mev) 


41 


155 


6+0.5 
15+1 


Pd\ 
Pd2 140+16 ~37 
49 
19 
25 
52 
115 


49-42 
19 

7.5 
34 


35 


a 


Se wou 
aan 


e] 
a 
SDA Ue Ww 


80+ 13 


Range of the Angle between 


secondary 

proton from 
z+ decay 
(microns) 


1590 
1600 


1600 
1620 
1635 
1670 
1636 


_K® beam 
direction and 
strange 


particle Remarks 


Estimated mass of neutral K® mesons 
(995_279+7®)m, 


Estimated mass of neutral K-meson 
(950+160)m, 








NUCLEAR INTERACTION 
method we employed was to scan for the tracks of the 
stopped strange particles and follow them back to their 
origin. Specifically, we scanned for the following types 
of events: 


K~ capture stars, 
K+ decays at rest into the three pion mode only (7), 
>+ decays at rest in the proton mode, 
~~ capture stars, 
hyperfragments. 


We did not scan for the other possible decay modes; 
namely K, at rest, 2+ decays at rest into charged pions, 
and y+ decays in flight, because of the following 
reasons: (1) scanning for these events would reduce 
considerably the rate of scanning, and (2) it is more 
difficult to estimate the scanning efficiency for this 
class of events. 

Details of the strange-particle events, including the 
information of the parent stars, is given in Tables III, 
IV, V, and VI. From the background study given in 
the preceding section, it is clear that associated pro- 
duction of strange particles in the stack by high-energy 
nucleons or pions can account only for a negligible 
fraction of the events listed above. Furthermore the 
very characteristics of the parent stars strongly supports 
this view; in effect, not only are the parent stars very 
small, but also a relatively low-energy pion (~100 
Mev) is frequently found associated with hyperon 
production and is absent in those events where charged 
K mesons are observed. This is to be expected if the 
events under consideration are examples of the neutral 
K meson reactions listed above. A relatively slow pion 
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TABLE VI. Hyperfragments. 


Visible energy in 
hyperfragment decay 
(Mev) 


100 
133 
70 
15 
25 
62 
22 
18.7 
38.6 
5.3 
3.6 
40 
100 
50 
81 
39 
15 
90 


Range of 
hyperfragment 
(microns) 


Probable 
charge 


I 
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does not frequently accompany the associated pro- 
duction of strange particles. 

The relative numbers of strange particles observed 
in the stack are summarized in Table VII. Corrections 
for scanning efficiencies and approximate cross sections 
are included. From these numbers the intensity of the 
neutral K-meson beam is estimated. The relative fre- 
quencies of the strange-particle events lead to similar 
comparable fluxes for the neutral K-meson beam. 

Aside from the strange particles that were produced 
in the stack and listed in Tables III, IV, V, and VI, 
there were found 11 K+ mesons which came in from the 
leading edge of the stack. The details of these K mesons 
are given in Table VIII. It is not surprising that these 


TABLE VIT. Frequency of strange particles. 


Type of strange particle K* 
Mode scanned for Br") Visible capture 
stars 
Correction for scanning ~1.2 

efficiency 

Correction for alternate 
modes 

Correction for decay in ‘ ~1 
flight 

Total correction factor 
Number of events 
observed 

Estimated total number 14 
of particles produced 
Number per cm! 
Mode of production 


2 


~1.3 


~1.5 
7 (Table II) 


~14 
1 (Table IT) 


0.28 
>Kt+n 


K°+p K°-+-n 


Assumed cross section ~1/10 
in units of geometrical 
cross section 

Basis for above Kt-+n— K+ p 
(references 9-11) 
Estimated intensity of ~200 
incident beam @/cm? 

Bev 8X10” protons on 


target 


>» Hyperfragments 
Visible capture Modes other than 
stars nr decay 


~1.7 ~1 


~6 ~4 


7 (Table IV) 10 (Table IIT) 


~1 


capture in emulsion nuclei 


~1000 
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TaB_Le VIII. A* Mesons entering leading edge. 


Charge a a ae eae = ae 


Range in mm 15 18 20 23 36 45 51 55 56 62 67 
Energy Mev 51 56 60 62 84 95 102 107 108 115 120 


were observed, because some of the neutral K mesons 
would be expected to charge exchange in walls of the 
channel and enter the leading edge of the stack. Since 
the magnetic field in the channel was small, it would be 
expected that the entire channel could contribute 
charged particles. It is therefore not surprising that 
their number should be comparable to that found in 
the stacks. The relatively short lifetime of the charged 
hypersons explains their absence. 


4. ENERGY SPECTRUM OF THE NEUTRAL K MESONS 


It would seem possible to estimate the energy of the 
incoming neutral A mesons from the interaction stars. 
This can be done in several ways; namely, (1) inter- 
actions leading to charged = hyperons and charged 
pions only (see events 2 and 7 in Table IV, and 1 in 
Table III). (2) interactions leading to charged K mesons 
and, (3) all other classes of events. In case (1), the 
energy of the incoming A meson is obtained from 
energy and momentum balance. Clearly there is an 
energy dependence of the detection efficiency for this 


process due to the increase in the moderation time of 
the Y hyperon with increasing energy. In case (2), from 
the work of Bhowmick et al.,° and by Grilli ef a/.,"° and 


Sechi-Zorn and Zorn," it has been shown that the 
inelastic scattering of the charged A mesons behave 
as though they interacted with a single nucleon, with 
Fermi momentum distribution; these authors found 
no apparent difference in the interaction stars which 
lead to charge exchange and to inelastic scatterings. 
From this result it would seem possible to obtain the 


® Bhowmick, Evans, Nelsson, Prowse, Anderson, Keefe, Kernan, 
and Lasty, Nuovo cimento 6, 440 (1957). 

Grilli, Guerriero, Merlin, and O’Friel, Nuovo cimento 10, 
168 (1958). 

1B. Sechi Zorn and G. T. Zorn (to be published). 

2 Camerini, Lock, and Perkins, in Progress in Cosmic Ray 
Physics (North-Holland Publishing Company, Amsterdam, 1952). 
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energy of the incoming neutral K mesons from the 
charged K’s. It would then seem that the only important 
energy dependent bias arises from the finite size of the 
stack. For the stack used this is important only for K 
meson energies above about 150 Mev. In case (3), the 
uncertainty in the incoming energy arises from the 
crude estimate of the energy of the neutral pions and 
neutrons. From these methods we estimate that the 
mean energy of the incoming neutral A mesons is 
about 50 Mev. This low value differs from the known 
spectrum of A+ at the same angle of production. It may 
be that this effect is due to incorrect estimates of the 
energy dependence of the scanning biases or to improper 
evaluation of the energy in the interactions of the 
neutral A mesons. 

It is interesting, however, to note that the work of 
others,*® at 45° to the proton beam, shows a similar 
effect. 

5. CONCLUSIONS 


The production of strange particles in an emulsion 
stack which was exposed in a neutral channel from the 
Berkeley Bevatron confirms the predictions of Gell- 
Mann and Pais that the neutral long-lived K meson 
interacts with matter in both +1 and —1 strangeness 
modes. 

The relative numbers of the A*, A~, 2* hyperons 
and hyperfragments are consistent with the assumption 
that the nuclear interaction of the @ in the 6 and 6 
modes are similar to those of the At and K 
respectively. 

The mean energy of the neutral A mesons incident 
on the stack as derived from the visible energy seen in 
the interactions is considerably lower than expected 
from the available information on the energy spectrum 
of the A+ under the same conditions. If this difference 
is real it is not understood. 
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Bismuth was bombarded by the 380-Mev proton beam of the Nevis Cyclotron to determine production 
cross sections of various spallation products. Products isolated and assayed were radioactive isotopes oi 
polonium, bismuth, lead, thallium, mercury, gold, and platinum. Each of these elements was separated [rom 
the bismuth targets, carefully purified, and counted using a NaI(TII) crystal scintillation counter having 
4x geometry and 99_,*'% efficiency for photons between 20 and 100 kev. 

A mass-yield curve was constructed from these results and compared to the mass-yield curve constructed 
from available Monte Carlo calculations. The calculated data fit the experimental data quite well for 
products within about 20 mass number units of the target. A lower limit to the total spallation cross section 


of 1.14+0.05 barns was obtained. 


I. INTRODUCTION 


REVIOUS investigations'* of the spallation of 

bismuth suffered from the lack of detailed infor- 
mation on the decay schemes of the product nuclides 
and the concomitant uncertainty in the counting 
efficiencies of the detectors that were employed. With 
the present availability of detailed information on more 
decay schemes and through the use of a 47 scintillation 
counter, it became possible to obtain a clearer picture 
of the spallation of the heavy element bismuth. The 
results of this investigation may then be compared with 
recent calculations’ * designed to simulate the two steps 
postulated for high-energy reactions: the intranuclear 
cascade generated by the incident proton followed by 
the evaporation of particles from the excited residual 
nucleus. 


II. EXPERIMENTAL 
A. Irradiations 


Bismuth targets were irradiated for times varying 
from one to thirty minutes by placing them directly in 
the circulating beam of the Columbia University Nevis 
Synchrocyclotron at a radius corresponding to an 


*Submitted in partial fulfillment of the requirements for the 
degree of Doctor of Philosophy in the Faculty of Pure Science, 
Columbia University. 

1W. E. Bennett, Phys. Rev. 94, 997 (1954). 

2 Vinogradov, Alimarin, Baranov, Lavrukhina, Baranova, and 


Pavlotskaya, Proceedings of the Conference of the Academy of 


Sciences of the U.S.S.R. on the Peaceful Uses of Atomic Energy, 
Moscow, July, 1955 (Akademiia Nauk, S.S.S.R., Moscow, 1955) 
[English translation by Consultants Bureau, New York: U. S. 
Atomic Energy Commission Report TR-2435, 1956]. 

§’Murin, Preobrazhensky, Yutlandov, and Yakimov, Pro 
ceedings of the Conference of the Academy of Sciences of the U.S.S.R. 
on the Peaceful Uses of Atomic Energy, Moscow, July, 1955 
(Akademiia Nauk, S.S.S.R., Moscow, 1955) [English translation 
by Consultants Bureau, New York: U. S. Atomic Energy Com 
mission Report TR-2435, 1956]. 

* Metropolis, Bivins, Storm, Miller, Friedlander, and Turkevich, 
Phys. Rev. 110, 185 (1958), and J. M. Miller (private com- 
munication). 

5 Dostrovsky, Rabinowitz, and Bivins, Phys. Rev. 111, 1659 
(1958). 

6 Dostrovsky, Fraenkel, and Rabinowitz, Proceedings of the 
Second United Nations International Conference on the Peaceful 
Uses of Atomic Energy, Geneva, 1958 (United Nations, Geneva, 
to be published). 


incident proton energy of 380 Mev. Two types of 
targets were used: BiOC] powder wrapped in aluminum 
foil, and bismuth metal foil in a stack of aluminum foils. 
rom the latter bombardments, the cross section for 
the production of an internal monitor, Bi*®*, was deter- 
mined with respect to the known cross section of 11 
mb for the AP?(p,3pn)Na™ reaction. 


B. Chemical Procedures 


The target was dissolved in concentrated HNO; and 
divided into aliquots from which polonium, bismuth, 
lead, thallium, mercury, gold, and platinum fractions 
were isolated. 

Polonium was extracted from a 6.V HCl solution 
with an 80% dibutyl ether-20% tri-n-butyl phosphate 
mixture. Concentrated HNO, was used to return the 
polonium to an aqueous layer to which was added 
Bit+* carrier. Bismuth phosphate was then precipi- 
tated, carrying some of the polonium which was counted 
in this form. 

Bismuth purification consisted of the precipitation 
of BiPO,; from 1.V HNO, solution in HCl, and reduc- 
tion with nickel powder. The bismuth-nickel mixture 
was then dissolved in concentrated HNO ;, and the 
above steps were repeated often enough to produce a 
radiochemically clean sample. Bismuth was counted as 
the phosphate. 

The precipitation of PbCrO, and its subsequent 
conversion to PbSO, were the steps used to clean lead, 
which was finally counted as the chromate. 

Thallium was oxidized with bromine water and nitric 
acid and extracted into diisopropyl ether. The ether 
was evaporated, the thallium reduced to Tl* with 
hydrazine hydrate and precipitated as TI, in which 
form it was counted. 

Mercury and gold were extracted together into ethyl! 
acetate from the original nitric acid solution, to which 
was added a trace of chloride. Mercury was removed 
from the organic layer with 3.V HCl, precipitated as 
HgS, and counted. The remainder of the organic layer 
was evaporated, the gold was taken up with aqua regia, 
then carefully reduced with hydrazine hydrate and 
counted as the metal. 


1053 





HUNTER 


TABLE I. Decay schemes. 
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8-yr Bi”? ———-+ 0.8-sec Pb*™™ ————> stable Pb*’¢ 


(0.47 eff) 
0.9 
9-day Po™** + 8-usec Bi 
(0 eff) 
Ola 


—— > 3.62 


> 6.4-day Bi®*s ——_5 125-ysec Pb™6m 
(1.0 eff) 
0.6 


———> stable Pb™**<—— 
0.1 
hr Pb" ——_—_» 60 


(0.60 eff) 


0.9 


——> 105-yr Pb 


1.5-hr Po} ——— 


0.99 
3.8-hr Po™ — > 12.5 


~+ 14.5-day Bi’ ———- 107-yr Pb™ 


0.06 
hr Bi — 


> 68-min Pb" 
(0.60 eff) 


0.94 


0.0la 


+ 20-hr Pb* 


47-min Po™ + 12.4-hr Bi 


56-min Po”? + 95-min Bi® - 


18-min Po™! + 111-min Bi®! 


35-min Bi?” ———~ 20-hr Pb*®™ — 


25-min Bi!” — 12.2-min Pb’ 


7-min Bi! — 2.3-hr Pb™ 


0.24 
42-min Pb!*?" ————> short Pb!97¢ 
0.76 
————+» ().6-sec T]!97™ 


2.4-hr Tl!%* ———-> stable Hg!”* 


14-hr Au!%" ——__., 5.6-day Au!%6e — 


1.2-hr Tl!’ ————> 9.5-hr Hg! — 


70.5 


+ stable Pb*t7< 
> 25.6-hr TP 


> 6-sec Pb™3m ——> 52-hr Pb™ 
(0.25 eff) 


0.1 


-ysec T}2" ——__» 12.5-day TI0 








+ 3.62-hr Pb®*™ ———-+ 60-ysec Tl" ————> 12.5-day T]*9 


(0.60 eff) 
0.9 
|_____y 105-yr Phe 


—> 60-sec Pb™!™ — 
(0.61 eff) 


+ 25.6-hr Tl?” 
> 7.4-hr Tl!” 


— 1.5-hr Pb!%¢ —— 


1.8-hr TP" —— 


0.5 | 


0.5 


v 
> 5.3-hr T}!%8e - > stable Hg! 


> 2.7-hr T)!970 —~ 65-hr Hg!*7#<— 


23-hr Hg!*7™ 


+ stable Pt!** 


> 186-day Aue 


40-hr Hg" 30-sec  Au!%m —— 


0.5 


130-day Hg? > 39-hr Au 


(35-min T!!) 
| 


5.7-hr Hg™ - > 4.8-hr Au!” 


57-min Hg!*! ———-> 3-hr Au! — 


25-min Hg!*® ———-> 42-min Au'® — 


10.3-day Pt'** —_—-> 41-hr Ir'®* 


2.5-hr Pt!8* > 15-hr Ir'86 


0.16 


12-hr Hg!" ———4 4-hr Hg!%« ——— 17.4-hr Aue 


0.84 
+ 4-sec Au}93"—_ 


+ 3.0-day Pt! 


—> 11-hr Pt!® ———> 11.5-day Ir'™™ 


—> 9.4-hr Pb®!¢ ———_ 72-hr Tl”! 


> Pte 


—>+ 6-hr Os", 


(0 eff) 


stable Os!8e¢— 








SPALLATION OF Bi 


Gold and mercury were removed from the platinum 
fraction by extraction into ethyl acetate. The platinum 
was then reduced with SnCle to PtCls-, which was 
extracted into ethyl acetate. The organic layer was then 
evaporated to dryness, the platinum was taken up in 
aqua regia and precipitated as Rb2PtCle, in which form 
it was counted. 

The samples were prepared for counting by filtering 
onto retentive filter paper in a chimney arrangement 
which gave an evenly distributed sample of about 3-in. 
diameter. This sample was then covered on both sides 
by small circles of cellophane, and Scotch brand tape 
was used to seal in the entire filter paper circle. This 
prevented the loss of any sample during the counting, 
and the use of cellophane allowed the sample to be 
easily recovered for chemical yield analysis. Colori- 
metric analytical procedures found in Sandell’ were 
used in the chemical yield determinations. 


C. Counting 


Radionuclides that are expected to be produced in 
the spallation of bismuth are all on the neutron- 
deficient side of stability and, therefore, decay by 
electron capture. Each electron capture is often ac- 
companied by a group of gamma rays, each with its 
own conversion coefficient, so that any counter other 
than one with a 100% counting efficiency for every 
electron capture will have a different efficiency for each 
one. This would lead to an insurmountable counting 
problem. Therefore, we have used a well-type double- 
crystal scintiallation counter, which was designed to 
have a 4x geometry, and which has a 99_4+!% counting 
efficiency for a photon with energy between 20 and 100 
kev. 


D. Decay Curve Analysis 


Serious difficulties arose in the analysis of the com- 
plex decay curves found in this work. These curves 
contained contributions from up to 10 independent 
decay chains of 1 to 4 members each. The several 
methods of attack employed were ordinary graphical 
resolution, least squares resolution over small parts of 
the total decay curve for 2 to 4 components, and an 
analytical method for curves in which only two activities 
of similar half-life were present. All of these methods, 
however, depend quite heavily on the assumed decay 
schemes, branching ratios, and half-lives. The decay 
schemes, half-lives, branching ratios, and counting 
efficiencies for the isomeric transitions without internal 
conversion that are listed in Table I are those used in 
this study. Most of the information comes from Table 
of Isotopes,’ but many of the half-lives that were used 
are those found in this work. 


7E. B. Sandell, Colorimetric Determination of Traces of Metals 
(Interscience Publishers, Inc., New York, 1950). 

8 Strominger, Hollander, and Seaborg, Revs. Modern Phys. 30, 
585 (1958). 
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TABLE IT. Experimental and calculated cross sections. 


Nuclide 


PROTONS 


Experimental 
cross section 
(in mb) 
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Number of 
determi- 
nations 


Calculated 
cross section 


(in mb) 





Po”? 
Bi? 
Po™s 
Bi6 
Po 
Bi 
Po™ 
Bi 
Pos 
Bis 
Pb 
Po 
Bi? 
Pham 
TI 
Po*! 
Bim! 
Pb! 
TI} 
Hgi% 
Au 
Pt”. 191 
Hg! a 
Au 
Hg"! a 
Au"! 
Hg!” a 
Hg!** a 
Aus 
Pt! 
P88 a 
Ptts6 a 
Po 
Bi 
Pb 
TP 
Bi! & 
Pb!” 
TI! 
Bi) a 
Pb! 
T]98™ 
Pb7™ a 
T1197 
Hg? 
T)}% a 
Au! 
TI} a 
Hgits™ 
Au! 
TEM 32 a 
Hg™ 
Au 


_ 


ue > 
AU E NIN NDON ONIN 


RMODnwWE BDNOAMBCOOWUNY 


—= he Ww 
ee en 
ONDA mu 


SO Ww 


wn 


— 


Seer 
UHHH OHHHHHHHHHHHHS 


~0.6 + 0.6 


4.654 2.83 
62.5 +18.4 
0.494 0.07 
62.3 +15.2 
3.894 1.87 
~~? 
73.3 421.1 
<0.5 
1.30+ 0.17 


* Cumulative cross section. 


3 


— tN 
K NON LS 


G Geo ¢ a Oe See ee ¢ ¢ e e a 
RAHMAN HWA WWW RW RR RR WR Re Re RR Re WH WWW WNWWH RAN OL 


12.34 
15.34 

7.0+ 
33.94 
16.8 
21.6+ 
19.9+ 
16.9+ 
13.34 
25.0+ 
16.24 
21.14 
36.64 
20.54 

61+ 
16.0+ 
27.54 
19.0+ 

9.0+ 

8.74 

0.74 

1.14 
61.6417. 


RD PXAMAN ARN N i 
PNORK CRUNK WUDODRWADOAWS 


oe Be PO ST Eno 


39.7415.7 
11.74 4.7 
18+ 1.8 
47.6+19.6 
32.6415.6 
21.84 6.4 
30.2+ 7.5 
21.14 6.3 
7.32 3.7 
38.9411.8 
30.14 7.5 
12.64 4.9 
34.2+11.0 
35.64 8.1 
12.34 4.8 
62.6417.8 
25.6+ 6.9 
3.84 2.7 
77.8+.22.5 
0.14 0.3 
79,.2422.2 
7.32 3.7 
0.84 1.2 
190 +52 
7.74 3.8 
1.14 1.4 


III. RESULTS 


The cross sections for the production of various 
nuclides in the irradiation of bismuth with 380-Mev 
protons are listed in Table II. The errors quoted are 
root-mean-square errors based upon multiple deter- 
minations. 

Several different cross sections were observed for the 
production of Bi and Po** in samples with various 
separation times of Po from Bi. These observed cross 
sections were, therefore, equal to opitopoLf(t,7)], 
where f(t,7) is a known function of the time of irradi- 
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Fic. 1. Number of nuclei in various excitation energy intervals 
as a function of the number of nucleons, m, knocked out in the 
prompt cascade. 


ation, r, and the time elapsed between the end of 
irradiation and chemical separation, ¢. Solving these 
equations (one for each sample) by least squares for 
opie and op % gave values of 50.0+7.0 and 
12.9+9.4, respectively. The cross sections for the pro- 
duction of the other polonium isotopes were all deter- 
mined relative to that of Po”®; therefore, their errors 
are at least that for Po”. 

A low yield of TI" has also been observed by 
Metzger’ in another investigation and is possibly the 
result of an unobserved long-lived isomer. If it were the 
result of an unobserved short-lived isomer, the apparent 
cross section of Hg!’ should be much higher than it is. 

A 35-minute activity observed in the thallium frac- 
tion is probably a mixture of activities from ‘Tl! 
for which there are no data as to half-lives or decay 
schemes. The apparent cross section of 73.3421.1 is 
therefore assigned to the production of this mixture. 

Only the sum of the cross sections for the production 
of Pv™ and Pt'®" may be obtained since these nuclides 
have similar half-lives and could not be resolved. 

Pb*” has a 3.62-hour isomeric state and a 10°-year 
ground state. An unobservably small cross section is 
found for the isomeric state; because of the long half- 
life, nothing could be learned about Pb***. Therefore, 
for this nuclide and for several others with quite long 
half-lives no cross sections could be obtained. 


* A. E. Metzger, Nevis Cyclotron Laboratory Report No. 66 
(to be published). 
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IV. DISCUSSION 


Spallation reactions in this energy range are con- 
sidered to occur in two stages by the mechanism 
proposed by Serber'’: a prompt intranuclear cascade 
initiated by the bombarding particle in a knock-on 
type process followed by a much slower de-excitation 
of the residual nucleus by the evaporation process. The 
results of this experiment may be compared with the 
results of Monte Carlo calculations designed to simulate 
the two independent steps of this mechanism. 

About 1000 intranuclear cascades representing the 
irradiation of Bi® with 450-Mev protons have been 
followed by the Monte Carlo method.‘ The mass, 
charge, and excitation energy of each residual nucleus 
were tabulated. Figure 1 shows histograms of the 
number of nuclei in various excitation energy intervals 
as a function of the number of nucleons knocked out in 
the prompt cascade. 

The subsequent de-excitation of each of these residual 
nuclei either by evaporation or by evaporation and 
fission must then be considered. Both of these processes 
have also been studied by the Monte Carlo method. 
Evaporation calculations have been made*® which give 
the average number of neutrons, protons, alpha par- 
ticles, deuterons, and tritons that are evaporated from 
Ta'™ with various initial excitation energies. These 
evaporation results for stable Ta'*' are used as an 
approximation to the actual situation in which the 
residual nuclei are probably not all stable. In the total 
mass-yield curve which will be constructed from these 
calculated results, this difference in the nuclei prior to 
evaporation will have little effect because the mass lost 
by evaporation is rather insensitive to the isotopic 
number of the initial excited nucleus. However, as the 
starting nucleus becomes further removed from sta- 
bility, the relative probabilities of losing neutrons and 
protons are altered considerably, and, therefore, the 
further that starting nuclei are removed from stability, 
the less reliable will be the calculated isotopic yields 
shown with the results in Table II. By use of the 
available data for the evaporation of particles from 
excited Ta'', the product nucleus that results from the 
evaporation of particles from each excited nucleus 
remaining after the prompt cascade was found and was 
tabulated by A and Z. These results must then be 
corrected for the fission-evaporation competition. 
Monte Carlo calculations for this fission-evaporation 
competition have been made*® and from them it is 
possible to obtain a rough correction for each of the 
evaporation chains. The final mass-yield curve obtained 
from these calculations is shown in Fig. 2 along with 
the abserved experimental results. The fact that the 
Monte Carlo data refer to 450-Mev protons rather than 
380-Mev incident protons is probably the main cause 
of the deviation between the experimental and calcu- 
lated curves at AA greater than about 20. But in the 


 R. Serber, Phys. Rev. 72, 1114 (1947). 
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Fic. 2. Mass-vield curve from Monte Carlo calculations 
compared with experimental results. 


main, the Monte Carlo calculation of the mass-yield 
curve fits the data quite well. However, the agreement 
between experiment and theory for individual product 
cross sections is not as satisfactory reflecting their 
greater sensitivity to the assumptions that were made. 

The formation of stable nuclei in the spallation of 
bismuth is not probable because of the large neutron to 
proton evaporation ratio from the excited nuclei 
remaining after the fast cascade®; however, the lighter 
stable isotopes of elements such as mercury and 
platinum may be formed to some extent. As a result of 
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this formation of stable nuclides, of nuclides having 
very long half-lives whose cross sections therefore 
cannot be determined, and of elements with Z less than 
78, which were not investigated in this work, the total 
observed cross section is a lower limit to the true 
spallation cross section. This experimentally observed 
value is 1.14-+0.05 barns. This is to be compared with a 
geometric cross section of 1.86 barns (ro==1.310-" 
cm), a Monte Carlo value of 1.58 barns (total inelastic 
cross section minus fission cross section), and a value 
of 1.35 barns reported by Steiner and Jungerman" for 
the spallation cross section of bismuth with 350-Mev 
protons. 

These results are also of interest in connection with 
the analysis of the high-energy fission process. From 
this analysis it is found that several nuclei are the 
predominant fissioning species in the high-energy 
fission of bismuth. Therefore, the spallation cross 
sections for the production of nuclides near these should 
be of the same order as their contribution to the fission 
cross section. These fissioning nuclei have cross sections 
for fission of 5 mb or less which is consistent with the 
general pattern of spallation cross sections. 
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Inelastic Final-State Interactions: K~ Absorption in Deuterium* 
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In a reaction from which several strongly interacting particles emerge it is often possible to isolate the 
effects of forces between two of the outgoing particles. There are many cases in which this final-state 
interaction can produce inelastic reactions. The formalism that describes this situation is developed here, 
and the reaction K~+d — r+2+N — x++A+N’ is studied in detail as an example. It is found that large 
A/ branching ratios can result and can be used to restrict the =-N and K-N interaction parameters. The 
gross features of the spectrum can be understood using a simple model. It does not seem possible to determine 
the parities of the strange particles from the momentum spectra. When the inelastic reaction in the final 
state is exothermic, as in the example, high partial waves may contribute. 


I. INTRODUCTION 


HE theory of final-state interactions! has been 

fruitfully applied to many elementary-particle 
processes. In the characteristic situation a “primary” 
reaction mechanism produces a set of outgoing particles 
which have strong mutual interactions. The final-state 
interaction concept is useful if the mutual interaction 
of one pair can be isolated from all other effects in this 
final state. This can happen if the relative momentum 
of this special pair is low compared to all other momenta 
in the state, and if the interaction of this pair with the 
other emergent particles is weak. When these condi- 
tions are fulfilled, the remaining particles escape 
quickly from the production region and have little 
effect on the pair which is left behind. The low- 
momentum pair can interact strongly for a longer time, 
producing important modifications in the energy 
spectrum and in the total reaction rate. If this final-state 
interaction is attractive, for instance, a low relative 
momentum will be favored and the reaction rate will 
be increased. Because the effect of other particles in 
the final state can be neglected, the scattering of the 
interacting pair can be related to the scattering proper- 
ties of this pair when they are isolated. The final-state 
interaction concept will therefore be useful when there 
is only one important interaction in the final state; 
this should involve only low relative momentum and, 
for convenience, only a small number of angular 
momentum waves. 

It is of interest to consider the application of this 
method to problems in which the strong final-state 
interaction can lead to inelastic processes. This can 
occur, for instance, when the primary reaction, which 
produces the final state, leads to antinucleons, K 
mesons with negative strangeness, or 2 hyperons. We 
shall be particularly interested in the reaction 


K-4+d—- rt t4+N > rtAtyN’, (1) 


* This research was supported in part by the National Science 
Foundation and in part by the United States Air Force under a 
contract monitored by the Air Force Office of Scientific Research 
of the Air Research and Development Command. 

1K. M. Watson, Phys. Rev. 88, 1163 (1952). 


proceeding through the strong 2-N interaction, and 
shall see that the method can be adapted to this case. 
There are three principal differences from the con- 
ventional applications: 


1. The diffuse structure of the initial state (the 
deuteron) permits the separation of the primary 
interaction from the final-state interaction. Since the 
range of the forces is small compared to the interparticle 
spacing, explicit many-particle effects involving the 
simultaneous interaction of more than two particles 
are expected to be small. The neglect of these effects is 
usually described as the “impulse approximation’? or 
the “multiple-scattering approximation.” In this ap- 
proximation we can describe both the primary inter- 
action and the final-state interaction in our problem 
by parameters which can be determined from two- 
particle scattering and reaction data. 

2. Even though the directly produced particles are 
in states of low relative momentum, the energy released 
in the inelastic process can lead to observed particle- 
pairs with high relative momenta. Many angular 
momentum waves in the final state may therefore 
contribute. 

3. It is possible for a directly produced pair of 
particles to be in a (virtual) state such that their 
relative kinetic energy is negative. An inelastic final- 
state interaction can couple this state to a real final 
state provided the inelastic reaction is sufficiently 
exothermic. This part of the final-state spectrum 
cannot be directly related to free-particle reaction 
data since it involves the scattering matrix in an 
“unphysical” region. 


To illustrate these facets of the final-state viewpoint 
we shall consider the strange-particle reaction (1) as an 
example. To isolate the final-state interaction between 
the = and the nucleon, we must neglect the interaction 
of the pion with these particles. If we do this, we have 
a problem which contains all the features of this method 
but in their simplest form: there are only three particles 
(the minimum number for our “many-particle” 

2G. F. Chew and G. C. Wick, Phys. Rev. 85, 636 (1952); 
G. F. Chew and M. L. Goldberger, Phys. Rev. 87, 778 (1952). 
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system) ; there are only two outgoing-particle channels; 
and the large radius of the deuteron compared to the 
range of the two-particle forces enables us to use the 
“impulse approximation” with confidence. 

Experimental evidence on this process has recently 
been reported.’ Reactions following the capture of K- 
mesons at rest by deuterium were studied. In particular, 
the spectrum of m~ mesons [Fig. 1(a) ] associated with 
the reaction K~+d — 2+ A+ has shown two peaks, 
one around 250 Mev/c and another near 190 Mev/c. 
These are just the momenta one would expect if the K 
meson were absorbed on a single nucleon to produce 
A+ or 2+7, respectively. The high-momentum peak 
can be explained by the direct production of A+ ona 
single nucleon in the deuteron; the low peak can be 
interpreted as the production of 2+ on one nucleon, 
followed by the reaction 2+ NV — A+ N’ on the second 
nucleon. In this latter case the pion momentum is 
characteristic of } production. The conversion reaction 
competes with elastic 2-V scattering; it is this com- 
petition which we shall study. The directly produced 
A’s may suffer some elastic scattering on the remaining 
nucleon,t but their inelastic collisions are of minor 
importance and will not be our concern here. 

In our detailed study of these reactions, we shall, 
within the framework of the model discussed above, 
investigate the consequences of various assumptions 
concerning the initial state of the K meson and the 
character of the K-V and ¥-.V interactions. Since only 
preliminary work on A-mesonic x-rays and on K- and 
2-particle absorption in hydrogen has been done, none 
of these parameters of our problem is known at the 
present time. The deuterium experiment does not seem 
to permit a detailed determination of the interactions, 
but its results will place restrictions upon them. 


II. FINAL-STATE INTERACTION FORMALISM 


To understand the final-state interaction viewpoint, 
we shall examine what modifications in the exact 
matrix element for the process must be made to arrive 
at that formalism. 

We first define the interactions in this problem. The 
K-nucleon interaction which interests us here is that 
part which leads to a state of 2+ and A+7; we 
denote this by Vx. (For simplicity we do not write the 
interactions with the individual nucleons, although 
this must be done in practice). We shall denote the 
complete -N interaction, including both elastic and 
inelastic parts, by Vy. This interaction vanishes if it 
acts on a state in which no hyperon is present. The 
remaining interactions will be denoted by V,. 

The exact matrix element for A~ absorption can be 
written in terms of @¢;, the initial state of a deuteron 


3N. Horwitz et al., Bull. Am. Phys. Soc. 3, 363 (1958). The 
theory for this process in the absence of final state interactions 
has been discussed by A. Fujii and R. E. Marshek, Nuovo cimento 
8, 643 (1958). 

4F. Crawford et al., Phys. Rev. Letters 2, 174 (1959). 
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Fic. 1. Spectrum of K~+d — 7-+A+p: (a) as a function of the 
pion momentum and (b) as a function of ky [see text, Eq. (11) ]. 
Arrow denotes value of p, for which ky=0 (py=188 Mev/c). 
The ky region depicted in Fig. 1(b) corresponds to 120<p~p,<240 
(Mev/c). 


and a K meson bound in a Coulomb orbit, and ¥;~, 
the ingoing wave solution of the total Hamiltonian. 
y,@ is a solution of the integral equation 


vy‘ by t+Go- (Vet VytV iy ’ (2) 


where @y is a free plane wave of the final nucleon, pion, 
and either A or = hyperon, and Go“ is the free-particle 
Green’s function for total energy Ex+M 4 satisfying 
ingoing-wave boundary conditions. In terms of these 
functions, the matrix element is® 


M i= Us| Ve 6%). (3) 


To relate this matrix element to other observable 
quantities, it is convenient to replace all potentials V ; 
by free-particle scattering operators?®® defined by the 
integral equation 


T =V AV GoT;. (4) 


5M. Gell-Mann and M. L. 
(1953). 
6K. M. Watson, Phys. Rev. 89, 575 (1953); 105, 1388 (1957 


’ 


Goldberger, Phys. Rev. 91, 398 
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The matrix elements of the operators 7; between 
plane-wave states are the exact scattering amplitudes 
for the corresponding two-body problem. The inter- 
action between each pair of particles is described by 
the appropriate scattering operator. 

If we perform this replacement, we find® 


Mj; = Wr | Tx | $1), 
where 
vk =o+G)~” de Tty;, (6) 


I#K 


with similar equations for the other y;~ (j=Y, K, 
and r). (The adjoint of 7; enters here because yx™ is 
the ingoing-wave solution.) The use of the scattering 
operator greatly reduces the number of terms which 
need be included to obtain an accurate result. 

In this form yx has replaced yy as the wave 
function describing the final state. As we see, it differs 
by the removal of the most direct effects of the K- 
absorption mechanism. In our work we want to 
approximate this function by a wave function which 
includes only the effect of the 2-N interaction. This 
function will be 


~ 


vx O=ds+Go' Vyyx =het+GoOTy toy. (7) 


It is the product of a plane wave representing the pion 
and a two-body wave function describing the relative 
motion of the =-N system. 

We can easily re-express ¥x“ in terms of this 
function. Using the definition of Yx“ and yy from 
Eq. (6), we have 


Ve =b4+GoOTyt (G+Go™ DY Ti¥;) 
j#Y 
+Go' oT NY, ' 
+G)~ TyIGop OT RY «| ; 


+ (1+G9Ty")Go a T,\Y, 


=xy' 


Inserted into Eq. (5), this yields 


M yi=(xy | Tx| bi) +x © | TrGoTyGo Tx | ¢;) 
+, | T,Go (14+ TyGo) | $4). 


The first term includes the effects of the primary 
production mechanism and the 2-J interaction. In 
the final-state interaction approach it is considered to 
be the dominant term: 


(8) 


Mpi=or@ | Tx} ¢i). (9) 


This expression can be represented by Fig. 2. 


Bla 


No 
Fic. 2. Schematic 

representation of the 

ie: Nv process K~+d— 2+ 


GY T+N2— xt+2d'+-N,’ 


or r+A+N2’. 
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The remaining terms in Eq. (8) represent higher 
order scattering corrections.’ The second term contains 
“re-productive” processes in which the primary 2 is 
scattered, reabsorbed to yield a K+, then must be 
reproduced; it is thus at least of third order in the 
production mechanism 7x. Figure 3 illustrates an 
example of such a process. These complicated processes 
are highly improbable, and we shall neglect them. The 
simplest contributions of the third term involve 
scattering of the pion by the = and the nucleon. These 
are obtained by letting Ye xy“. Examples are 
shown in Fig. 4(a) and 4(b). 


III. FORMULATION OF £—A CONVERSION 
PROBLEM 


We now direct our attention toward the wave 
function xy‘ which contains the final state interaction. 
In a coordinate representation it has the form (with 
the 3-particle center of mass at rest and units #=c=1) 


1 
xy ~(r,,R,r) = 
Lt 


. exp[ip,:(rx—R) ]g~(r), (10) 
3 





eo 


Fic. 3. Schematic representation of the process K~+d — x 
+24+N2— rt+2D/+N.' > K'’+N3+N2! > 2’ +A4N3. 


where R= (myry+myrtwn)/(my+my) is the center-of- 
mass coordinate of the hyperon-nucleon system and 
t=ry—ry is the baryon relative coordinate. The 
momentum of the outgoing pion is py. 

The energy of the final state is given by 


pr . oe 
-+ (pa>+m,*)* 


2uyn 2(my+my) 


ky? 


(11) 


= Ex+ma— my — my = Qy 


for either hyperon in the final state. ky*/2uyw is the 
center-of-mass energy of the hyperon-nucleon system. 
The function g@(r) which describes the internal 
properties of the hyperon-nucleon system is a solution 
of the Schrédinger equation 


(V?+ ky?—2uynwVy)g™ (r) =0. 


Since the interaction Vy can change the identity of the 
hyperon (2A), it is convenient to represent g(r) 


(12) 


7 Not all many-body effects are included in this formulation. 
We have assumed that all interactions can be represented by 
two-body potentials. In a correct field-theoretic description there 
are explicit three-body corrections arising from the exchange of 
virtual particles; such effects are not included in the present 
formulation. Consequently, any computation of the higher-order 
corrections within the framework presented here (which includes 
only those three-body processes which are successions of two-body 
effects) would necessarily be incomplete. 
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by a two-component wave function, one component 
being the 2-N state and the other, the A-N state. In 
this notation Vy is a 2X2 matrix, and ky and pwyy are 
diagonal matrices. 

There are two independent solutions of Eq. (12), 
corresponding to ingoing waves plus either Y-particle 
plane waves or A-particle plane waves. Using Eqs. (7) 
and (12), these two solutions are 


ges (r) a (4) 
n=( ) and ga (nr) = (™ ), (13) 
gaz (nr) ; gaa (r) 


where 


5 2uxn 
gez— (r) =exp(iky-r)— ff avac’ 
4a 


exp(—iks|r—r'| ) 
Tz" (r',r’) 


/ 
‘ 


2uAN 
_ f dr'dr”’ 
dor 


XT ast (r’,r”) exp(iks-r”), 


lr—r 
Xexp(iky:r’’), (14a) 
exp(—ik,<r—r’|) 

gas (nr) = _—_——_—__— 

|r—r'| 


(14b) 


and 
2uzw exp(—iks|r—r ‘l) 
gz: (r) = —— ff evae” ate 


rl 


4dr ir 


Tsat(r’,r’’) exp(iky-r’”’), (15a) 


2uan 
gaa (4) =exp (ik, - 1) -—— f evar’ 
4 
exp(—ik,|r—r’|) 
tin Tas' (rr) 
[r—r’| 
Xexp(iky-r’’). (15b) 
The 2 component in the first solution contains a free 
~ wave and an ingoing wave of = particles; the 2 
component of the second solution also contains an 
ingoing 2 wave. These components represent a 2 
converging on the nucleon to yield either a or a A 
with amplitudes given by 7:z and Txa, in addition to 
the free > wave. Similarly the A components represent 
the final-state interaction of a A particle converging on 
the nucleon to scatter or convert to a 2. 

In the particular problem under consideration it is 
possible to distinguish experimentally between A’s 
which are produced directly and those produced in- 
directly (except in a small region of overlap in momen- 
tum space). Directly produced A’s do not induce many 
inelastic reactions (very few of them are sufficiently 
energetic to produce »’s) and we shall henceforth ignore 
them and the interaction Tx, which produces them. 
We shall concentrate on the fate of 2’s which are pro- 
duced by the primary interaction 7x3; their subsequent 
motion is described by gsz‘“~’(r) and gsa‘~(r). 

The matrix 7;,(r’,r’’) is directly related to the 
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(b) 


1G. 4. Schematic representation of final-state 
interactions of the pion. 


observed matrix element for free-particle scattering : 
T (ksh) = f ar'dr" eer T le er", (16) 


where k; and k; are the corresponding center-of-mass 
momenta. A spin matrix element is also implied here. 
Since each 7;;(k,,k;) represents the amplitude of an 
individual outgoing scattered wave at ‘=, it must 
satisfy certain requirements in order that the total 
outgoing current shall equal the total ingoing current. 
These conditions can be obtained from the general 
principles of unitarity or by imposing current conserva- 
tion on Eq. (14) and (15). Time-reversal invariance 
implies that 7,;(Ki,k;)=7j;(—k,;,—k;); parity conser- 
vation implies that 7;;(K;,k,;) = 7;;(—k.,—k,). Together 
they yield 7;;(kj,k;)=7;:(kj,k;). Using this and the 
Hermiticity of Vy (which implies that both the diagonal 
and nondiagonal matrix elements of the current operator 
vanish on a surface at infinity, i.e., that the eigenstates 
of this Hamiltonian carry no net current), we obtain 
the following result :8 


AQ, 
eahathadi= Th J —— fant sia WeiMeeidaa; 
m 4r 
(17) 


fis(ki,k,) aaa (u;/2m) T;(ki,k,) 


is the usual scattering amplitude on the “energy shell,” 
and 


do;;/dQ= (v,/0;) \fij(Ki,k) | ; 


is the differential cross section. The generalization of 
Eq. (17) to many-channel problems and to include the 
spin degree of freedom is straightforward. It may be 
used to obtain the usual phase shift expansion. If the 
forces are spin-independent, one can obtain the 


8 R. Glauber and V. Schomaker, Phys. Rev. 89, 667 (1953). 
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expansion 


1 /v;\) k,-k; 
15(k,,k,) ( ) > (2+-1)f,; r,( - ), (18) 
k; \0; l kk, 


with f;;{? =f; and 


/\* 


\é 


Imf,;‘" = Sui» (19) 


If there are only two states, as in the present example, 
these equations can be solved: 


fi = (1/22) (X; exp(216;) — 1), 


v f. 
—m jim 


(20) 


fg =F 1—XP)} expli(6,%+6;) ]. 


X, is a real parameter between zero and one; 6,” is the 
real phase shift. 

With these restrictions, one can insure that the wave 
function of Eqs. (13)-(15) satisfy the conservation 
laws. In general this is not easy to do since the unitarity 
restriction, while relatively simple in momentum space, 
becomes complicated when applied to the spatial 
representation 7,,(r’,r’’). We have avoided this diffi- 
culty by assuming zero-range interactions, for which 
the connection between coordinate space and momen- 
tum space is especially simple. 

If spin dependences are inserted, the possibility of 
different structures for Ts, depending on the Y-A 
parity must be considered. In general the spectrum, 
angular correlations, and polarizations will depend on 
this parity. We are here going to examine only the 
spectrum and in our case this has only a weak depend- 
ence on the 2-A parity. The 2-A mass difference is so 
large that the A always has a large momentum which 
does not vary greatly over the width of the peaks in 
the spectra. It is only from a detailed knowledge of the 
incident 2-N partial waves and a high experimental 
resolution that information on the parity could be 
obtained. In the absence of these conditions we shall 
assume that the parity is even and that the interaction 
is primarily spin independent. 

Another characteristic of the inelastic final-state 
interaction problem is well illustrated in our example. 
We may distinguish two regions of pion momentum. 


When 


px?/2(mz+my) + (pP+mr)'<Oz  (p,<188 Mev/c), 


both ’s and A’s may be produced. When 


px?/2(mz+my)+ (pP+m,?)'>QOz (p,>188 Mev/c), 


only A’s may emerge from the deuteron. The pion may 
be emitted with such large momentum that not enough 
energy remains to produce a real ¥. It is still possible, 
however, for a virtual 2 to be created by the primary 
mechanism and to convert into a A through the final- 
state interaction. Such a virtual 2 can be considered to 
have negative kinetic energy and imaginary momentum 
through Eq. (11): 


¢x?/Qusn = QOz— px’/2(ms+my) — (p+m,")' <0. 


AND 


L. S. RODBERG 

The correct analytic continuation to this unphysical 
region is obtained by requiring that the wave function 
Eq. (13) remain finite for all 7, which implies that 
ky — —iks(xkz= |kz|) in this function. (In more familiar 
applications one deals with outgoing waves, for which 
the correct continuation is ky — ixs). 

The possibility of obtaining A’s in a momentum 
range where J production is impossible shows another 
feature of this type of problem: The number of observed 
conversion A’s is not simply related to the number of 
>’s produced by the primary interaction. The unitarity 
conditions imply only that there is no net current 
carried out of the interaction volume; there are still 
local currents within the region of interaction. The 
behavior of these currents is described by the familiar 
remark that while real particles can propagate to 
infinite distances, virtual particles are constrained to 
remain in the region of interaction. These local virtual 
currents can, however, give real effects if they are 
intercepted by a scattering center and converted into 
real waves. Thus, while unitarity assures that one 
hyperon is produced for each K meson absorbed, the 
number of A mesons reacting per unit time depends not 
only on the energy-conserving transitions induced by 
x and observed in K-hydrogen experiments, but also 
on the additional reaction channels made possible by 
the final-state interaction. The production of A particles, 
the scattering of Y particles from virtual to real states, 
and the complicated interference effects between the 
primary and scattered 2’s affect the reaction rates and 
modify the branching ratios. 


IV. EVALUATION OF MATRIX ELEMENTS: 
S-WAVE CASE? 
There are two remaining functions in the matrix 
element of Eq. (9) which must be specified. The general 
form of the initial state is 


ritt. 
i= fk (1 -s 9 *) ¢a(T1—T2) 


in the rest frame of the system. ga(ri1—r2) is the internal 
wave function of the deuteron; éx(t«—(r+re2)/2) is 
the orbital wave function of the K meson relative to 
the center of the deuteron. 

In coordinate space the hyperon production inter- 
action has the form 


(21) 


Tx(t,,¥y ; fx,"1) =6(R.— R,)7Tx (01,01), (22) 
where 
MKYK +-myry 
1=—————— and__ R= 


mMk+mwn 


myty+m,!, 


my+m, 


are the center-of-mass coordinates, and the 6-function 
arises from the Galilean invariance and translation 
invariance of the interaction (the latter leads to 
conservation of total momentum in momentum space). 


. t See reference t in Sec. VII. 
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0:1=Ix—r, and o2=r,—ry are the relative coordinates. 
Tx (02,01) is related to the production cross section for 
K mesons on free nucleons in the same way as 7;,;(r’,r’’) 
is related to the cross section for hyperons on nucleons 
[Eq. (16) and succeeding discussion ]. 

Inserting Eqs. (10), (21), and (22) into Eq. (9), 
we obtain 


1 
M;;= (2m) ‘i f dsdrdo\do2 


2n)/ 


MN 7 
xexp| —i. (o:+ _ -r) fore 
my-+my 


MK mM, 
X46 r—s————o.+ 
mr+mn my+m, 


Xx (01+38) ¢a(s). 


) Tk (02,01) 


(23) 


The 6-function links the four relative coordinates which 
are most convenient in this problem. The extra depend- 
ences on p; and p2 which occur because of this 6-function 
simply enforce the requirement that the matrix element 
can depend on 72, the position of the “spectator” 
nucleon, only through the relative coordinate re—r. 
The “recoil” corrections which they generate can give 
angular correlations but do not appear to modify the 
spectra or conversion probabilities. For this reason we 
shall simplify the subsequent discussion by neglecting 
these corrections. M,,; then takes the form 


1 
M;;=— Sf drdexie. ea rg( *(r) 
( 3 


2r) 


Xexp(—ip;: o) TK ( 0,0 )EK (oi+ ir) galt), | 24) 
where q=[my/(my+my) |p,. 

For nuclear capture from a bound atomic orbit, the 
K meson wave function is a hydrogenic Coulomb 
function about the center of mass of the deuteron. 
This latter condition follows from the fact that the 
nuclear motion is very much faster than the motion of 
a particle in a Coulomb orbit (so that any charge 
asymmetries are averaged out) and is consistent with 
the observed charge independence of the reaction. By 
analogy with the quite similar calculation of Brueckner, 
Serber, and Watson,’® we assume that nuclear capture 
takes place from a low-lying atomic level since radiative 
and Auger-electron processes are expected to dominate 
for the higher levels. Since the Bohr radius ax=1/uxe? 
is nearly fifteen times the deuteron radius, we can 
approximate the wave function by its amplitude near 
the origin. For an 2S orbit this gives 

Ex(@it+39)—Nas= (1/rn'ag*)'. 


(25) 


We use a Hulthén form for the deuteron wave 


® Brueckner, Serber, and Watson, Phys. Rev. 81, 575 (1951). 
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function: 


ga(r) = Na(e~** — e- 8") /r, (26) 


2n(a—A)* 


In practice we find that 8 may be permitted to become 
arbitrarily large without modifying our results. The 
short-range or high-momentum behavior of the deuteron 
function is important only when the =-V momentum 
ky is large or when the final-state wave function 
becomes highly singular for small r. 

To compute the probability of nuclear capture we 
must have a specific form for the K-N interaction. In 
this section we shall consider capture through the 
S-wave K-N channel. Making a zero-range approxima- 
tion and assuming here a pseudoscalar K meson, we 
have 


4 
’ 
) a= (myea)'=m,/3, B=Ta. 


(27) 
Using Eq. (24) for the S-orbit, S-channel case, we find 


M;; = [1 /(2r)® |NaN ns: | ssl, (28) 


T xz(02,01) = A ss6(02)6(01). 


with 
é ~—ar 


mys fae e~ iat g(—)* (p)—_. (29) 


r 


We must now specify the form of the 2-N interaction. 
In this section we shall study the properties of an 
S-wave interaction (both absorption and scattering) ; 
the case of higher partial waves is discussed later. We 
have assumed that the interaction has zero range, 
since estimates of the effect of a finite range indicate 
modifications of the order of 10% or less. 

For this case Eqs. (14a) and (15a) become 
ges! )(r)=exp(iky-r) 

+ fsx t(rky) exp(—ikzr), (30a) 


goa (4) = fea! (rk) (04/03)! exp(—ikzr). (30b) 


Inserting these into Eq. (29), we obtain 


1 

Mss = ‘il — - +i fs: To | 

| (Ky + q)?+0? 
WaS=4ai(ksMs/kaMy)) fs T 0, 

where 


x 


Too= J rdr hy (kyr) jo(qrye-*” 


0 


1 kstqt+ia 


In ; 
2kxq ks—qtia 


(32) 


Here jo(gr) and ho (kyr) are the spherical Bessel 
function and spherical Hankel function of the first 
kind, respec tively." 


10 P. M. Morse and H. Feshbach, Methods of Theoretical Physics 
(McGraw-Hill Book Company, Inc., New York, 1953), p. 1465. 
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From the viewpoint of the final-state interaction, it 
is clear that the interesting momentum is not the pion 
momentum but is ky, the relative momentum of the 
colliding 2-N system. In fact, it seems most convenient 
and illuminating to consider both the 2 spectrum and 
the A spectrum as functions of this variable. The 
transition rates that we consider are then 


dwy 
Rs(ky) = fiateitoasyan. 


dky 


dws dks dks 
. = Ra(Ra) f M, 20(R4) - dQ,., 
dks dks dks 


1 1 1 dk, vz 
p(k,)= srkpe( + ) ’ ama 
FE, m;+my dks 


Ra(ks) (33) 


It is convenient also to plot the A spectrum as a 
function of ky, even though this variable becomes 
imaginary for values of p, such that = production is 
forbidden; part of the experimental spectrum of Fig. 
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Fic. 5. A spectrum as a function of the S-wave 2-N interaction 
parameters for the “S-wave”’ case. tandy = —ky(ao—ino) is used. 
no and dp are measured in units of (Mev/c)~!. The labels on the 
curves in the imaginary region denote the sign of ao; the curves in 
the real region are independent of this sign. 
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1(a) is displayed in this way in Fig. 1(b). The spectra 
differ most strikingly in the region of ks=0; the ky 
spectrum must vanish at this point due to the phase 
space factor. 

We shall represent the absorption and scattering 
amplitudes by a scattering length formula 


tandy) = —kxs(ao—ino), (34) 


where dy is the complex S-wave 2-.V phase shift 
{fer =[1/27 ][exp(2i6y) —1], etc.}. In this approxi- 
mation 


— kyaot+iLkyno( 1 +keno)+ (kya)? ] 


(1+kso)?+ (Rzdao)° 


fry = 


Reno 
[fear |?7= ————_—____—_——-, 
: ( 1+kso)?+ (kyay)? 

In the region in which only A’s may be produced, we 
use the assumption that the amplitudes f;;“ are 
analytic functions of the energy in the upper half of 
the complex energy plane and can thus be analytically 
continued from the region in which ky is real to that in 
which ky=7ky. The result is that 


¥ (1 ped: (xz)? 


[fea |? (36) 


We now have all the material needed to compute the 
A and & spectra. The numerical results are presented 
in Fig. 5 and 6 and in Table I. They illustrate the 
dependence of the conversion ratio R=wa,/wz and the 
spectrum shape on the =-N interaction parameters. 
To compute the ratio we must integrate over the 2 
spectrum and the conversion —A spectrum. In doing 
this we have defined conversion A’s to be those for 
which ks?> — (200 Mev/c)?. 

When ay» is negative, representing an attractive 2-V 
force, R is less than one but can still be quite large. 
Making ay) more negative (increasing the attraction) 
increases the rate for producing ¥’s but does not 
greatly affect the A rate, since this depends primarily 
on no.!! On the other hand, when dp is positive, R can 
be quite large, and the A spectrum takes on a char- 
acteristic shape: it rises sharply in the ‘unphysical”’ 
region. A positive do corresponds to the existence of a 
bound state with binding energy Eg~ (1/2usn) (1/a0)? 
in the Y-V system. Because of the coupling to the A, 
this state decays quickly and has a width éxs~1/no or 
bE~ (ao/no) Ex. For ao20.005(Mev/c)~, corresponding 
to a binding energy Eg< 20 Mev, there will be a peak 
in this region. 


i From the point of view of a fundamental theory, this distinc- 
tion is of course not physically meaningful, since both mo and ao 
are determined simultaneously from the equations of motion. 
If there is a net attraction, the Y-N wave function will be increased 
for small r with the consequence that inelastic processes will be 
correspondingly larger. 
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V. DEPENCENCE ON K-NUCLEON INTERACTION 
PARAMETERS 


There is a large probability for nuclear capture of 
the K meson from a P orbit. Capture from this orbit can 
take place through the S-wave K-N channel because 
of the finite size of the deuteron. Even though the 
K meson is in a P orbit with respect to the center of 
mass of the deuteron, it has an S-wave component 
with respect to either nucleon when that nucleon is 
displaced from the center of mass. At the same time 
there will be considerable P wave present, so that if 
there is a P-wave interaction it will lead to capture 
as well. 

We assume that there is an interaction in the S- and 
P-wave incident channels 

T3(02,01) = A (02,01) +B(02,01°) - Bi. (37) 
Pp: denotes the gradient operator on 9, and the functions 
A(o2,p:2) and B(o:,s;2) depend on the intrinsic parity 
of the K-.V-> system. If K is pseudoscalar relative to 
\-, then A must be a scalar and B a polar vector 


TABLE I. Conversion ratio R=wa/wy for the “S-wave” case 
(see text, Sec. IV) as a function of S-wave 2-N interaction 
parameters. Scattering lengths are in units of (Mev/c)™. 


no ao R 


0.01 —0.01 0.60 
0.005 0,005 0.53 
0.002 0.005 0.22 
0.002 -0.001 0.38 
0.01 +0.01 3.0 
0.005 +0.005 2.0 
0.002 +0.005 1.9 
0.002 +0.001 0.57 


which we write 


A_(02,p:°) =A ssF 5 5(p2",p1°), 
B_(02,0:°) = BrpF pp(p2",p1’) po 
+ B soF so(p2",p1?)oX po. 


(38—) 


If K is scalar, then A must be a pseudoscalar and B an 
axial vector: 


A4.(02,p1?) =A psF ps(p2*,p1") 0° po, 
B, (02,0:2) = BspF sp(p2?,p)0+ BorF pp(p2,p1°) (38+) 
X[p°o—3(o- pr) pe]. 


In the zero-range limit which we shall use, all the 
scalar functions become products of 6-functions, 
F ;;(p2?,p1°) — 6(@2)6(01). The detailed structure of these 
functions is unimportant for this problem since the 
actual range is small compared to the deuteron size. 

As with the 2-A parity, it seems to be impossible to 
determine the K parity simply from a study of the 
conversion-A spectrum. When these forms are inserted 
into Eq. (24), pe is replaced by the pion momentum p,. 
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Fic. 6. = spectrum as a function of the S-wave Z-N interaction 
parameters for the “S-wave” case. tandy) = —ky(ao—ino) is used. 
no and dy» are measured in units of (Mev/c)~!. The labels on the 
curves denote the sign of do. no=ao=0 represents no final-state 
interaction. 


This momentum changes little over this spectrum and 
the dependence on it, which distinguishes the two cases, 
is difficult to determine. Only polarization measure- 
ments seem capable of deciding the K parity in this 
experiment. 

For an S orbit we expect the P channel contribution 
to be extremely small since the A-mesonic Bohr radius, 
which determines the variation in the Coulomb wave 
function, is very much larger than the range of the 
absorptive interaction. The calculation in the previous 
section will then be nearly independent of the K- 
nucleon interaction—as long as there is some S-wave 
K-N absorption, as seems to be indicated by ex- 
periment.” 

For an P orbit, we write the wave function as 


Ex(o1+38)=N.p(01+38): ei, (39) 


where .V,p=[(?—1)/32n*ax*]! and e, specifies the 
orientation of the P orbit. If we insert this into Eq. (24), 
we find 


M,,?=[1/(29)* JV pV, P[4AM,?—i(B-e,)M,, 5], (40) 


where 


>—-ar 


€ 
mt= ff dee ‘q-tg(—)*(r)——(r-e,), (41) 
r 


and A=A ss, B= Bppp,+B soe X py for a pseudoscalar 
K- A=A peso’ p,, B= Bspo+ Bprl pra—3(e- P.)P | 
for a scalar K. 

To study the effect of the A-.V parameters, we have 
considered the model of a zero-range S-wave Y-N 
interaction, as before. The results for absorption in 
other partial waves are similar. 


2M. F. Kaplon, Proceedings of the 1958 Annual International 
Conference on High-Energy Physics at CERN, edited by B. 
Ferretti (CERN, Geneva, 1958). 
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Fic. 7. A spectrum for capture from a P orbit as a function of 
the K-N interaction parameters with no=a9=—0.01(Mev/< 
The ratio of the S- and P-channel amplitudes is: 
= fel: (b) Ass/Bpp=e'*; the units are (uxc)*. In the imaginary 
region, Ra(ky) is independent of Im(4Ass/Bpp) 


In this case 
| 2(kz+q)-e, (q-e,) 
Ms? = —4ni —t fry 
[C(ks+q)?+a? r q 
(q-e;) 


Arr | ksMy kM s)' fea 0 Jo 
q 


Wa? = 


where 


Ju= f Pdr ho (ker) ji (gre 


: 1 1 ketia 
= Too - “ ~e 
q kyq (kz +ia)?—¢? 


(43) 


The integral N,,* which first occured for S capture 
from an S orbit enters here also for P capture [ the terms 
multiplied by B in Eq. (40) ] from a P orbit ; these both 
belong to a general “S-wave” case. In this case the 
relative angular momentum of the 2-N wave emerging 


(a) Ass/Bpp 
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from the primary production center is largely S-wave; 
it would be pure S-wave if the = recoil, represented by 
—q, were zero. The “P-wave” case, when the 2-N wave 
is largely P-wave, occurs for S-channel capture from a 
P orbit. 

The numerical results obtained using the above 
formulas are presented in Fig. 7 and Table II. The 
calculations were performed for the case of a pseudo- 
scalar K meson. We have set Bso=0 since only the 
combinations |Ass\*, BppA ss*,and | Bpp'*+2,Bso?* 
enter into the spectrum and conversion ratio. 

In the model considered here, there is only S-wave 
Y-N absorption, so that the P-wave case yields a small 
conversion ratio. As Table II shows, a significant con- 
tribution of the S channel to capture from the P orbit 
decreases ®. 


VI. &-N ABSORPTION IN HIGHER PARTIAL WAVES 


We have seen that capture from a P orbit can lead to 
an intermediate 2-NV state which has only a small 
amount of S wave. There must therefore be a consider- 
able amount of P and higher partial waves present in 
this state. Hence it is important to consider the effect of 
>-N absorption through higher partial waves. The 
various paitial waves do not interfere in the total 
reaction rate, so we may consider them separately. 

lor absorption in the /th partial wave through a zero- 
range interaction, Eq. (15a) becomes 


CR ALS (1, U) ky foath; . (ker) Pi (ka-r Rar), (44) 


£ra' 
where, from Eq. (18), 


ky fox= (usvky/uanka)?(21+1) fea. 


Consider the dependence of the reaction rate Ra(ks) 
on the momentum ky near ky=0. For a short-range 
interaction fs, behaves as ky! for ky 0. This de- 
pendence comes from the fact that the scattering 
amplitude is the plane-wave matrix element Eq. (16) of 
the interaction and hence contains the usual angular 
momentum with the fact that 


barrier associated 


TABLE IT. Conversion ratio R=wa/wy for capture from a 
P orbit as a function of K-N parameters. 


interaction 
tands = —ky(ao—ino) with no=—a9=0.01(Mev/c). Define 


Ass/Bpp=xe'® with x in units of (uyc)?. 
R 
0.58 
0.40 
0.42 
0.60 
0.43 
0.23 
0.24 
0.45 
0.005 





INELASTIC FINAL-STATE 


Jilksr) > (ker)! as ks 
tion cross-section Eq. (17) is then proportional to ks 
In our problem, however, the 2-N wave is represented, 
not by a spherical Bessel function, but by the spherical 
Hankel function /,°(kyr) of Eq. (44). The Hankel 
function behaves as (1/kyr)'*!, with the consequence 
that gsa@(r;/) is independent of ky for small ks. 
Equation (33) ff. shows that p(ka)dka/dky is propor- 
tional to ky. Since Mx, is proportional to the overlap 
integral Eq. (24), and hence to gya‘~ (r; /), we find that 
Ra(kz) is proportional to ky for all values of 1. 

By contrast, fs: is proportional to k:’', so that 
Rx(kz) behaves as ks?'*! for small ky. That is, the angu- 
lar momentum barrier does limit the elastic scattering in 
the final state to low partial waves." In the inelastic 
channel of the process the outgoing particle is a high- 
energy A particle, for which the angular momentum 
barrier does not become significant until / is very large. 
The important feature here is that there is no angular 
momentum barrier in the intermediate state. If the 
inelastic reaction is sufficiently exothermic, therefore, 
many partial waves can make significant contributions. 

This fact has an interesting relation with our earlier 
discussion. The real part of the spherical Hankel func- 
tion is finite for small ky, and is in fact simply the 
spherical Bessel function 7;(kz7). The singularity is in 
the imaginary part, the same imaginary part that 
generates the “‘virtual’’ currents we discussed previ- 
ously. It is these currents which are responsible for the 
contribution of high partial waves in the intermediate 
state. 

Let us now consider P-wave absorption. The most 
favorable conditions for P-wave A conversion occur in 
what we called the “P-wave” case: S-channel K-N 
absorption from a P orbit [Eq. (40) with B=0]. The = 
emerges from the first center predominantly in a P wave 
with respect to the second nucleon. For these conditions 
we find (neglecting spin-dependent effects) 


2i—-1 


WyP= = (4a 3) Rx fern{PoJor+V2P oJ 12}, (45) 


where 


ky-e, 1pka-e; —/(ka-pr)(p,-e:) 
Po=——__ and  W2= ‘f : -3( = )I 
k v2 Ra kapy 


A < 


TABLE III. Conversion ratio R=wa/wy for the “P-wave” case 
as a function of P-wave 2-N interaction parameters. Scattering 
lengths are in units of (Mev/c)™. 


a K 
—0.01 0.70 
—().007 0.38 
— 0.005 ().24 
—0.0035 0.03 

0.01 0.91 


0.0035 
0.01 


13See M. Ruderman and R. Karplus, Phys. Rev. 102, 247 
(1956), where this barrier effect is the dominant momentum 
dependence. 


>. The free particle Y-absorp-: 
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Fic. 8. A spectrum as a function of the P-wave Y-N interaction 
parameters. tandy“) = —ky3(a;3—in)') is used. m and a, are in 
units of (Mev/c)7. 


are the projection operators for a P-wave A and S- and 
D-wave pion, respectively. 
The integrals which enter here are 


Jy2= (3, ‘g)liu—J 0, 


00-1 


stia 
2k "q 
1 


Ji - 
ky 


ky (ky+ia)?—g? 


The scattering length approximation in this 
becomes 


tandy"! - ky? (ay3—im;’), 


(kzm)* 
for real 


[1+ (kym)* 2+ (Ryva1)® 
(kxm)* 


= for ky 

[1 = (kyay)* P+ (xym1)® 
The results of calculations using these forms are shown 
in Fig. 8 and Table III. Comparison of these with Fig. 5 
and Table I, the results for S-wave 2-N absorption, 
shows that the P-wave conversion ratio is indeed com- 
parable with the S-wave ratio when the interaction 
parameters (the scattering lengths) are comparable. As 
expected, there is no tendency toward suppression of 
low momenta, as one would expect for free-particle 
absorption in a high angular momentum state. The 
spectral shapes are in fact quite similar, with the differ- 
ences arising from the stronger dependences of the wave 
function and scattering amplitude on momentum in the 
higher partial waves. ‘The more rapid falloff with high 
momentum is a result of our scattering-length approxi- 
mation for the phase shift, and is probably not sig- 
nificant. 
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The higher partial waves yield similar results and can 
make significant contributions. There will eventually be 
a cutoff due to the limited angular momentum carried 
by the outgoing r-meson, represented by j,(gr) in the 
overlap integrals, and due to the angular-momentum 
barrier encountered by the outgoing A particle (this 
effect appears in fz,‘”). 

It should be possible to determine the most important 
partial waves in the 2-.V absorption process by examin- 
ing the angular correlation between ky and p,. For 
instance, if the 2-A parity is even and there is no spin- 
orbit force, Eq. (45) yields a A-x correlation in the P- 
wave case of the form 


1—2 cos?(Ka,p,). 


VII. COMPARISON WITH EXPERIMENT 


In this section we shall discuss the available experi- 
mental! information to show that the theory we have 
described does seem capable of accounting for several 
features of the observations on deuterium: the large 
conversion ratio for 2—+A and the shape of the 
spectrum. 

To apply the results of our calculation, we must first 
identify the atomic orbit from which capture takes 
place. Day and Snow have pointed out that the 
nuclear capture rate from the 2P orbit exceeds the 
radiation rate by a factor of ten even in the absence of 
final state interactions. Nuclear capture from a D orbit 
proceeds too slowly to result in appreciable competition 
with radiation. Auger transitions are negligible. Un- 
fortunately the observation of the mesic x-ray yield 
from light elements is inconsistent with this simple 
picture of the atomic processes and suggests that the 2P 
orbit is not occupied as frequently as one would expect 
from the calculated transition rates. We have, therefore, 
described the theory for both S-orbit and P-orbit 
capture.t 

Next, we must recognize that many of the capture 

“ 5 
processes will result in -nucleon systems in the isotopic 
spin = 3 state. Since the A conversion can take place 
only from the J=} state, it is necessary to make an 
isotopic spin analysis of the observed branching ratios.!° 
Eigenstates of the baryon isotopic spin are useful only 
in our model, in which final-state interactions other than 
those within the two-baryon system are neglected. 
Otherwise this variable is not a constant of the motion 

“4 T. B. Day and G. A. Snow, Phys. Rev. Letters 2, 59 (1959). 

t Note added in proof.—Day, Snow, and Sucher [Phys. Rev. 
Letters 3, 61 (1959) ] have shown that the A-meson orbital wave 
function in liquid hydrogen and deuterium has a significant S-wave 
component that leads to the observed nuclear captures. For com 
parison with experiment, therefore, we must use a wave function 
& LEq. (21)] which does not vanish at the origin. Except for a 
constant factor that determines the absolute capture rate, the 
observed situation is the one treated in Sec. IV and in the first 
line of Table IV. 

18 The branching ratios of the reaction A~+d into the various 
allowed final states are consistent with the requirements of 
isotopic spin conservation. We shall therefore assume that / is 
conserved in the reaction. 
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TABLE IV. Interaction channels leading to a large 
conversion ratio ®. 








Orbit of K meson 


Ss Ss 
P P 
P 5 


K+N +346 


Z+N -A+N’ 


and it would not be possible to define a “conversion 
ratio” unambiguously. In terms of the two amplitudes 
8;(p,) and 8;(p,) that refer to the two possible states, 
the branching ratios as functions of p, are 


(xtZ~n): (w- Stn): (wD n) : (Dp) : (wp) 
= |By|?:§|83;— 2; |*: 5 | 28;—B;|?: 
(2/9) | 83+, \*: (2/9) | By+B, *. 
We must also introduce the amplitude 84 for the produc- 
tion of A particles by the indirect process. The branching 
ratio for the two A channels is 


(48) 


(x Ap): (x°An) = 4 Ba 2:21 Ba . (49) 


The ratio ® of converted A particles to observed 2-.V 


systems in the /=}3 state is 


WA 
R= -{ as\*dp. / f \as\eap.. (50) 
wy(I=3) 


It is found experimentally to be R=0.6+0.1. 

In Tables I-III there are a number of cases in which 
this ratio is attained. If we consider the observed 
spectral distribution in Fig. 1, it is possible to eliminate 
those cases in which the real scattering length is positive 
(bound state) because they give rise to a spectrum 
substantially displaced towards higher pion momenta 
(Fig. 5). We see that in the remaining alternatives a 
combination of several favorable factors must enter 
involving the orbit from which the A particle is cap- 
tured, the mechanism of the A-nucleon interaction, and 
the mechanism of the Y-nucleon interaction. This con- 
clusion is summarized in Table IV. 

We note that there is no evidence for contributions of 
bound 2-.V hyperfragments to A production.'® As Day 
and Snow" have pointed out, this does not imply that 
such hyperfragments do not exist, since the 2-.V system 
may be primarily in a partial wave that does not have a 
bound state. 

We still must discuss the nature of the approximations 
that have been made. The hyperon-nucleon final-state 
interaction which has been studied in the previous sec- 
tions is only the most important of many effects that 
enter into our three-body problem. There are field- 
theoretic three-body forces as well as multiple-scattering 


A 


6 Tt has been pointed out by G. Chew (private communication) 
that a 2-N hyperfragment with J=} could contribute to the 
A-production process. Such a state is not stationary because of 
the © mass differences. After about 10~*! sec the isotopic spin 
would change to 7=} and permit the conversion reaction to take 
place rapidly. 
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effects of the several two-body forces (Figs. 3 and 4) 
that will contribute when all three particles are in a 
small region of space. Such corrections, however, will 
give a fairly uniform spectrum to the outgoing pions, 
because the momentum range in which the = and 
nucleon have a low relative momentum has no special 
importance for these effects. 

There are, nevertheless, two ways in which the three- 
body effects can appreciably modify the peaked pion 
spectrum. First, the interference with the A amplitude 
produced by the simple conversion process depends on 
the magnitude and phase of that amplitude; these 
quantities vary rapidly in the critical momentum region 
(near ky=0). Second, an intermediate pion-nucleon 
interaction in the resonant (3,3) state can take place!’; 
since the momentum of the pion relative to the nucleon 
varies between 140 and 220 Mev, c, a rapid variation of 
this part of the A-production amplitude might be ex- 
pected. A simple estimate of these effects shows that 
both can modify the A-production rate, and that the 
former can also broaden the spectrum appreciably. We 
are not including a quantitative discussion here because 
the present experimental situation does not justify the 
introduction of the many additional parameters. 

If we ignore these corrections, we can turn to the 
problem of relating the reaction amplitudes in deuterium 
to the amplitudes in hydrogen. We therefore introduce 

17 We note that such an interaction is not possible once the A 
has been produced, since the pion-nucleon system must then have 
isotopic spin 3. 
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the usual isotopic singlet and triplet amplitudes ao and 
a, for the K-nucleon interactions and their linear com- 


binations 
a 
By’ = — ($)*aot+an, 


By’ = (3) 4a0+}an, 
(51) 


3 1 
Xu (2r+1)|8,’/2=D Qi+1)laul*), 
™ t=O 


which are the amplitudes for production of a 2 on one 
nucleon of the 7=0 deuteron system such that the = 
is in the =} or J=$ state with respect to the other 
nucleon. In our model the 8, differ from the 8,’ by the 
final-state interaction. Since this difference will in 
general depend on the 2-nucleon relative momentum, 
detailed = spectra are necessary to extract information 
about ap and a; from the present experiment. We do not 
know either whether the same K-N channels are 
participating in hydrogen and deuterium. Thus, the 
striking difference between the 2 branching ratios in the 
two cases”!8 could be due to both the occurrence of 
different incident channels and the final-state inter- 
action. It is to be hoped that independent measurement 
of the K-hydrogen parameters will lead to a better 
understanding of the final-state interaction in this 
problem. 


1R. D. Tripp, Proceedings of the 1958 Annual International 
Conference on High-Energy Physics at CERN, edited by B. 
Ferretti (CERN, Geneva, 1958), p. 184. 
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Green’s Function Approximation Method. I. The Nucleon* 
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A method for the approximate construction of the nucleon Green's function is presented. The development 
is such that the approximate Green’s function automatically has the same analytical properties as the exact 
one. This method involves the symmetrical treatment of the Green’s function and, ultimately, the assump- 
tion that certain particles behave in an uncorrelated manner. The approximation results in a linear integral 
equation for the Green’s function which is completely renormalized. This equation is solved exactly through 
the use of the spectral representation which, by construction, is consistent with the approximation 


1. INTRODUCTION 


NE criterion that might reasonably be demanded 

of an approximation method is that any approxi- 
mate solution should have the same analytical prop- 
erties which the exact solution is known to possess. 
Accepting this criterion, it is natural to consider the 
single particle Green’s function, for its analytical 
properties are well known.' Further, previous attempts 
* Based in part on a Ph.D. thesis submitted to Harvard Uni- 


versity, January, 1959. 
! J. Schwinger, Differential Equations of Quantum Field Theory, 


at approximating it have either failed at just this re- 
quirement,” or have had to artificially patch up the 
approximation in order to meet it.’ It is clearly desir- 
able to develop an approximation method which auto- 
A set of lectures given at Stanford University, 1956 (unpublished) ; 
G. Kallen, Helv. Phys. Acta 25, 417 (1952); H. Lehmann, Nuovo 
cimento 11, 342 (1954). 

? Ning Hu, Phys. Rev. 80, 1109 (1950); K. A. Brueckner, Phys. 
Rev. 91, 761 (1953); S. Kamefuchi and H. Umezawa, Progr. 
Theoret. Phys. (Kyoto) 9, 529 (1953); G. Feldman, Proc. Roy. 
Soc. (London) A223, 112 (1954). 

’P. J. Redmond, Phys. Rev. 112, 1404 (1958). 
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matically satisfies this criterion, and that is the purpose 
of this paper. 

» The basic approximation here will be the noncorrela- 
tion assumption. That is, at some point in the calcula- 
tion (the point may be deferred beyond that chosen 
here and higher order equations thereby developed) it 
will be assumed that various particles are not correlated 
with one another, but rather behave as fully interacting 
particles in the absence of the other particles. Specifi- 
cally, three- and four-point correlations will be neg- 
lected.” (For higher order equations we would neglect 
five- and six-point correlations.) 

In Sec. 2 an exact integral equation for the nucleon 
Green’s function, involving more complicated Green’s 
functions, will be derived by means of a symmetrical] 
treatment of the two space-time points involved. This 
symmetry is basic to the method, as an unsymmetrica] 
treatment will lead to previously examined approxima- 
tions.2* Conditions sufficient for the approximate 
Green’s function to have the correct analytic properties 
will then be examined. In Sec. 3 an approximation which 
meets these conditions will be developed from the non- 
correlation assumption. A linear integral equation in- 
volving the (presumed known) meson Green’s function 
will result. For simplicity, the meson Green’s function 
will be taken as the free-field propagator, but this is 
not necessary to obtain a nucleon Green’s function with 
the proper analytical behavior. A completely renor- 
malized equation for the spectral coefficients will then 
be obtained. Section 4 will be devoted to the exact 
solution of this equation, and in Sec. 5 an asymptotic 
solution for large values of the mass parameter will be 
obtained and examined with regard to existence of the 
renormalized Green’s function in this approximation. 


2. THE SPECTRAL FORMS 
The field operators for the nucleon, ¥(x), and for 
the meson, $(x), obey the field equations 
(1) 


(2) 


(yp+m)y (x)= (m—mo)— govst'o'(x) W(x) =x(x), 
(k+-p?)pi(x) = (u?—po?)'(x) — d gol ¥ (x) ,¥57'¥ (x) ], 


where m and wu are the masses of the nucleon and the 
meson, respectively, and the subscript 0 refers to the 
unrenormalized quantity. The renormalized value of 
the coupling constant is determined by g*/4r~ 10. The 
field operators also obey the usual commutation rela- 
tions, the nonvanishing commutators (or 


anticommutators) are 


(¥(x),¥(x')} 


~ ‘(x) 
1 ’ 
ot 


.e., only 


~ 00 ( =— kK). (xo= Xo ) (3) 


and 


(0) 6;j6(x—x’), (x=20'). (4) 
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The single particle Green’s functions are defined by4 
gie p y 


G(x,x’) = i((Y (x) (x’)),e(x,«’), 
where 
xo> Xo 
Xo< Xo’, 


e(x,x’)= 1 for 
=—1 for 
and 
(A (x) B(x’)),=A(x)B(x’) for xo>20’ 
=B(x')A(x) for xo<x', 
and 


Gis=i((0'(a)6"(x"))s). 


These may be written in the form! 


1 
G(x,x’)=— fo yeiP(2-2G(p), 
(2)! p P 
and 


1 
Gala) = bu f (dbo gH, 


(Zar 
A_(k) ) 
yp—Ktiel 


«0+ 


where 


, 19 A, (k) 
Gip poy he in(- 
yptm Yn a a ag 





(11) 


B(\*)d\? 
oe)= f » wb. (12 


k?+)?—ie 


{The abbreviated form 


f dk 


will sometimes be used for the right-hand side of (11) 
and similar structures. ] The A’s and the B’s are real 
and non-negative, corresponding to their physical in- 
terpretation as probabilities, and 


Aut f de A (k) = i. 


These spectral forms exhibit the analytical properties 

of the Green’s functions and we should like to develop 

an approximation that maintains these forms. 
Equations (1), (3), and (5) imply that 


A(k) 
ypt+k 


(13) 


(14) 


(yp+m)G (x,«")=6(x—2”’) 
+i((x (x) h(x’), e(x,2’). (15) 


Hence 


[(yp+m)G (x,x")—6(x—x’) ](yp+m) 
= (m—mo)5(x— x") +-1((x (x) K(x’) ) +e (x,x’) 


= (m—mo)b(x—x’)+-F (x,x’). (16) 


By means of the Fourier transform, (16) may be written 


4 J. Schwinger, Proc. Natl. Acad. Sci. (U. S.) 37, 452 (1951). 
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in momentum space as 


1 
G(~)=$——+—. 
yptm yp+m 


1 
XL (m— mp) + (1— Ao) (yp+m)-+F (p) }— - 
yp+ 


Ao 1 1 
= hii. (17) 
yptm yptm yp+m 
Now, F(x,x’) is of the same form as G(x,x’). Hence it 
may be shown, in the same manner as (11) was derived,} 
that F also has a spectral form, but without the pole 
at yp=—m as that has already been removed. Thus 


C(x) 
“yp te. 


F(p)= (18) 


where the C’s are real and non-negative. This may be 


rewritten in the form 


F(p)= fax : 


+ (ptm) fas —(yp+m). 
a? (yp+x) 


With 


cC al 
(m— my) = fa — 


C(x) 
we meee 


(m—x)? 


and 


(1—Ay)= 


Eq. (17) may be written as 
; Ay C(x) 
G(p)=— + fas —_—_—__—.. (22) 
yp+m (k—m)?(yp+k) 
This is precisely the form (11) with non-negative A’s, 
and (14) is automatically satisfied. Thus, the spectral 


form (11) will be maintained if the approximate F has 
the form (18). 


3. THE APPROXIMATE EQUATION 
To achieve such an approximate F(p), we return to 
the definition of F(x,x’) and insert the definition of x 
in it. The assumption of noncorrelation is then invoked, 
and the correlations between boson and fermion vari- 
ables are neglected in the following manner: 


i((*(x)o @)Y (x')$* (x’))4.)e(x, 2") 
= — iL i(Ly(x)b (x’) ],)e(x,x’) Li(o*(x) 6? (x) 14) ] 
=~ —1G(x,x")Gi;(x,2"). (22) 
Similarly 
i( (pi (x) (x) (2"))y )e(x,«") 


= i(p'(x))(Y(x)¥(2'))s e(x,2")=0, (23) 
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since 
(o'(«))=0. (24) 


Finally the term 
(m—mo)?i{ (WY (x) P(x") )e(x,2°’) = (m—mo)°G(x,x') (25) 


is neglected as being a higher order term. The motiva- 
tion for this is that, in momentum space, this term has 
a pole at yp=—m while F(p) does not. Its inclusion 
would therefore be a bad approximation for F(p) and 
would lead to a G(p) with the wrong analytical prop- 
erties. Further, the requirement that the approximate 
equation be renormalizable also demands that this term 
be deferred to the higher order equation. It is, of course, 
necessary to verify that, in higher order, this term is 
joined by other higher order terms, producing a con- 
sistent renormalizable equation. This is indeed the case.5 
With these simplifications, and noting that 


7'76;;= 3, (26) 
we may write 


>* 


2 


3ig 
F(p)= Fpl Glo Pres) (27) 
( 


Pais 


If (11) and (12) are inserted in (27), then, except for 
the «x and X integrations, (27) becomes identical (to 
within a constant) to the second order perturbation 
theory mass operator for a nucleon of mass « interacting 
with a meson of mass \. This is known to have the 


spectral form! 
fae 


with non-negative D’s, as may be verified directly (the 
k integration is quite straightforward*®). Consequently 


facfax D(x’ ,x,d*) 


F(p)= 5 ane (29) 
ypte 


This is the desired form (18) and hence the approximate 
G(p) calculated from (17) will have the spectral repre- 
sentation (11) with non-negative A’s (or, in their re- 
normalized form, a’s). We may therefore make the 
simplifying assumption 


D(x’ Kd?) 
ek, (28) 
vp+e! 


B(.2) =6(—12), (30) 


and still maintain the form of G(p), i.e., G(A?) will be 
taken as the free-field propagator. This assumption is 
not really restrictive as any B(\?) may be constructed 
by summing a large number of terms of the form (30) 
with different values of u? and appropriate weight fac- 


‘Dp. 5. Ph.D. Harvard University, 1959 (un 


published). 
6 Karplus, Kivelson, and Martin, Phys. Rev. 90, 1072 (1953). 


Falk, 


thesis, 
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tors. Equations (11), (12), (27), and (30) yield 


A(x) 1 
F(p)=—-—— fa ) fa 76 ~, 
y(p- an Pte 


)), and (21 


(31) 


From the definitions (17), (2( ), it is evident 


that F, is of the form 
F,(p)=(vpt+m)R(yp)(vypt+m). (32) 


Then (11), (17 


A+(x) 
R(yp) = -f if — + 
we-+a~ie 


For any real eigenvalue of yp we may take the imaginary 
part of (33) and obtain, for x>m+uy, 


), and (32) yield 


AW) 
| (33) 
reer’: 


1 —1 
ImR(«x) 


T m(x-+m)? 


[ImF,() }y»~« 


A_(x)=— 


1 1 
ImR(—«)= 


T a(xk—m)* 


(35) 


A,(x)= [ImF,(p) ]y»—«- 


The renormalized Green’s function, G,, is given by’ 


G d 
p= : fa 
Ag 
To this order of the approximation it is evident that 


£o°= 8", 1.€ 
tion here. 


a(Kk) 


(36) 


1 (x) 15 
= [a . 
yptc % yptrk 


, there is no coupling constant renormaliza- 
The subscript 0 will therefore be dropped. 
In accordance (36), the renormalized spectral 


coefficients, a(x), are defined by 


with 


K>m+ pu 
m+p>x>—(m+p) 
—(m+p)>k. 


a(k)=A4(k)/Ao for 
(0) for 
=A (—x)/Ao for 


(37) 


With this definition, Eqs. (34) and (35) may be com- 


bined to form 
K 1 F,(p) 
Im— | , 
k| w(k—m)? , a. Soe 


the results of 


a(x) = (38) 


Equation (38), in conjunction with 
performing the & integration in (31),® provides the 
desired integral equation for the renormalized spectral 


coefficients : 


a(x) = f(x,m) +f a 


7 J. Schwinger, see reference 1. 


” £(kyK’ Jar’), (39) 


FALK 


where 


—K 38° 1 


fix’) = — 


Kk 167° ~<a" 


2(x?+p’) 
fi es 
2 


for all x and x’ with |x| >|«’|+p. (40) 


4. SOLUTION OF THE EQUATION 


It is convenient to introduce the notation 


(B) \B { 
f f(x)dx= f f( det f f(x)dx. 
{A} ‘ B 


Then (39) may be written in the form 


{\«| —n} 
a(k)= fiom f dk’ f(xyx Ja(n’). (42) 


{m +p} 


The solution to (42) is then written down by inspec- 
tion in the following manner. Consider 0< |x! <m-+u. 
By definition 


a(x)=0 for O<\xK} <m+u. (43a) 


Now consider m+y< |x| <m+2y. In this region the 
integral in (42) doesn’t contribute since |x| —p<m-+u. 


Hence 


a(xk)=f(km) for m+y<\x <m+2y. (43b) 


In the region m+ 2p < |x! <m+3y, the integral in (42) 
contributes only for values of |x’| such that m+y 
< |x’| <<m+2y. But the value of a(x’) in this region is 
just given by (43b). Hence 


a(x) =flasm)+ f 
{m+n} 


for m+2n< xi <mt+3u. 


dk’ f(K,x") f(x’ sm) 


(43c) 


Similarly, for m+3yu< |x| <<m+4uy the results (43b) and 
(43c) are all that is required, yielding 


a(x) = f(k,m) 


{m+2y} 
+ f dk’ f(x,’ 
{m+u} 


|x’| —a} 


{j«| —z} 
)f(x'jm)+ dk’ f(x,x’) 


“{m+2y} 


x| fm) + dx” fw’) 


{m+n} 


for mt+3u< ix) <m+4y. (43d) 
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This inductive method of solution may be continued 
indefinitely. It is made possible by the fact that, for 
any value of |x|, only values of a(x’) with |x’| at most 
k|— occur under the integral. Since the a will have 
already been evaluated for these |x’| at the previous 
stages, the function under the integral sign is known 
and hence so is a(k). ; 
Physically, this solution in steps of « corresponds to 
the successive possibility of emitting more and more 
mesons as the ‘‘mass” gets larger and larger. Thus, the 
upper limit of the integral in (42), which is so crucial 
to this method of solution, is simply the statement that 
if a particle of initial mass |x| emits a meson of mass p, 
the resulting particle can have a mass of at most 
'x|—y. The energy is conserved in this process since we 
deal only with the imaginary part of (33). 
The results of (43) may be written in general as 


Vv {|x| —n} {in| —p} { kn-1| —p} 
a(k)=>> dus f dky:* f dk» 
n=O { {m+n} 


{m+ y} m+yp} 
Xf (kyK1) f(K1,K2) °° f(Kn—14kn) f(Knm), (44) 


where VV is_ the contained in 


Clk! —(m+yp) ]/u and 


a(x)=0 for 


largest integer 


K| <m+u. 


It must be emphasized that (44) is a finite series; for 
a given mass x, .V corresponds to the maximum number 
of mesons that can be emitted. This solution includes 
all those phenomena in which the nucleon emits a series 
of mesons and absorbs them in the inverse order to 
that of emission. It is also to be emphasized that (44) 
is an exact solution to (39). Further, since f(x,x’) 20 
[see (40) ], a(x) is manifestly non-negative, as it must 
be’ and as anticipated in the discussion following (29). 
Hence any non-negative choice of B(A*) will result in 
this property, and indeed the solution may be obtained 
in the same manner since the above discussion may 
simply be carried over with yw replaced by the more 
general A. 


5. THE ASYMPTOTIC SOLUTION 


It is clear that for sufficiently large |x|, (44) becomes 
unwieldy. For this reason, and also to understand what 
conditions are necessary for the renormalized Green’s 
function to exist, the asymptotic solution, for large 
|x|, of Eq. (39) will now be investigated. To this end let 


B=3g"/16r", (45) 


and take |x|>>m. For simplicity we will also set u=0; 
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this will not affect the form of the results. Then (39) 
becomes 


B 1 » {x} 
a(x) =— [1+ J (204 +-2a"—«'a(e) | 
2\k a 
(46) 


{m} 


It is evident that a(—x) also satisfies (46), and since 
the solution of (46) must be unique, 
(47) 


a(x)=a(—k). 


Equation (46) may then be rewritten, for x>0, as 


B 2 f* 
w(a)=—| 14 f (t—1'a(e' | 
2k an 


Differentiation of (48) yields the differential equation 


(48) 


da da 
k—+ 7k—+ (5—48)a=0, 


dk* dk 


(49) 


with the solution 


a(x) = A yx 320484 A oq 4 2(1+8)4 (50) 


where the A’s are constants which may be determined 
by inserting (50) in (48). Upon evaluating the A’s and 
taking only the leading term in x, we obtain finally: 


xk /‘m>>1, 


BL1+ (1+8)!] 1 fiw] yet 
a(k)~ ( ) oe 
4(1+8)! m\m 


From (36) it is easily seen that for the renormalized 
Green’s function to exist, it is necessary that 


{@) a(x) (=) a(x) (x—yp) 
f x= f dk 
{m+u} ypt+k {m+u} +p 


exist. Since, when |x| is large, a(x) is even, it is evident 
that the renormalized Green’s function exists provided 
only 


(52) 


a(x)~|x|?, «<i, (53) 


x|>>m. 


Equations (51) and (53) then yield, as a limit of validity 
of Eq. (39), 
(54) 


B<3 or g*/4a<4r. 
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A method previously derived for the approximate construction of the nucleon Green’s function is here 
applied to that of the polaron. After making an arbitrary translation of the phonon variables, a linear in- 
tegral equation for the Green’s function is derived by means of a symmetrical treatment and a noncorrelation 
assumption, in complete analogy to the nucleon problem. This equation is solved through the introduction 
of a spectral representation in the special case of zero total momentum. The lowest energy state of the system 
is calculated in terms of the arbitrary translations and then minimized with respect to them. Using the 
simplest nontrivial cutoff procedure to obtain the variational equation and its solution, results are obtained 
for values of the coupling parameter a <3, and are compared with those of Feynman. 


1. INTRODUCTION 


HIS paper will be another application of an 

approximation method that was derived for the 
case of a nucleon in interaction with its meson field. 
As in that case, we shall concern ourselves with a 
Green’s function with a known spectral representation 
and, by operating on it symmetrically, derive an in- 
tegral equation for it. A noncorrelation assumption will 
be used to reduce this to a linear equation consistent 
with the spectral form, which form will then be used 
to obtain the solution. To suit this specific problem, the 
technique will be modified to include a variational 
calculation for the purpose of obtaining the lowest 
energy state of the system. 

The situation here considered is an electron moving 
slowly in a crystal lattice. The physical assumptions are 
that the one-electron and perfect crystal approxima- 
tions are valid (i.e., no correlations between electrons 
and no imperfections in the crystal lattice), but that 
there is a large dipole moment per unit volume, due to 
the longitudinal optical modes of vibration, with which 
the electron interacts. The frequency, w, of these 
vibrations will be taken independent of their wave 
vector k. All other electron-lattice interactions will be 
neglected (i.e., transverse optical and acoustical modes 
of vibration). Electrons bound to individual ions will 
be assumed to move with them without inertia. Elec- 
trical isotropy will be assumed and the crystal will be 
taken as a continuum. Finally, the effect of the periodic 
potential of the ions in their mean positions and the 
other electrons will be assumed to be entirely ac- 
counted for by an effective mass, m*. We use units 
such that 4=w=2m*=1. These approximations are 
discussed in detail by Schultz? who then derives (with 

* Based in part on a Ph.D. thesis submitted to Harvard Uni- 
versity, January, 1959. 

1D. S. Falk, preceding paper [Phys. Rev. 115, 1069 (1959) ]. 
Hereafter to be referred to as I. 

*T. D. Schultz, Massachusetts Institute of Technology Solid- 
State and Molecular Theory Group, Technical Report No. 9, 
1956 (unpublished). See also H. Fréhlich, Advances in Phys. 3, 
325 (1954). 


slightly different notation) the Hamiltonian 


(dk) F 
=} P— | ——kr'*t r(k, 
H | ry (k,f)r( 7 


(dk) 1 
+ eo) f phn (kt +7(k,t) ] 


(dk) 
+f 7 (k,)r(k,)-+M, (1) 


(24 


where P is the total momentum of the system, a 
measures the strength of the coupling between the elec- 
tron (whose coordinates have been eliminated) and the 
phonons, k=|k|, the integrations are three-dimen- 
sional, and 7t and 7 are the phonon creation and 
annihilation operators obeying 


[r(k,t),71(k’,) J=6(k—k’). (2) 


The constant M has been introduced so that the lowest 
energy state will have E=0. It is analogous to the mass 
renormalizetion in I in that the uncoupled system 
(a=0, M=0) has lowest energy Eo=0 and M repre- 
sents the shift in the origin necessary for the lowest 
energy state to be unchanged when the coupling, a, is 
“switched on.” In this case, however, M is finite and 
will be the ultimate object of our calculation. It is to 
be noted that P is a constant of the motion and may be 
taken as just a number. 


2. DERIVATION OF THE EQUATION 


Were it not for the cubic term in (1), the problem 
could be solved exactly by means of a translation of the 
phonon variables. In order to suit the treatment to this 
situation, an as yet undetermined translation will be 
introduced and will eventually be determined by a 
variational principle. Thus, let 


7 (k,!)=a(k,t)+ (4ra)44 (k), 
zt (k,t)=at(k,t)+ (4ra)'A(k), (3) 


i.e., A(k) is a real numerical function of k. 
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Introduce states (Of! and |0’) such that the equation for G becomes 
a(k,t’) | Ot’) =0= (Ot| at (k,t). (4) .. ae 
P?+ M’—i—{G(t,U/)—6(l—-¢) 

The field equations are then given by al 


0 ‘\ / 
i—(Ot| 00’) = (Ot| H(0)| 01’). 5) i(4ma)} fe Kk) (0t| a( kd) | 00’) 0-0) 
at 


Let Me (dk’) 
G(t,t’) = i(Ot| OL’ )0(i,t’), a k’ A (k)A (k’) 
where | | 
6(t,')=1 for t>T’ x (Ot| a(k,da(k’,A)|0¢’)0(¢—0’). (10) 
=0 for t<t.’ As only the domain of small P is of interest, expand M’ 
Then with in a Taylor series as 
U(k)= (1—2P-k+-k?)A(k) M’=MotMiF*+::-, 


and (10) becomes 


(11) 


2(4ma) f= swe us k’A2(k’) A (k), 9 
| Petar) i Jot)—s—) = MG) 
at 


and 


vs f (1—2P-k+?) A?(k) 


(dk) ; 
~ittna)! J —U (k)(0t| a(k,A) | O0’)a(t—¢’) 
3 


(dk) A(k) 
a vats 
+2(4ra) f - (tne) f- ——hk-k’A(k)A(k’) 


2m)8 (2n)8 


(dk) ’ x (Ot a(k,)a(k’,A) |O0’)a(t—2’). (12) 
+ (nay f march], ) ”" 
(2r)8 


(2r)® k 


Iinally, the equation analogous to (I-10) is 


« 


0 0 
| pect Jou —6(t—’) P?(1+M))-i |- —M6(t-1’) 
| Ol. al’ 


+M°G(t,t’) )+iMe(tea) f —U (k) (Ot) at (k,t’) | 02)0(t—0’) 


(dk) 
+iM (na)! f —U (k) (Ot! a(k,f) | 02’)0(1—-1’) 
(2r)3 


(dk) (dk’) . 
+ildee) f U(k)U(k’) (0t| a(k,Oat(k’,t) | 00’)0((—0’) 
(2m)? (2x)8 


) (dk’) 
itt) f k-k’A (k) A (k’) (00) at (kta (k’,1’) | 0000-1) 
(2m)? ( 2x) 
(dk) (dk’) 


+iMo(dna) f -——k- k’A(k) A (k’) (Ot) a(R, a(k’,1) (000 (1-0) 
(2r)* (27)3 


(dk) ( (dk”) welll? 
+i(dna)! f—— U(k) kK’ +k’ A (kA (ke) (08! ak Oat (kh ’)at(k’”,') | 00’) (1-0) 
(27)3 (2n)3 (27)' 


(dk) ( (dk') wr), 
+i(dra)! f— U(k’’)k- k’A (k) A(k’) (Ot! a(k,Datk’ Dal (Rt) 00)0(t—¢’) 
(2m)3 (2m) ( (2m)3 


(dk) (dk’) (dk") (dk) 
+i(4ra)? f — (k-k’) (kk) A (kK) ACK) ACK) AK”) 


(2m)? (2m)3 (2n)3 (2n)3 
< (Ot! a(k,)a(k’ at (kat (kt) |00)00C—¢). (13) 
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We now introduce the noncorrelation assumption in 
a manner completely analogous to (I-22, 23, etc.). 
Thus, matrix elements of the form (0t|a'(k,t’)|0¢’), 
(0t| at (k,t’)at(k’,t’)|00’), etc., are neglected; the Mo 
term is deferred to a higher order ; and the noncorrelation 
is written as 


i(Ot| a(k, pat (k’,t’) |00)6(t—U') 
= —1G(t,t’)SG(k,k’; t,t!) (14) 


and 


i(Ot| a(k,t)a(k’,t)at (k’,t’)at (k’’”,t’) | Ot’ )o(t—2’) 


= —G(t,t’)S’(k,k’,k’,k’’; 1,1’). (15) 


The phonon Green’s functions, G and G’, are then re- 
placed by their free-field values, i.e., their values when 
a, and thus A(k), is set equal to zero. Under these 
circumstances the phonon vacuum states become time- 
independent and 


0 
i—(0| a(k,t)at (k’,t’) |0) 
at 


= (1—2P-k+?)(0| a(k,dat(k’,t’)|0). (16) 


From (2) it follows that 


(0| a(k,t)at (k’,t)|0)=6(k—k’). (17) 


Hence, the free-field value of G, written with the delta 
function removed, is 


6(k—k’) Gi (t,t’)=7(0| a(k,t)at (k’,t’) |0)a(t—“’) 
=6(k—k’)i exp[ —i(#—2P-k+1)(t-/’) ] 


xa(t—t'). (18) 


In a similar manner, G’ is replaced by 


[d(k—k”)5(k’ —k’”")+-6(k—k’”’)5(k’—k’”) | 
X Gu (b,t) (19) 
where 


Gur (tt) = GP(t,') Su(t,t’). (20) 


With all this, the approximate equation here becomes 


P?(1+M),)—i- sili did) P?(14+M))-i 
at 


ot’ 


(dk) 
= —Malt—1)~ildna) f U2(k)G(,t’) .9(t,l’) 
(27)3 


(dk) (dk’) 

—2(4na)? f ——(k-k’)?A2(k)A2(k’) 
(2ar)* (29) 

XG(bL) Gxt’). (21) 

This is the equation analogous to (I-17, 27). There the 

technique of solution involved the use of the spectral 

form of G, and we shall follow the same procedure here. 


FALK 


3. THE SPECTRAL COEFFICIENTS 


The Green’s function may be written as 
G(t,t’) =i fae p(P2w)e'#"-"a(t—L), (22) 


where the p are non-negative, as they represent the 
squares of the absolute values of matrix elements. In- 
serting this in (21), multiplying by e“*’‘'~"”, integrating 
with respect to (t—?’) from — % to #, and noting that* 


1 2 
—=if e~ “tdi, eo 0+, 
w—le 0 


we get, using (18) and (20), 


(23) 


p(P?,w) 3 
fiw ——[P?(1+M,)—w’ ?—-[P?(1+M))—" | 
w—w' —ie 
(dk) 
= —M,+(4ra) | ——U*(k) 
(2mr)3 
p( P?, w—k?+2k- P—1) 
x fide ntiick 
w—w’—ie 
(dk) (dk’) 
+2(4ra)* f — ——(k- k’) A2(k) A?2(k’) 
(2m) (2x)? 
p(P?, w—k?—k?+2(k+k’)- P—2) 
x fae" ; aeceroarses (24) 
w—w’—ie 


The imaginary part of (24) is 


p(P?,w)[P?(1+M))—w | 
(dk) 
= (dna) f- —U?(k)p(P?, w—k?+2k- P—1) 
(2x)8 


(dk) (dk’) 
+2(4ra)* f- —~ ——(k-k’)?4?(k)4?(k’) 
(2r)* (2)* 
X p(P?, w—k?—k?+2(k+k’)-P—2), (25) 


and the real part, in conjunction with (25), vields 


fovPrde= i; 


fot P? w)dw= Mo+ P?(1+M;) 


(26) 


(27) 


Equation (27) then determines the change in energy 
and effective mass once the p are determined from (25) 
and normalized by (26). 


8 J. Schwinger, Phys. Rev. 82, 664 (1951). 





GREEN’S FUNCTION APPROXIMATION METHOD. II 


4. THE SOLUTION FOR P?=0 
For simplicity, only the case P?=0 will be con- 
sidered. This will be sufficient for the calculation of the 
lowest energy shift, M. Thus, for P?=0, 


A(K)= A(R); U(k)= UCR); 


p(0,w)=p(w); M’=My. (28) 


The functions 4° and U° depend only on &’, as that is 
the only scalar that can be constructed from k with 
P?=(). Some of the integrals in (8) and (9) then vanish 
by symmetry, leaving 


U (Rk?) = (1+k*)A°(R?)+1/k, (29) 


and 


(dk) { 2 
Mo= M+ (da) f j(-+e ane) + ae) (30) 
(27) k : 


Equations (26) and (27) become 


fols)do- 1, 


f cso(a)de = M)>. 


- 


and 


Upon performing the angular integrations in (25), we 
get 

2 nh 
w*p(w) = of dk k?[U"(k?) p(w—k?—1) 

oe 29 


y 4 


24 
+-- ef dkdk’ k*k’*[ A°(R*) | 


5 17 0 


X[ A(R”) Pp(w—k?—k”?—2). (33) 
It is to be recalled that, by the definition of M, the 
lowest energy state is taken as zero. This is equivalent 

to the statement 
p( P?,w)=0, 


w<0. (34) 


Now, in (33), choose w<1. The right-hand side then 
vanishes, yielding 
(35) 


ap(w)=0, w<l. 


The only solution of (35) compatible with (30) and (32) 
may be seen to bet 


p(w)=pi6(w), w<l. (36a) 


Now, let 1<w<2, then (33) becomes 


ee 
p(w) = wr f dk k?LL(k?) }?6(w— k?— 1) 


us wr"o 


a (w—1)! 
= oi - 
ra aw” 


[U%(w-1)}?, 1<$w<2, (36b) 


‘It should be noted that for P?40 one obtains, in place of 
(36a), for 1 >1—w > P? 20, p(P?,w) =p; (P*)6(w— P?2(1+1,)). Thus 
the effective mass is $(1+4))"'. 
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since for 1<w<2, it follows that w—k?—1<1. In a 
similar manner, for 2€w<3, the results (36) may be 
utilized to yield 


a (w—1)} 
p(w) =—piLU(w—1) FP 
vs 


) (w 
+= f 
x 


9 
w" 


-2)4 


de} ELUNE) FLU%@-2—#)} 


(w—2—k?) 


(w—2—k)! 2)! . 
[. 19( k?) - 


+3h! 
w?(w—k?— 1) 
2<w<3. (36c) 


X[A%(w—2- k*) }? ; 


This process may be carried on to yield the value of 
p(w) for any value of w. This method of solution is the 
same inductive method used in obtaining the solution 
(I-43). The physical basis is also the same, unity here 
being the energy necessary to create a phonon, and 
consequently the analog of the meson mass yu. 


5. THE VARIATIONAL PRINCIPLE 


The value of p(w) given by (36c) contains the first 
example of the contribution from the “two-phonon 
term” in (33), i.e., the @ term. As an extremely simple- 
minded approximation, let it be assumed that (36c) is 
valid for all values of w2 2, i.e., neglect the iteration 
of these terms in (33). This is the most elementary non- 
trivial assumption one might make, since if the series 
were terminated at (36b) the results would simply be 
lowest order perturbation theory. This approximation 
may be expected to be poorest for large @ since it is 
just the higher powers of @ that are here neglected. 
Granting this, to evaluate M, we first determine p; 
from (31), and then M from (32) and (30). Still to be 
determined, of course, are the translations A°(k?). Thus, 
inserting (30) and (36) in (31) and (32), 


am (w—1)! 


a 
= pit of delt%o~1)} 
wr ¥, 9 


w* 


) s w—2)? 
+ “of dw f dk! RL U°(k?) | 
. , 0 | 


; . (on 2—#) 
XLU"(w—2—k?) P 
w*(w— k?—1) 


2-k 


2)i 
[ A°(R?) PL A°(w—2—k?) FP (37) 
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and 
2 ¢° / 

M= —-af dk H| la cela a Baad 
T 0 


(w—1)! 


2 


a f”* 
+f dw [U°(w—1) +—a’p, 
re) r 


w® 


(w—2)4 


x fae f ak| igus PLU%(w—2—k?) |? 


(w—2—k*)! 
wlw—k?—1) 3 


2 k(w—2—F)! 


a [A°(k*) ? 


w 


x [A%(w—2—k) P ; (38) 


The determination of A® is now accomplished by 
means of the variational principle which minimizes the 
lowest energy state, viz., 

5M /5A°(k*)=0. (39) 


This results in an integral equation for A°(k*?) which, 
noting that (37) makes p; a functional of A°®, we find 
to be 


ee 
aries] a(1—nA(1+ #9 

T 

—1 


? 
[oact—pec +e)" 
“R(LLE?) 


ef at (k*) [Uw —2—k) 


4 kB8(w—2—k*)! 
hi een : 


-2—*)! 
a= k?—1) 


kiw 


olin 


3 w 


day 


2 k ad 
~p*| a) — wii a 
1+k 2 


Tv Tr: k242 


k(w— 2—k*)3 


x| 0° k?)[U(w—2—k?) 

her k?—1) 
4 k?(w—2—k?*)! 
hse mbar 


? 
3 ww” 


a tr” (w—1)! 
f dw U"(w—1) - 

rade | Ww 
2 w (w—2 4 

mal f de f inl e 0(k2) 
rT 2 0 


(w—2—K)} 
<[U9(w—2—k?) ?—— 
w(w— Re ~1) 


4v(e[a%e-2-#)]} 


Xx 


(w—2—k')! 
+24 Laney FLAMe—2-#7 | (40) 


w@ 
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TABLE I. Self-energy, M, as a function of coupling, a, with hw=1. 








0.100 0.500 1.00 1.50 2.00 2.50 3.00 3.50 


M 0.1003 0.506 1.02 1.54 2.06 2.58 3.09 3.59 
Feynman’s result 0.1001 0.503 1.01 1.52 2.05 2.59 3.13 3.69 











As the crudest approximation to (40), assume that 
the terms involving A°(k*)[A°(w—2—k*) P are negli- 
gible, i.e., neglect the two-phonon terms in (40). The 
solution is then simply 


—1 
A°(k2) =——_—_, (41) 
k(1+k?) 


which implies, by (29), 


U°(k?)=0. (42) 
Again, this sort of approximation may be expected to 
be especially bad for large a. 


6. THE ENERGY SHIFT 


If these results are now used in (37) and (38), one 
obtains 
1+ (0.175)a?, 


1/ a (43) 


and 


M=a+t (0.0253)p,02, (44) 


(0. 0253)a*_ 

nega (45) 
1+ (0.175)a’ 

In Table I we compare the result (45) with those ob- 
tained by Feynman.® It will be seen that, despite the 
crudeness of (41) and the approximation which ter- 
minates at (36c), our results do not appreciably depart 
from those of Feynman’s until as large a value as a=3. 
For large values of a, Eq. (45) is expected to be invalid 
due to the nature of these approximations, not neces- 
sarily because of the basic approximations leading to 
(33). It would seem quite likely that a more adequate 
solution of (40), or the termination of the solution of 
(33) at a point somewhat later than (36c) would yield 
correspondingly better results. 
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This paper is a direct continuation of an earlier paper (I) where 
an attempt was made to set up a field-theoretic foundation for the 
theory of mean mass and lifetime of an unstable particle. It was 
argued in I that the decay-time plot of a beam of unstable particles 
is a concept peculiar to a single-particle theory; that from a field- 
theoretic point of view, mass (the variable conjugate to proper 
time) rather than time has the primary significance. Here we show 
that the spectral function p(m?) appearing in the (field-theoretic) 
one-particle propagator has a direct significance as the probability 
of finding in production an unstable particle of mass m. This allows 
us to define a “one-particle” state for the unstable particle as a 
superposition of its outgoing decay states suitably weighted in 


1. INTRODUCTION 


N a previous paper! (referred to as I) some of the 

properties of an unstable particle have been formu- 
lated in a manner which is consistent with the general 
requirements of relativistic quantum mechanics. This 
paper is a direct continuation of I. 

The main result of I was that one may associate local 
relativistic field operators with unstable elementary 
particles just as well as with stable particles; these fields 
satisfy the causality condition and possibly also satisfy 
local equations of motion. These latter may contain 
parameters corresponding to (bare) mass and charge. 
The only difference between the stable and the unstable 
case lies in the fact that fields corresponding to stable 
particles possess asymptotic limits, so that “in” and 
“out” fields can be defined.? This is not true for the 
unstable case. This statement is equivalent to the 
following: 

(1) The set of ‘‘in” states (or ‘‘out’”’ states) exist for 
stable particles only. States corresponding to unstable 
“particles” can be defined (see below) but these are not 
eigenstates of the mass-operator, P,”, corresponding to a 
unique mass value for the unstable particle. Nor do such 
states appear directly in the completeness relations 

> |in)in| =1 


—_ | 


(1.1) 


’ 


> | out)(out| = 1. (1.2) 


(2) For the stable case the spectral function p(x?) which 
appears in the definition of the Green’s function 


A.\(x—y) =i T (6(x),6(y)))o 


“ p(k”) expLip(a—y) ] 
=(2n)-4 J dx? f d*p, (1.3) 
aaenenirnire 0 p?—’+ie 

1P, T. Matthews and Abdus Salam, Phys. Rev. 112, 283 (1958). 


2 Lehmann, Symanzik, and Zimmermann, Nuovo cimento 1, 205 
(1955). 





mass space [with a factor which is the square-root of p(m?*)]. The 
proper-time propagation of this state gives the decay ampli- 
tude, and its modulus is ideally the experimentally observed decay- 
time plot. 

The time plot is explicitly evaluated for w decay. Insofar as the 
distribution of mass values for the x meson starts with the » mass 
(assumed stable), the time plot is not merely the conventional 
decay exponential e~'/", There are additional terms which 
become important about a hundred lifetimes after the particle is 
created. 

Finally we compare the time plots for particle and antiparticle 
decays on the basis of CTP invariance. 


has the form 


p(x?) =8(x?— M?) +a (k?). 


The position of the 6-function singularity defines the 
physical mass, M, of the stable particle associated with 
¢. Equivalently A,’ (p*) has a real pole at M?. There is no 
such pole for the unstable case, nor does p contain a 
6-function singularity of the above type. 

The chief problem of the phenomenological field 
theory of unstable particles, then, is that of providing a 
suitable theoretical entity to be correlated with the 
experimentally observed quantities like mean mass, 
mean lifetime, partial lifetimes, etc. This was attempted 
in I, where it was suggested that the spectral function p, 
defined above, provides a suitable basis for such a 
theoretical development. Here we start by substanti- 
ating the claim made in I that p(x’) gives the probability 
of producing an unstable particle of mass x*. This allows 
us to define for such particles a one-particle state, |s), as 
a linear superposition in mass of “out’’ states of its 
stable decay products. In this superposition all ‘‘out” 
states of mass x are weighted with a factor which is 
essentially the square root of p(x’). Clearly the state | 5) 
is not an eigenstate of the mass-operator p,’. However 
its proper-time development gives the probability that 
the particle has not decayed up to a certain time, thus 
yielding the results of an attenuation experiment with 
a beam of unstable particles. This is the quantity of 
primary experimental interest for all long-lived particles 
(mean lives > 10~'* sec). 

Finally we prove the exact equality of particle and 
antiparticle lifetimes on the basis of the present 
formulation. 


(1.4) 


2. THE SPECTRAL FUNCTION 


Before considering unstable particles specifically we 
list some properties of spectral functions, p, for a real 
Bose field @. Let |i)in and |i)our be a set of states 
congruent to the state ¢/0). By “congruent” we mean 
those states which are coupled to the state ¢|0) through 
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the interaction. The label i=1, 2, --- gives the distinct 
type of such states; for example states congruent to 
x+|0) are states |etv), |utv)| ats), | pri), --- etc. of 
arbitary energy and momentum. Define 


pi(p’?) => |(0| (0) |7,p) |*. 


The only states appearing in the sum are 7-states of 
total energy-momentum p. To make the definition more 
precise, consider the case when 7 denotes a particular 
two-particle “out” state, 


(2.1) 


|t)out= | R1,R2)outy (2.2) 


where k;, ke are the four-momenta of the two particles. 
The state | k;,k2)out is defined by the prescriptions of 
Lehmann, Symanzik, and Zimmermann.’ Using the 


covariant normalization 


(Ry | Re) At (ky) = (29)°6(Ri— Re), (2.3) 
where 
At (k) =0(ko)5(k?—m?*), (2.4) 


Eq. (2.1) reads 


pi(p*) = (2xr)- +f 0140) | hye) |?At (Ry) 


X At(k2)5(p—ki— ke) d*h id ‘ko. (2.5) 
Define 
(2.6) 


e(f?)=L i pi(P*). 


From the completeness relation (1.1), it is clear that 


p(p”) =} (2m) fo {o(x),6(0)}|0) expLipx ]dtx 


= (1/2) ImA,’(p’). (2.7) 
The expression above determines p in terms of A.’. 
Alternatively each p; can be expressed in terms of A,’ 
and I’;, where I’; is the appropriate (proper) ‘‘vertex 
part” allowing for a transition from a ¢-state to the 
state |i). Specializing again to a particular two-particle 
State, 


fo | (x) | ki,ke) expLipx |d*x 
= (2x) {0} (0) | ki,ke)6(p—ki— ke) 


= (2r)*A. (pT i(p—ki—ke)b(p—ki—ke). (2.8) 
Here I’; is the “proper” vertex part defined by Dyson,’ 
with external lines corresponding to the ¢ field and &;, 
k» particles. In any field theory with a local interaction, 
the validity of this relation can be proved immediately 
by using Schwinger’s functional differentiation tech- 


3F. J. Dyson, Phys. Rev. 76, 1736 (1949). 
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niques.‘ Then 


ps(p)=(2n)-* f [a(R pau) | 


X5(p—ki— ke)At (hi) At (ke)d*hid*hky. (2.9) 


If we define 


L(p)=" f IP (pykagks) |? 


X5(p—ki—k)At (hi) A*(ko)d*hid ‘ho, (2.10) 


then 


pi(p?) = (1/m) | A.’ (p?) | °F i(p?). (2.11) 


It is crucial for subsequent work that the 6-functions 
appearing in the integrand ensure that 


I(p?)=0 for p?=(kitk:)?<4m?=M 2. (2.12) 


We shall refer to M; as the threshold mass for the 7 
state. Define 
I=); I. 
From (2.6), (2.7), and (2.11), 
ImA,’/| A.’ |?=1(p"). 


(2.13) 


(2.14) 


Equation (2.14) shows quite generally that / is the 
imaginary part of (A,’)~!: 


A/=[X-i}, (2.15) 


where X is real. Using (2.7), p must have the form 


1 1p) 
pi(p*)=—— 


" (2.16) 
- X?(p?)+1?(p*) 


Rewrite 


X (p*?)=p?—-Me?—R(P’), (2.17) 


where Mo is the bare mass of the ¢ field. R(p”) and [(p*) 
can now be recognized as the real and imaginary parts 
of the proper self-energy part. Then 


I(p 


1 
(Pp?) =-—— (2.18) 


x [p’—M2— R( P)yP+LE Tp) 


(The similarity of this expression to the familiar single- 
level formulas in nuclear resonance theory is clear.) The 
result is remarkable insofar as all p; have a common 
denominator. This is the main result of this section. 

Before concluding this section note Lehmann’s mean- 
mass theorem! for the bare mass, 


f (p?—Mv)p(p?)dp?=0. (2.19) 


4 J. Schwinger, Proc. Natl. Acad. Sci. U. S. 37, 452 (1951). 
5 H. Lehmann, Nuovo cimento 2, 347 (1954), where the precise 
conditions for the validity of this theorem are shown. 





RELATIVISTIC THEORY 
This applies to all particles (stable or unstable). A 
stable theory is one for which X(), (2.17), has a real 
zero M,?, 
M?—M°?—R(M,7)=0, (2.20) 
such that 
M?<M,,’. 


Here M,, is the threshold mass of the state of lowest 
mass congruent to the state ¢!0). So defined, M, is the 
physical mass of the stable ¢ particle. For such a theory, 


o(p*)=5(p°—-M)+0(P'), aaa 
where 


o(p’)=0 for p< My’. 


This implies that an equivalent definition of the physical 
mass is given by 


Ms? 


f (p?—M2)o(p)dp?=0, (2.22) 


which is to be compared with (2.19) for the bare mass. 
This is an important definition, which is used below. 


3. THE MASS PLOT 


We now wish to specialize to the case of realistic 
unstable elementary particles. All these have the charac- 
teristic that the interactions through which they are 
produced are stronger than those through which they 
decay, and are referred to as “strong” and “weak” 
interactions, respectively. If the weak interactions could 
be switched off, the particle would be stable. As dis- 
cussed in I, this implies that if only the strong inter- 
actions are considered, p,, the approximate expression 
for p, would have the form (2.21), where M, now 
denotes what we call the strong mass. The effect of the 
weak interactions is to spread the 6-function into a finite 
distribution, and to shift the mean somewhat from M,”. 

We now show that for unstable elementary particles 
with weak and strong interactions, the spectral func- 
tions p;(x*), for all 7 such that M;<M,, give to a good 
approximation the probability of the particle being 
produced with a mass « and decaying through the 7 
mode. Here M; is the threshold mass for the 7 decay 
mode and 
(3.1) 


pi(k’)=0 for <M. 


Suppose that the matrix element for the production 
of the unstable particle, four-momentum 9, in a certain 
process, is F(p*). If the particle subsequently decays via 
the mode “7” into k; and k», using Schwinger’s method, 
it is easy to show that the amplitude for the whole 


process is 


ky), (3,2) 


BF (pA. (pol (pykiked(p—ki 


provided one can neglect the effect of other (virtual) 
particles which in graphical language link the factor F 
to the vertex I',. The probability of observing decay 
products corresponding to a particular value of p” for the 


OF 


UNSTABLE PARTICLES 


unstable particle is then proportional to 


P(p)= J \F (p?) 8c (p)P s(Pybasks) | 


X5(p—ki— ke) At (ky) At (Ro) d*h id tho. (3.3) 


We call this the mass plot. If it is assumed that F varies 
slowly with (p?) compared to the remaining factor, 
which is sharply peaked about the mean mass M (~M,) 
of the unstable particle (to be defined below more 
precisely), it can be factored out from this expression. 
The probability of mass p*? for a given production 
process and i decay mode is then, by (2.11), 


P(p?)~F (M2)p:(p°), 


which establishes the result. The approximation em- 
ployed implies that we are neglecting the effects of the 
production mechanism on the properties of the unstable 
particle. 

This is the stage to introduce a number of conventions 
to conform to experimental practice. Let us define weak 
thresholds to be those threshold masses M; which 
satisfy 


(3.4) 


My, «++; MnSMi<Mur, (3.5) 


where M,; is now the threshold mass of the state of 
least mass which is congruent to the state via the strong 
interactions.® Define 

pp; (p") = p;(p")0(M 1° — p*), (3.6) 


and 


pp(p?)= > pp;(p*) (3.7) 


We now define the mean mass of the unstable particle 
and the mass shift in terms of these expressions. From 
(2.19) and (2.21), which may be rewritten, in an obvious 
notation for the strong mass, as 


f (p?—M.2)p.v(p?)dp?=0, (3.8) 


it seems reasonable to adopt as the definition for the 
mean mass, M, of an unstable particle the relation 


(3.9) 


J (eae »p0(p9ap*=0. 


This definition of mean mass, in terms of the truncated 
spectral function, pp, conforms precisely to experimental 
procedure. As is clear from (2.18) and (2.12), this 


*If there are any thresholds lying between M, and \/7,,, these 
should ideally be included as weak thresholds. It is experimental 
practice, however, not to associate these with the decay of a @ 
particle. A specific example is #* — w*+»+7°. On the basis of the 
ideas presented here, one particle in 10" of the so called 7’ 
structures would be produced with enough energy to decay in this 
fashion. However, to simplify the discussion we neglect all such 


CASES. 
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isolates from the complete p function the peak in the 
neighborhood of M,,?, (see Fig. 2 of I), with width given 
by the J;, corresponding to what are conventionally 
regarded as the physically possible decay modes of the 
particle. 

It is to be noticed also from (2.18) that in the limit of 
the weak coupling tending to zero (J — 0), pp becomes 
a 6-function with argument equal to the real part of the 
denominator. Thus, by (2.20), (3.8) is a restatement of 
the usual definition of the renormalized mass, when only 
strong interactions are considered. 

The mass shift due to weak interactions is then defined 
to be |M—M,!. The best example of such a mass 
shift is the case of K; and K» mesons. These have the 
same strong interactions and consequently the same 
strong mass. But the decay channels, and consequently 
the weak contributions to px: and pxo, are different, 
leading to different lifetimes and a small difference in 
the mean mass values. 


4. THE STATE VECTOR 


Turning now to the problem of finding a suitable 
theoretical expression for the decay time plot, we first 
set up a state vector describing the unstable particle. 

In I, the function pp was used to define a density 
matrix, and the mean mass and lifetime were determined 
in terms of the mean value of the mass operator and its 
second moment for this density distribution. Since how- 
ever pp defines a density which is diagonal in the 
representation in which the operator P? is diagonal, it is 
possible to define a state (or more precisely states, one 
for each decay channel), which leads to the same expecta- 
tion values of functions of P? as the corresponding mean 
values of pp. The required state corresponding to 
channel 7 is’ 


Is)= f a f | ayks)our* (Fs) A* (ks) out Faye! (0) |0) 


5((ki+k:)?—02)0(Mar—n)d*kid*he, (4.1) 


It is easy to verify that 


(sj| sj) = f oo;(ata’ (4.2) 
The state |s,;) is thus an appropriately weighted linear 
superposition of the states into which the @ particle can 
decay. Define 


Sp)=  & | 53), (4.3) 
1 


(sp|sp) - f ooiprap® 


7States similar to these have been considered previously by 
R. F. Streater (private communication). 


(4.4) 
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and 


(4.5) 


(sol P*lso)= f #oo(p*)dp* / footenap 


To get the (proper) time plot we must study the 
propagation of this state in (proper) time. The single- 
particle approximation has implicit in it the hypothesis 
that a single proper-time parameter can be attached to 
the decaying particle up to the instant of its decay. 
Writing® 

O\s;(7 

wis (P,2)4| s3(7)), 


Or 


i (4.6) 


we get 
ss) = fae expLincr] f [Aika 


XX At(R,) At (Re)out(ki,k2 | ¢(0) |0) 


X5((Rkit-ke)?—x?)0(Mai—x)d*kid'ke. (4.7) 


The decay amplitude is 


Gi(7— 70) =(8;(7) | 5;(70)) 
= f ooste) exp[ —ix(r— 70) |dx*, (4.8) 


and the partial decay probability for channel 7 is given 
by |G;|*. It is satisfactory that since, by (2.18), the 
main «x dependence of pp; comes from the denominator 
which is the same for all 7, essentially the same time 
plot is obtained if one studies a particular decay mode 
rather than all possible decay modes. 

It is conventional to assume that G has exponential 
form. The relation of this assumption to the present 
theory is examined in the next section. 


5. THE DECAY TIME PLOT 


Consider, to be specific, the decay of a x meson into a 
uw meson and a neutrino. By (2.18) and (4.8), we have to 
evaluate 


Msi? 





I (x*) expL—ixr ] 
s=f anal 
a [eM RAe) — Role?) P+ P02) 


where yu is the u-meson mass, R, and R,, denote contribu- 
tions arising from strong and weak interactions, re- 
spectively, and / is the imaginary part of the m-meson 
self-energy due to virtual decay into a w meson. The 
square bracket can be closely approximated by 


K°-— mM’, 


where m? is the strong mass’ (including electromagnetic 
self-energy effects). Since the integrand is sharply 
8 This is the “single-particle” equation for a particle in its own 


rest frame. 
® The mass m? corresponds to what is denoted by M,? in Sec. 3. 
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peaked about this value, we may approximate by the 
expression’? 
® I(m?) expl—ixr ] 

2 


Lem PEP) 





(5.2) 


G(r) 


The integral can be evaluated on the assumption that 


l<m?. (5.3) 


If the contour is closed in the first quadrant the enclosed 
pole gives rise to the usual exponential term. The 
integral from u to u+i, which has to be subtracted, is 
a Laplace transform. The result for large 7 is 





2ivT = exp[i(u—m)r ] 
ane —- as 


G(r)-vexp[—I1/2m]+ 


a (m?—*)? T 


According to the conventional method of calculating 
lifetimes, the mean life ro is given by 


(5.5) 


The probability that the particle has not decayed after 
time 7 is |G(r)|? which besides the usual exponential 
contains additional corrections. 

The appearance of correction terms is not a special 
feature of the approximations we have made, but an 
example of a general theorem, that the Fourier trans- 
form of any function which vanishes for all values of 
the argument less than some finite value, behaves for 
large 7 like some power of r. Thus the appearance of 
such a term in the time graph is a very specific predic- 
tion of our theory." It arises directly from the very 
general property that the mass spectrum of the unstable 
particle is certainly zero for values of x* less than the 
squared rest mass of the lightest decay products. 

It is reasonable to assume that the correction terms 
are given correctly in order of magnitude by the above 
expressions for any particle. For most observed unstable 
particles the correction terms are only significant after 
a period of about one hundred lifetimes. For 2°, 7°, and 
Be’ it may be as short as twenty to thirty life times. For 
these cases there may be effects of comparable magni- 
tude which have been neglected in the derivation 
of (5.4). 


I/m=1/ro. 


6. EQUALITY OF PARTICLE AND 
ANTIPARTICLE LIFETIMES 


By the procedure developed by Lehmann, Symanzik, 
and Zimmermann,’ two sets of states can be formed for 


10 We remark that in this approximation the time plot corre- 
sponding to a particular decay mode is, according to (2.18), 
Gil) =——-$ (*), 
I (m?*) 


as in the conventional treatment. 

' Such inverse powers of 7 in the decay amplitude were. first 
discovered by M. Lévy in connection with calculations on the Lee 
model. We are greatly indebted to Professor Lévy for informing us 
of his results prior to publication, and also for pointing out the 
existence of the general theorem. See also G. Hohler, Z. Phys. 152, 
546 (1958). 
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the stable particles, the “in” states and the “out” 
states. It is one of the assumptions of the theory that 
each of these sets is complete. Thus 


1 => | N)in in(n | 
= » | Nout out(t | . 


If a, 8, «++ are a complete commuting set of operators, 
which commute with the S matrix, they can be used as 
labels to identify all the states in both these summations. 
Thus 


(4.1) 


= } la’ B’,*++)in in(a’,B’,- ++ | 


a’ ,B’ +s 


z. la’ ,B’,- ss out out(a’ 8’, - wi 


a! Bl jee 


(4.2) 


If we take the (a’|---|a’) matrix element of these 
equations, we obtain two alternative forms of the unit 
matrix in the subspace of all states corresponding to the 
eigenvalue a’ of a. We denote this by 


Jit ! 
*/in in(@ aed 


7 } |B’,- ; out out(B’,« ae , (4.3) 
, eee 


where the summation is over all those states with a 
given value of a. In particular, taking @ to be the total 
energy-momentum of the state, 


a= pu, 


the “in” and “out” states corresponding to this value 
give two alternative forms of the unit matrix for all 
states of this energy and momentum. From this it 
follows that p(p”) could equivalently have been defined 
in terms of the “in” states, or, in an obvious notation, 

Pin(P”) = Pour(p”). (4.4) 


Now consider a non-Hermitian field ¢ representing an 
unstable particle and corresponding antiparticle. If we 
write symbolically for the particle 


Pin(P”) = Lin | (0! (0) | M)in ‘4, 
then for the antiparticle 


Bin(P*) =X | (0 $t(0) |) in|, 


(4.5) 


(4.6) 


where 7 denotes the same state as ”, but with all particles 
replaced by antiparticles. If the theory is invariant 
under change conjugation, C, these two expressions are 
equal. Even if the theory is not invariant under C but 
only under C7P, then 


(0! (0) | N)in=out(h (0) |() 
= (0/91 (0) | A)our™. 
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Thus 


Pin(P”) = Pour (p”). (4.8) 


p(p’)=p(p*). 


Thus the time plots, as well as the mean mass and life- 
time of particle and antiparticle, are the same. 

Let us now consider partial lifetimes. Suppose that a 
particle has two alternative decay modes to be denoted 
by a and 6. Define 


Pin(a)= |(0|p(0)| a). 


Hence, by (4.4), 
(4.9) 


By the argument given above, it then follows that 
Pin(a) = Pout(d), 

where p(d) refers to the decay of the antiparticle into the 
corresponding antiparticle states. However the states a 
and 6 are clearly coupled through the weak interactions, 
which we write symbolically as 

|a)= |b) via weak. 
It then follows that 


Pin(d) *pout(a), 
so that 

Pin(@) ¥ pin (a) ; 
partial lifetimes of particle and antiparticle are not 
necessarily equal. However, if 

|a)# |b) via strong, 

the unit matrix can again be split, if weak interactions 
are neglected, into a part containing |a) and another 
part containing |b) and to first order in the weak 
interaction 

Pin(@) = pout (2). 
Hence 

Pin(d)= Pin(@). 
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That is to say, the partial lifetimes of particle and anti- 
particle are equal to first order in the weak interactions, 
provided the final states of the alternative decay modes 
are not coupled by strong interactions. A good example 
of this is the 2x and 34 decay modes of K+ and K-. 
These states are not coupled by the strong interaction 
since they have opposite G-parity (extended charge 
conjugation). Thus the 2x/3m branching ratio should be 
the same for K+ and K~ to this approximation. However 
the 2 and 3m states are coupled through the electro- 
magnetic interaction, and this coupling produces an 
inequality between the two branching ratios. 

Finally we consider the partial lifetimes for the decay 
of a self-conjugate particle into two modes which are the 
particle conjugates of each other (for example assuming 
CP invariance Ks" > r°+e++ yu"). This is a special case 
of the partial lifetimes for particle and antiparticle con- 
sidered above. From C7P invariance, the partial life- 
times are only equal to the extent that the final states are 
not coupled by strong or electromagnetic interactions.” 


ACKNOWLEDGMENTS 


The authors are indebted to Professor M. Lévy for 
very interesting and stimulating discussions, particu- 
larly on the question of the decay-time plot. 


Note added in proof.—It has been pointed out to us 
by Professor Schwinger that the form of the correction 
terms given above is highly idealized since further re- 
strictions on the mass plot are imposed by the experi- 
menter, through the limitations of his measuring device. 
See the report of the 1959 International Conference on 
High Energy Physics, Kiev. 

2 These results are identical with those obtained by G., Liiders 
and B. Zumino [Phys. Rev. 106, 385 (1957) ], who, however, base 
their definition of lifetime on the assumption of complex poles on 
the ‘‘unphysical sheet” of the propagator. This requires an 
analytic continuation which has not yet been defined. If such poles 
exist, they would provide a basis for alternative and equivalent 


definitions to those presented here. We would like to thank Dr. 
Zumino for a private communication on this point. 
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It is shown that the cumulative effects of the nonlinear terms in Einstein’s equations rule out the possibility 
of stable small oscillations of a gravitational field about an equilibrium state, if the latter is supposed to he 
Minkowskian at infinity. The perturbation, if unlimited in time, rather tends to take infinite values at large 
distances from its source. This can be interpreted as an instability of gravitational radiation fields, and 


raises doubts concerning the validity of the linearized theory at large distances from the source. 


HE Einstein equations for the gravitational field 
can be written in the form' 


(ge*qgr®—gueq’?) .g=16r(—g)(T#’+1""), (1) 


where 7’ is the material energy-stress tensor and 


jer = 98 9 *?, 1 9""(301 "5 a"G8p— 407 Gaxllp 
167(—g) 


+4q7 "asl p) +6045 5°Q7 "ap t+5a"bp’bx 75,7 
— 545 "5375," i) bab 10” Bap— 5 x"ba"Q" "Aap 
+30"0" Barlhao— 400’ Base] (2) 


is the energy-stress pseudotensor of the gravitational 
field. This form brings into evidence the production, 
in part, of the gravitational field by its own energy and 
stress. 

In the static case one can think of the gravitational 
field energy (or the mass and stress that are associated 
with it) as being in equilibrium under its own gravita- 
tional attraction. The question of the stability of this 
equilibrium was raised by Regge and Wheeler,? who 
investigated the behavior of a Schwarzschild singularity 
subjected to a small nonspherical perturbation. Using 
the linear approximation of Einstein’s equations, they 
analyzed the disturbance into proper modes and found 
that the frequency of each mode was real, i.e., that the 
solution was stable. 

However, in a higher approximation new effects 
come into play which were not analyzed by Regge and 
Wheeler. They are due to the gravitational energy 
density of the disturbance itself (i.e., to the nonlinear 
terms in the equations) which falls off at great distances 
as r~*. The total mass associated with the disturbance 
will therefore diverge as / (const r-*)4ar°dr, no matter 
how small the amplitude of the vibration may be, 
provided that it is not zero. Therefore ‘he space cannot 
be asymptotically Minkowskian, or the oscillatory 


* Partly supported by the U. S. Air Force through the Air 
Research and Development Command. 

1 Greek indices run from 0 to 3, Latin indices from 1 to 3. It 
is convenient to take as field variables g“=(—g)g” and 
Qu = (—g)~tgyw. A comma denotes partial differentiation. The 
Minkowski value of g”” will be denoted by »»”. 

2 T. Regge and J. A. Wheeler, Phys. Rev. 108, 1063 (1957). 


perturbation cannot continue indefinitely, or some other 
long-term departure from the assumed conditions must 
take place. 

Let us indeed consider any static solution g*’ of 
Einstein’s equations, asymptotically Minkowskian at 
infinity, and let it be subjected to a small periodically 
or almost periodically time-dependent perturbation 6g”’. 

Let (6q“”) denote the time average of 6q“” over a long 
time interval, and h“"=69*’—(6g"’), so that (h#’)=0. 
If, at large distances, we carry out an infinitesimal 
coordinate transformation, x/“=x4+é&, the h#” goes 
over into 

jlo = erp ger Ere qurge | (3) 


where indices are raised with the help of g*’~n*". It 
follows that, by choosing &”’ satisfying £:*,4= —h" 4 
and ()=0, we can get 


hive .=0, (h'*")=0. (4) 
Furthermore, it follows from Eq. (1) that h’#”-*.=0 at 
large distances, and hence h’#” decreases like 1/r at 
spatial infinity. 

Following Papapetrou,® we now perform a second 
coordinate transformation, x/’“= x'“+&, where £*-*, 
=0, (¢’*)=0 and 


£% 9 os —j (A’+->- j/k ye tk 4 _ £, ni pyle, 
k 


It is readily seen that all the above-mentioned properties 
of h’#” are also possessed by h’’#’, and we have, in 
addition, 


h’=0, 4,,h”""=0, (5) 


Let us now drop the primes. Consider 6¢”, the change 
in / due to 6q“”. Neither the static part, due to (6q%’), 
nor the terms linear in 4*’, which have a zero time- 
average, are likely to cause instability, as shown in a 
particular case by Regge and Wheeler.” 

The terms quadratic in /#’, with the help of the 
properties of the latter, can be written 


5/quad. = 


DG (A 0)? 
16m &,! 
+> [4 (het n)?— A jpkm him ,. |}. (6) 


44, Papapetrou, Ann. Physik 20, 399 (1957); 1, 186 (1958). 
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We see that, unless /“”=0, the first two terms are 
positive definite and, since they decrease like 1/r’, 
their integral over all space will tend to infinity if the 
perturbation lasts sufficiently long. The last term in 
(6) can be integrated by parts, 


f him shim dV = hem hid S, — f him hind V. 


However, h'",=he,,=0, and there remains only a 
surface integral which has some finite value.‘ 

Since the / acts as a source of the field, and since 
its integral over all space tends to infinity, it follows 
that if the time-dependent part of the disturbance 
cannot be transformed away, it will first decrease like 
1/r at large distances from its material sources, and 
then it will grow to infinity, however small h“” may be 
at finite distances. This mathematical behavior accords 
with the physical expectations that have already been 
discussed. 

It should be noted, however, that an estimate of the 
cumulative nonlinear effects of gravitational radiation 
shows that, for any reasonable values of the material 
sources, they become important only at distances 
which are very much larger than the dimensions of 
the universe. 

Nevertheless, the phenomenon may have a profound 
theoretical significance, because it can be considered 
as a kind of spatial instability of gravitational fields: 
the least disturbance, e.g., a quantum fluctuation 
(see Appendix), of a static solution of Einstein’s 
equations is finally bound to take infinite values at 
large distances from its sources. Similarly, two non- 
static solutions that are almost identical (practically 
indistinguishable) at finite distances, may be widely 
different at very large distances. The theoretical 
importance of this sort of instability should not be 
underestimated as it is still impossible to predict 
whether it will be removed, or aggravated, by a 
quantum theory of gravitation. 

Incidentally, it should be stressed that the above 
should be taken into consideration in attempts at 
quantizing the gravitational field. In the usual pro- 
cedure of quantizing linear field equations, the infinite 
plane monochromatic waves play an essential role.® 
However we have seen above that this type of solution 
4 Since the derivatives of the static part of 69”” decrease at 
large distance like r~*, they give a contribution to / which will 
decrease like r~* and will therefore give a finite integral over all 


space. 
Pp. A. M. Dirac, Proc. Roy. Soc. (London) A246, 333 (1958). 
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is inadmissible even as an approximate solution in the 
case of weak fields. 

Even in the classical theory of gravitation, this may 
cast some doubts on the very possibility of expanding 
the metric as a power series in the gravitational 
constant, as already found in other circumstances by 
Callaway.® In particular, it raises doubts concerning 
the validity of results obtained by the use of the 
linearized theory at large distances from the source. 

Note added in proof —Since this paper was submitted 
for publication, we have learned of a new article by 
Papapetrou [Ann. Physik 2, 87 (1958) ] in which some 
conclusions similar to ours are reached. A correspond- 
ence with Professor Papapetrou is acknowledged. 
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APPENDIX 


Let us consider a rigid rotator, with angular velocity 
w and angular momentum L=/w. Its gravitational 
radiation field, computed at large distances by the 
linearized theory, behaves like Glw/rc* times a phase 
factor cos@. According to elementary quantum me- 
chanics, one has ALA@Z/ so that the uncertainty in 
the field is ~(Gw/rct)(AL+LAq¢) which is at least 
~ (Gw(hL)' rc), or ~ (Ghw/rc*) for a low excited state 
(L~h). But hw~s?/I, I being the moment of inertia, 
so that the uncertainty in the field is ~ (Gh?/Irc*). The 
energy density of these quantum fluctuations is about 

(c4/G) (Gh?/Trc*)? (w/c)? = (Gh*/T'*c*r*) 

and their total mass within a radius r is ~ (Gh®r/T*c8), 
This changes the metric by an amount of the order 
(G°h®/T*c) In(r/m), where m is some constant which 
may be taken as the Schwarzschild radius of the 


rotator. 

Thus the slowly varying second-order terms in the 
metric due to the fluctuations of the field only become 
as large as the oscillatory first order terms at distances 
of the enormous magnitude 


Fé R 
R~— /\n —) 
Gh‘ m 
Even for rotators as small as deformed nuclei, this is 
much larger than our universe. 


a fe Callaway, Phys. Rev. 112, 290 (1958). 
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